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1. INTRODUCTION

� Background:

– Trying to recreate the ANOVA table for a standard split-plot 
in  Douglas Montgomery’s Design and Analysis of 
Experiments.

– Intuition was no help. Needed a set of rules.

– There are many pitfalls awaiting the practitioner who 
attempts to specify models in software, especially split-
plots. 

– Truly, the building of split-plot designs in statistical 
software is a nontrivial task (Adworth and Hoffman 2002). 

� Objective: To establish a set of rules for correctly 
specifying split-plot designs in statistical software.
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1. INTRODUCTION

� The model: A two-way model with one hard-to-
change factor is considered. 

�More to come: Rules for more complex models, 
including those with more than one hard-to-change 
factor. 

� Software:

– JMP 7.0.1 (using the Fit Model platform)

– SAS 9.2 (using Proc Mixed)

– Minitab 15.1 (using ANOVA�GLM)

� Disclaimers:

– Many elements of split-plots are not addressed. 

– A basic knowledge of the software tools is assumed.
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2. A BRIEF OVERVIEW OF SPLIT-PLOT 
DESIGNS

� Split-plots:
– The experimental unit for some subset of factors is an 
observational unit for another subset of factors (Vining
2008). 

– Common in industrial experiments.

– hard-to-change factors

� Example:
– Suppose that factors are temperature and material 
amount, but it is difficult to change the temperature 
setting. If the blocking factor is operator, observations will 
be made at different temperatures with each operator, but 
the temperature setting is held constant until the 
experiment is run for all material amounts. In this 
example, the plots under operator constitute the whole-
plots and temperatures constitute the subplots.
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2. A BRIEF OVERVIEW OF SPLIT-PLOT 
DESIGNS
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3. KEY CONCEPTS TO BUILDING SPLIT-
PLOTS IN SOFTWARE

�Split-plots are in essence two designs 
combined into one. Schwarz (2007) notes,

–“Recognizing the two types of designs that are 
combined is the key to analyzing [split-plots]. 
This combination of designs results in TWO 
different sizes of experimental units... Most 
standard statistical packages can be used to 
produce analysis of variance tables for the 
results, but the correct model must be specified…
In my experience in statistical consulting, this 
design is likely the most common design to be 
analyzed incorrectly.”
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3. KEY CONCEPTS TO BUILDING SPLIT-
PLOTS IN SOFTWARE

�These two levels of design are built as 
follows:
–First, the whole-plot treatment levels are 
randomly assigned to whole-plots. This is usually 
done following a Completely Randomized Design 
(CRD) or a Randomized Complete Block Design 
(RCBD). 

–Second, the subplot treatment levels are 
randomly assigned to the subplots within each 
whole-plot so that the whole-plots act as blocks.

�Getting the denominator degrees of 
freedom (DF) correct for each term in the 
design can be challenging.
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3. KEY CONCEPTS TO BUILDING SPLIT-
PLOTS IN SOFTWARE

�Split-plot with the whole-plot factor 
assigned to the whole-plot following a 
RCBD.
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3. KEY CONCEPTS TO BUILDING SPLIT-
PLOTS IN SOFTWARE

�Split-plot with the whole-plot factor 
assigned to the whole-plot following a CRD.
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3.1 - Experimental Units and How to 
Identify Them

� A split-plot model is built in software by including terms 
corresponding to the treatment structure and terms for the 
experimental units. 

� All experimental units should be random effects as we think of 
them as being randomly selected from a much larger 
population.

� The smallest experimental unit is usually left out and 
combined into residual error. 

� The Key Question: How are the levels of the whole-plot 
factor assigned to the whole-plot? Only two of the 
possible answers are considered: by a CRD or a RCBD. 

– RCBD: the whole-plot experimental unit is uniquely determined 
by the whole_plot_block*whole_plot_factor interaction.

– CRD: nesting the factor with the experimental unit is often 
needed and always recommended. Use this syntax: 
experiment_unit(factor). 
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3.1 - Experimental Units and How to 
Identify Them

�Whole-plot experimental units.
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3.2 Denominator Degrees of Freedom 

�The main tools we have at our disposal to 
control denominator DF:

–(1) The inclusion or exclusion of terms in the 
model.

–(2) The computational method of calculating 
denominator DF used by the software.

–(3) Bounding or un-bounding variance 
components.

Intel Confidential14

3.2 Denominator Degrees of Freedom

� (1) The inclusion or exclusion of terms in the model.

– Consider the case where the whole-plots are arranged in blocks. 
Let A be the whole-plot factor and B be the subplot factor. The 
mean square for Block*A is the correct error term for testing 
factor A and the Block. As stated above it is also the experimental 
unit for the whole plot. When we make this random the software 
will use it correctly.

– We can control DF for testing B and A*B by including or excluding 
the Block*B term.

– If you enter the term Block*B in the model, Block*B is used to 
test factor B. The remaining error (which is Block*A*B – the 
smallest experimental unit) is used for testing A*B. 

– If you leave Block*B out it is pooled into error and this pooled
error is used to test B and A*B. 

–– This is done when one assumes that the Block*B and Block*A*B This is done when one assumes that the Block*B and Block*A*B 
interactions do not exist. You might also pool the two terms if interactions do not exist. You might also pool the two terms if the mean the mean 
square for Block*B is small relative to Block*A*B, or, in the casquare for Block*B is small relative to Block*A*B, or, in the case that Block se that Block 
is random, if the Block*B variance component is small. (Minitab is random, if the Block*B variance component is small. (Minitab Inc. 2007). Inc. 2007). 
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3.2 Denominator Degrees of Freedom

�The denominator used to test terms when 
whole-plots are in blocks depends on the 
inclusion of the Block*B term. 
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3.2 Denominator Degrees of Freedom

�When the whole-plots are arranged in a 
CRD there is no Block*B term to deal with 
so the setup is easier. Let A and B be the 
same as above and the Whole-Plot unit that 
is nested with A be Whole_Plot_Unit. 
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3.2 Denominator Degrees of Freedom

� Here we explore (2) and (3) together: software choice 
and bounding or un-bounding variance components.

– SAS gives you several different options for calculating DF with the 
default being the Containment method (SAS Institute, Inc. 2007).

– JMP always uses the Kenward and Roger (1997) method (SAS 
Institute, Inc. 2007). 

– Minitab always uses Satterthwaite’s method (Minitab Inc. 2008) 
which gives similar results to the Containment method. 

– The Key Point: When using the Kenward-Roger method any 
terms with zero variance will be pooled into the error term. Zero 
variance estimates most often occur when variances are bounded. 

– Consider the case where whole-plots are arranged in blocks and
Block is random. The Block*B interaction will also be random. If
the Block*B interaction is zero the Kenward-Roger method will 
automatically pool that term into the error just as if it was never 
entered into the model as summarized in (1). 

– The Containment method will not pool terms that have zero 
variance.
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3.2 Denominator Degrees of Freedom

�Method summary of pooling variances.
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3.3 Other Considerations

�EMS may be needed to recreate what is in 
some text books. 

� In practice, REML is preferred. 

�When using REML in JMP and SAS you have 
the option to bound or unbound the 
variance component estimates.

Intel Confidential20

3.4 Key Concept Summary
� The model for the split-plot design is built by including terms 
corresponding to the treatment structure and terms corresponding to 
the experimental units.

� The smallest experimental unit is not usually entered into the model.

� Specify all experimental units terms as random effects.

� If the levels of the whole-plot factor are assigned to the whole-plot 
following a RCBD then the whole_plot_block*whole_plot_factor 
interaction is the whole-plot experimental unit.

� If the levels of the whole-plot factor are assigned to the whole-plot 
following a CRD then the nested term: 
whole_plot_exp_unit(whole_plot_factor) is the whole-plot experimental 
unit.

� Use REML over EMS.

� Leaving the Block*B term out of the model will pool Block*B with error.

� If you bound variance components in with the Kenward-Roger method 
then any zero variance components will be pooled into error.
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4. EXAMPLES

�The following examples show the application 
the above key concepts. The common 
“Paper Tensile Strength” data set is used.

�The first example sets up the problem with 
the whole-plot factor assigned to whole-
plots following a RCBD. 

�The second sets up the problem slightly 
different so that it follows a CRD whole-plot 
structure. 

�We consider all the possible combinations of 
the points we have discussed.
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4. EXAMPLES

�Summary of examples.
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

� Step 1 - State The Problem: “Consider a paper manufacturer who 
is interested in three different pulp preparation methods and four 
different cooking temperatures for the pulp and who wishes to 
study the effect of these two factors on the tensile strength of the 
paper. Each replicate of a factorial experiment requires 12 
observations, and the experimenter has decided to run three 
replicates. However, the pilot plant is only capable of making 12 
runs per day, so the experimenter decides to run one replicate on 
each of the three days and to consider the days or replicates as
blocks. On any day, he conducts the experiment as follows. A batch 
of pulp is produced by one of the three methods under study. Then 
this batch is divided into four samples, and each sample is cooked 
at one of the four temperatures. Then a second batch of pulp is 
made up using another of the three methods. This second batch is
also divided into four samples that are tested at the four 
temperatures. The process is then repeated, using a batch of pulp 
produced by the third method.”

mont_splitplot.TXT
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�Step 2 - Draw The Model:

4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

� Step 3 - Identify the Experimental Units and 
Factors: We ask ourselves how the levels of the 
whole-plot factor are assigned to the whole-plot. In 
this example it is by a RCBD so the Day*Method 
interaction is the whole-plot experimental unit. The 
units and factors are as follows.

�Whole-plot Block = Day

�Whole-plot Experimental Unit = Day*Method

�Whole-plot Factor = Method – 3 levels randomized 
to whole-plots grouped within blocks

� Subplot Experimental Unit = Day*Method*Temp

� Subplot Factor = Temperature – 4 levels 
randomized to subplots within whole-plots
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

�Step 4 - Build The Model: 

–Day, the whole-plot block, is considered random. 

–The two factors Method and Temp and their 
interaction are considered fixed. 

–As always, the experimental unit term 
(Day*Method) is random. 

–Leave out the sub-plot experimental unit term 
(Day*Method*Temp). 
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

�Analysis 4.1.1
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

�Analysis 4.1.2
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

�Analysis 4.1.3
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

Intel Confidential42

4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).

� Step 1 - State The Problem: “A paper manufacturer is 
interested in the effect of three different pulp preparation 
methods and four different cooking temperatures for the pulp 
on the tensile strength of the resulting paper. The equipment 
that is used for the pulp preparation methods only works on 
large amounts of pulp. The equipment that is used to cook 
the pulp can work on smaller batches of material. On any one 
day, the experiment is conducted as follows. A batch of pulp 
is produced by one of the three methods under study. The 
method of pulp preparation is randomized among 9 days 
available for the experiment. Within a day, a batch is divided 
into four sub-batches, and cooked at one of the four 
temperatures. The resulting tensile strength of the paper is 
measured.”

� Data: http://www.stat.sfu.ca/~cschwarz/Stat-
650/Notes/MyPrograms
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).

�Step 2 - Draw The Model:
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).

� Step 3 - Identify the Experimental Units and 
Factors: We ask ourselves how the levels of the 
whole-plot factor are assigned to the whole-plot. Is 
it by a CRD or RCBD? In this example it is by a 
CRD so the nested term Batch(Method) is the 
whole-plot experimental unit. The units and factors 
are as follows.

�Whole-plot Experimental Unit = Batch(Method)

�Whole-plot Factor = Method – 3 levels randomized 
to the whole-plots 

� Subplot Experimental Unit = 
Batch(Method)*Temp

� Subplot Factor = Temperature – 4 levels 
randomized to subplots within each whole-plot
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).

�Step 4 - Build The Model: 

–The two factors Method and Temperature and 
their interaction are considered fixed effects. 

–The experimental unit nested term is random. 

–There is no Block*B term to deal with making the 
analysis simpler. 

–The sub-plot experimental unit term is left out.

Intel Confidential50

4.1 Paper Tensile Strength – Whole-
Plots in RCBD, Montgomery (1991).

�Analysis 4.2
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).
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4.2 Paper Tensile Strength – Whole-
Plots in CRD (Schwarz 2007).
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5. CONCLUSIONS

�With the keys to building split-plot models 
in hand and several examples to refer to the 
reader will hopefully approach their next 
split-plot analysis with confidence. 
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