
I n f l u e n t i a l  Ob s e r v a t i o n s  i n  
R e g r e s s i o n  M o d e l s  

 
 

T e d  Ch a n g  
U n i v e r s i t y  o f  V i r g i n i a  

 
 

P h i l l i p  S .  K o t t  
N a t i o n a l  A g r i c u l t u r a l  S t a t i s t i c a l  S e r v i c e
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T a r g e t  p o p u l a t i o n :  a l l  Ôf a r m s Õ d e f i n e d  t o  b e  
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T h e  Ce n s u s  u s e s  m a i l i n g  l i s t s  m a i n t a i n e d  
b y  t h e  s t a t e  l e v e l  N A SS  o f f i c e s .  
 
T o  c o r r e c t  f o r  u n d e r  c o v e r a g e  i n  t h e  
m a i l i n g  l i s t s ,  N A S S  c o n d u c t s  a n  A r e a  
F r a m e  S u r v e y .  



A RE A  FRA M E  SU RV E Y  
 
S t r a t i f i e d  s a m p l e  o f  Ôs e g m e n t s Õ:  u s u a l l y  1  
s q u a r e  m i l e  e a c h .  
 
S t r a t a  c o n s t r u c t e d  w i t h i n  e a c h  s t a t e  
b a s e d  p r i m a r i l y  u p o n  t h e  %  o f  l a n d  
d e v o t e d  t o  a g r i c u l t u r e .  
 s t r a t a  1 1 -1 9 :  > 7 5 %  c u l t i v a t e d  
 s t r a t a  2 1 -2 9 :  1 5 -7 5 %  c u l t i v a t e d  
 s t r a t u m  3 1 :  a g r i -u r b a n  
 s t r a t u m  3 2 :  d e n s e  u r b a n  
 s t r a t a  4 1 -4 9 :  < 1 5 %  c u l t i v a t e d  



U s i n g  a e r i a l  p h o t o g r a p h s ,  s e g m e n t s  a r e  
d i v i d e d  i n t o  Ôt r a c t s Õ.   A l l  t r a c t s  i n  a  
s a m p l e d  s e g m e n t  a r e  e n u m e r a t e d .  
 
N o  n o n c o v e r a g e /n o n  r e s p o n s e  p r o b l e m s .  
 
P r o j e c t  g o a l :  d e v e l o p  a  s t a t i s t i c a l  m o d e l  
f o r  t h e  Ôp r o b a b i l i t y Õ t h a t  a  f a r m  i s  n o t  o n  
t h e  m a i l i n g  l i s t .  
M o d e l  v a r i a b l e s :  s a l e s  a n d  s t r a t u m  
(O r i g i n a l  s t u d y  a l s o  u s e d  v a r i a b l e s  r e l a t e d  t o  c r o p s  
p r o d u c e d ,  p a r t i c i p a t i o n  i n  U SD A  s u p p o r t  p r o g r a m s ,  
d e m o g r a p h i c  c h a r a c t e r i s t i c s ,  a n d  h o r s e  o w n e r s h i p . )  



A s s u m e d  m o d e l :  p i = (1 + e x p ( -βT X i ) ) -1  
 
β:  m o d e l  c o e f f i c i e n t s  
 
p

i :  p r o b a b i l i t y  t h a t  i t h  f a r m  i s  N O T  o n  t h e  

m a i l i n g  l i s t  (N M L )   
 
X i :  c o l u m n  v e c t o r  o f  c o v a r i a t e s  ( s a l e s ,  
s t r a t u m )  f o r  i t h  f a r m  t o  b e  u s e d  t o  
p r e d i c t  p i  
 
w i :  p r o d u c t  o f  s a m p l i n g  w e i g h t  a n d  t r a c t  
t o  f a r m  a c r e a g e  r a t i o  (Ôf u d g e  f a c t o r Õ)  



T h e  m o s t  i m p o r t a n t  v a r i a b l e s  a r e  r e l a t e d  
t o  s a l e s .   B e s t  m o d e l  u s i n g  t h e  s a l e s  
v a r i a b l e s :  
 
     int.  sales5K  sales50K  sales1M 
coef. βj  0.320  -1.465    -0.847  -1.449 
st. error 0.170   0.218     0.257   0.708 
s.e. total 0.171   0.219     0.258   0.713 

 
s a l e s 5 K  =  1  i f  s a l e s  a t  l e a s t  $ 5 0 0 0 ,  0  
o t h e r w i s e  
 
H e r e  s t a n d a r d  e r r o r  i s  d e s i g n  b a s e d ,  
d e n o t e d  

!  

ö V db ,  c a l c u l a t e d  u s i n g  B i n d e r  
( 1 9 8 3 ) .  



Co n s i d e r  t h e  Ôs u p e r  p o p u l a t i o n   m o d e l Õ:  
y i  ~  b i n (1 , p i ) ,  p i = p i (β)= (1 + e x p ( -βT X i ) ) -1 ,  i∈U  
M o d e l  i g n o r e s  c l u s t e r  a n d  s t r a t u m  e f f e c t s  
n o t  e x p l i c i t l y  i n c o r p o r a t e d  i n t o  t h e  X i .  
 
F i n i t e  p o p u l a t i o n  p a r a m e t e r  B  m a x i m i z e s  

! 

yi log(pi (B)) + (1" yi ) log(1" pi (B))i#U
$  

 
Ôt o t a l  v a r i a n c e Õ:  

! 

Vardb,m ( ˆ " ) = Em (Vardb ( ˆ " )) + Varm (Edb ( ˆ " )) 

!  

Em (Vardb ( ˆ "  )) i s  e s t i m a t e d  b y  B i n d e r Õs  

!  

ˆ V 
db

.  
 

! 

Varm (Edb (ˆ " )) # Varm (B) = O(N
$1

) s h o u l d  b e  < <  

! 

ˆ V 
db

.  



 
S u p p o s e  w e  a d d  i n d i c a t o r  v a r i a b l e s  f o r  t h e  
s t r a t a :  
     sales5K  sales50K  sales1M  str11  str17 
coef. βj   -1.302    -0.860   -1.612  0.082 -0.296 
st. error   0.233     0.262    0.733  0.269  0.313 
s.e. total   0.234     0.263    0.737  0.270  0.314 
 
   str19  str21  str27  str31  str32  str41  str45 
   0.689  0.677  0.011  2.285 17.395  0.584  1.566 
   1.935  0.295  0.311  0.824  1.037  0.254  0.388 
   1.940  0.296  0.312  0.827  2.018  0.255  0.394 
 

S t r a t u m  3 2  h a s  1  d a t a  p o i n t !  



S u p p o s e  w e  r e c o d e  w i t h  a n  i n t e r c e p t  a n d  
r e m o v e  s t r 3 2 :  
 
        int  sales5K  sales50K  sales1M  str11 
coef. βj   17.39   -1.302    -0.856   -1.612 -17.48 
st. error  1.037    0.233     0.262    0.733  1.034 
s.e. total 2.018    0.234     0.263    0.737  2.016 
 
     str17  str19  str21  str27  str31  str41  str45 
    -17.69 -16.71 -16.72 -17.38 -15.11 -16.81 -15.83 
     1.049  2.175  1.065  1.068  1.320  1.040  1.087 
     2.024  2.783  2.033  2.034  2.178  2.020  2.045 

 
s t r 3 2  =  i n t  Ð s t r 1 1  - .  .  .  Ð s t r 4 5  ≈ 0 ,  s o  

!  

wipi (
ˆ "  )(1# pi (

ˆ "  ))XiXi

T

i $ s
%  i s  c l o s e  t o  s i n g u l a r ,  

!  

ˆ V db,m ( ˆ "  ) # ˆ V db = wipi (
ˆ "  )(1# pi (

ˆ "  ))XiXi

T

i $ s
%[ ]

#1

 i s  l a r g e .  



I n  r e g r e s s i o n  s e t t i n g :  

!  

Vardb,m (ˆ "  )# Em (Vardb (ˆ "  )) = Varm (Edb (ˆ "  )) $ Varm (B) = XiXi

T

i%U&

i s  e s t i m a t e d  b y  

! 

wi Xi Xi
T

i"s# .  

 
Re c a l l ,  i n  w e i g h t e d  l i n e a r  r e g r e s s i o n :  

! 

w
i
X
i
X
i

T

i" s
#  i s  u s e d  t o  d e t e c t  

• m u l t i c o l i n e a r i t y  a n d  i n s t a b i l i t y  i n  

!  

ö "   
• h i g h  l e v e r a g e  

A  p o i n t  i s  i n f l u e n t i a l  i f  i t  i s  h i g h  l e v e r a g e  
a n d  h a s  a  l a r g e  r e s i d u a l .  
 
I t  t u r n s  o u t  t h a t  a  s l i g h t l y  d i f f e r e n t  
c o m p a r i s o n  o f  v a r i a n c e s  i s  m o r e  s e n s i t i v e .  



L e t  

! 

MSE0 = Varm ( ö " ).   Fo r  l i n e a r  r e g r e s s i o n  
 

!  

ö "  = wiX iX i
T

i# s$[ ]
%1

wiX iyii# s$

MSE0 = wiX iX i
T

i# s$[ ]
%1

wi
2X ii# s$ X i

T[ ] wiX iX i
T

i# s$[ ]
%1

 

 
N o w  

! 

Em ( ˆ " ) = ",  s o  

! 

Vardb,m ( ˆ " ) = Edb (MSE0) a n d  

h e n c e  

! 

MSE
0
 e s t i m a t e s  t o t a l  v a r i a n c e .  

 
L e t  

!  

MSEL = Em ( ö V db ) 
( c o m p l i c a t e d  d e s i g n  d e p e n d e n t  f o r m u l a ) .  
 
Co m p a r e  

! 

MSE0 t o  

! 

MSE
L
.  

 



sales5K sales50K sales1M str10s str20s str30s str40s 

! 

ˆ "    -1.358   -0.765  -1.528 -0.158  0.338  2.918  0.704 

! 

ˆ V 
db

1 / 2
  0.231    0.267   0.702  0.230  0.252  0.955  0.238 

!  

ˆ V db,m

1 / 2   0.232    0.268   0.707  0.230  0.253  0.958  0.239 

! 

MSE
0

1 / 2
 0.233    0.271   0.620  0.190  0.205  1.097  0.231 

! 

MSE
L

1 / 2
 0.230    0.266   0.606  0.187  0.198  0.936  0.227 

 
N o t i c e  

! 

ˆ V 
db

1 / 2 a n d  

! 

ˆ V db,m

1 / 2  a r e  f a i r l y  c l o s e ,  b u t  

!  

MSE0 i s  a b o u t  3 7 %  b i g g e r  t h a n  

!  

MSE
L
 i n  

str30s.  
 
T h i s  i s  b e c a u s e  s t r a t a  3 1 -3 9  h a v e  1 1  d a t a  
p o i n t s  o u t  o f  1 4 6 8  (

! 

ˆ N  1 8 0 3 . 6  o u t  o f  
6 6 7 3 1 . 5 ) .  



E x :  S u p p o s e  n  d r a w s  w i t h  r e p l a c e m e n t ,  
w e i g h t s  d i  

U  =  U 1  ∪ U 2  
L e t  X i  =  1   i∈U 1 ;  X i  =  0   i∈U 2  

 

! 

ˆ N 1 = dis1
"

ˆ # = ˆ N 1
$1 dis1
" yi

ˆ V db =
n

n$ 1
ˆ N 1
$2 di

2

s1
" (yi $

ˆ # )2

 

 
M o d e l :  E ( y i )  =  β  i∈U 1 ;   E ( y i )  =  0   i∈U 2  

V a r ( y i )  =  σ2  



!  

MSE0 = Varm ( ö "  ) = ö N 1
#2 di

2$ 2
s1

%

MSEL = Em ( ö V db ) =
n

n # 1
ö N 1

#2 di
2 $ 2 + 2Covm (yi ,ö "  ) + Vm ( ö "  )( )s1

%

=
n

n # 1
MSE0 #

2$ 2

ö N 1
3 di

3 +
MSE0

ö N 1
2 di

2
s1

%s1
%

& 

'  
( 

) 

* 
+ 

 

 
S u p p o s e  

! 

di = O(n
"1
N) s o  

! 

n
1
N
1

"1
# nN

"1.   T h e n  

! 

MSE0 = O(
n1N

2

N1
2n2) = O(

N
nN1

)

MSEL =
n

n" 1
MSE0 + O(

N2

n2N1
2)

# 

$ 
% 

& 

' 
( 

 

s o  t h a t  i f  

! 

N1N
"1
# 0 a s  n→∞ ,  s e c o n d  t e r m  o f  

!  

MSE
L
 i s  n o t  s m a l l  r e l a t i v e  t o  

! 

MSE0



 
Re c a l l :  G i v e n  t w o  s y m m e t r i c  m a t r i c e s  A  
(=

!  

MSEL)  a n d  B  (=

!  

MSE
0
) ,  w i t h  A  p o s i t i v e  

d e f i n i t e ,  t h e r e  i s  a r e  m a t r i c e s  P  a n d  L ,  L  
d i a g o n a l ,  s u c h  t h a t  

A  =  P P T  
B  =  P L P T  

P ,  L  a r e  t h e  e i g e n v e c t o r s  a n d  e i g e n v a l u e s  
o f  B  i n  a  c o o r d i n a t e  s y s t e m  w h i c h  
o r t h o g o n a l i z e s  A .  
 



Ex: model sales5K, sales50K, sales1000K, str10s, str20s, 
str30s, str40s 
 
L = diag(1.41, 1.06, 1.05, 1.04, 1.03, 1.02, 1.02) 
 
1st col of P: 
sales5K sales50K sales1M str10s str20s str30s str40s 
-1.300  -1.288   -0.003  -0.074 -0.032 -1.078 -0.031 
 
      str11 str17 str19 str21 str27 str31 str32 str41 str45 
<5K      76    21     1    43    47     6     0    46     9 
5K-50K   91    48     1    31    43     1     0    45     2 
50K-1M  292    88     1    60    37     2     1    63     2 
>1M     288    27    14    40    14     1     0    25     2 
 

! 

ö N         str11 str17 str19 str21 str27 str31 str32 str41 str45 
<5K       4270. 2649. 37.39 5119. 5058. 983.3 0.000 3710. 923.1 
5K-50K    4203. 5195. 86.00 2037. 3881. 220.1 0.000 2912. 199.0 
50K-1000K 6203. 5112. 86.00 2645. 2156. 262.6 334.1 2497. 93.05 
>1000K    2327. 441.5 339.8 1092. 515.5 3.418 0.000 1027. 113.3 
 
The farm in str 31 with sales >1000K has low weight. 



Ex (artificial data): Data generated according to the model 
       int   sales1K sales5K sales50K sales1M age      hisp  str10s 
       3.286 -1.348  -0.613  -0.772   -1.722  -0.041   1.059 -0.895 
 
Mean of results from 1000 runs fitting correct model: 
Bhat   3.340 -1.389  -0.604  -0.789   -1.927  -0.042   1.061 -0.915 
mse0   0.337  0.115   0.095   0.081    0.595  0.000090 0.101  0.048 
MSEL   0.321  0.108   0.090   0.078    0.566  0.000086 0.094  0.046 
Binder 0.326  0.110   0.092   0.078    0.353  0.000087 0.097  0.046 
 
Notice the difference between Vdb (Binder) and MSEL in sales1000K 
 
Mean of 1000 runs, unweighted (MLE fit): 
Bhat   3.317 -1.383  -0.598  -0.778   -1.778  -0.041   1.052 -0.902 
t      2.097 -3.746   1.769  -0.857   -4.738  -1.093  -0.919 -1.227 
 
Conclusion: Sample size is insufficient even for MLE asymptotics!  
Why should it be sufficient for any other asymptotic calculation? 
 
Would we see a problem with one run?  Data from first run: 
Bhat   3.623 -1.874  -0.310  -1.095   -2.447  -0.038   1.104 -1.255 
mse0   0.367  0.126   0.093   0.085    0.898  0.000094 0.108  0.053 
MSEL   0.349  0.119   0.089   0.082    0.851  0.000090 0.101  0.050 
Binder 0.327  0.170   0.108   0.098    0.402  0.000103 0.119  0.048 



Ex (artificial data): Data generated according to the model 
 
       int   sales1K sales5K sales50K sales1M age      hisp  str10s 
       3.286 -1.348  -0.613  -0.772   -1.000  -0.041   1.059 -0.895 
 
Mean of 1000 runs fitting correct model: 
Bhat   3.326 -1.373  -0.614  -0.785   -1.073  -0.041   1.062 -0.897 
mse0   0.330  0.114   0.094   0.081    0.265  0.000088 0.098  0.046 
MSEL   0.314  0.108   0.090   0.077    0.253  0.000084 0.092  0.044 
Binder 0.316  0.109   0.092   0.078    0.221  0.000085 0.094  0.045 
 
Mean of 1000 runs fitting incorrect model: 
       sales5K sales50K sales1M str10s str20s str30s str40s 
Bhat   -1.361  -0.688   -0.975  -0.172  0.529  1.325  0.505 
mse0    0.055   0.073    0.255   0.036  0.042  0.889  0.052 
MSEL    0.053   0.070    0.244   0.035  0.040  0.686  0.050 
Binder  0.055   0.074    0.210   0.036  0.066  0.648  0.051 
 
The first run: 
Bhat   -1.413  -0.327   -1.090  -0.236  0.541 -0.048  0.479 
mse0    0.056   0.066    0.202   0.035  0.041  0.619  0.051 
MSEL    0.054   0.064    0.194   0.034  0.039  0.483  0.049 
Binder  0.041   0.055    0.197   0.035  0.037  0.746  0.029 



Q u e s t i o n :   Wh y  i s  t h e  d i f f e r e n c e  b e t w e e n  

!  

MSEL a n d  

! 

ˆ V 
db

 i n  t h e  v a r i a b l e  str20s?  
 
H y p o t h e s i s :  H i s p a n i c s  t e n d  t o  c l u s t e r  i n  
s t r a t a  2 1  a n d  2 7  a n d  n o t  i n  t h e  o t h e r s .  
 
F i s h e r  e x a c t  t e s t :  2  x  n h  t a b l e  o f  f a r m s  
• r o w s  =  H i s p a n i c  s t a t u s  
• c o l u m n s  =  P S U Õs  ( s e g m e n t s )  
• t e s t  i s  c o n d i t i o n a l  o n  r o w  a n d  c o l u m n  

t o t a l s  
• H 0 :  r o w  a n d  c o l u m n  c l a s s i f i c a t i o n  a r e  

i n d e p e n d e n t  



 
stratum  p-value 
11 >75% cultivated 0.1071 

17 >75% cultivated: fruit & nut 0.653 
19 >75% cultivated: vegetable 1.000 
21 15-75% cultivated 0.00011 
27 15-75% cultivated: fruit & nut 0.042 
31 agri-urban: > 100 homes/sqmi 1.000 
32 dense urban: > 100 homes/sqmi no test2 

41 <15% cultivated 0.078 
45 <15% cultivated: public no-ag, desert 1.000 
 
1SAS monte carlo estimate of Fisher exact p-value 
2only 1 sampled PSU has farms  



E X E CU T I V E  SU M M A RY  
• Di s c r e p a n c y  b e t w e e n  

! 

MSE0 a n d  

!  

MSE
L
 

i n d i c a t e s  s m a l l  c e l l s  (m o r e  g e n e r a l ,  
m u l t i c o l i n e a r i t y ) .  

• Di s c r e p a n c y  b e t w e e n  

! 

ˆ V 
db

 a n d  

!  

MSE
L
 

i n d i c a t e s  m o d e l  f a i l u r e .  
• U s e f u l  i n  m o d e l  f i t t i n g  i n  w h i c h  m a n y  

c a n d i d a t e  m o d e l s  a r e  c o n s i d e r e d  a n d  
l o o k i n g  a t  i n d i v i d u a l  d a t a  a n d  c e l l  
s t a t i s t i c s  n o t  p r a c t i c a l .   E s p e c i a l l y  
i m p o r t a n t  t o  a v o i d  e x c e s s  i n t e r a c t i o n  
t e r m s  w h i c h  c r e a t e  i n s t a b i l i t y .  
Ex a m p l e :  N a t i o n a l  A FS:  4 5 9 9 1  f a r m s ,  f i n a l  m o d e l  h a d  
3 9  m a i n  e f f e c t s  a n d  3  t w o -w a y  i n t e r a c t i o n s .  


