Joseph M. HiLse

Mathematica is characterized by WoHram Rescarch, manu-
facturers of the software, as a “technical computing system.”
Most of those who use it, however, likely think of it as a com-
prehensive numeric and symbolic computational package with
exiensive associated graphical capabilities and as a program-
ming language with an interactive document or notebook inter-
face. Regardless of how the package is characterized. Mathe-
matica is perhaps the most well-known and wel-used technical
computing package on the market. Current estimates show that
Mathematica has a user base excecding that of its two closest
competitors—Maple and MathCAD.

The purpose of this review is 10 provide the reader with an
overview of Mathematica 5.2°s scope and capabilities, its limj-
tations and any points needing development, and a sense of how
the Mathematica program actually works. To achieve the lateer
end, I shalt provide several worked out examples demonstrating
the package at work, Given the fact that the Notebook interface
can be saved in IXEX format, replicating actual example in-
put and output should clearly represent how the screen display
appears.

[ shall first provide details of license costs, together with a
tisting of what comes with the package. Foltowing this I'l pro-
vide a brief history of Wolfram Research and of the evolution
of the software. Next I'll list some of the most important en-
hancements that appear in version 5.2, which was released in
July 2005, Thereafter Il discuss the general capahilitics of the
package, foflowed by various examples. Finally, I'll mention any
shortcomings or features of the package that L think need further
development,

1. FEES AND SUPPORTING PRODUCTS

Mathematica has been designed to work on a number of plat-
forms. This review relates only to personal computer implemen-
tations, including MS Windows, Macintosh, and Linux systems.
Version 5.2 single user licensing costs, in U.S. dollars in the
United States and Canada, for these platforms are:

Version Fee  {upgrade Jromover 5.1)
Professional $ 1880 ($375)
Government $1580 ($375)
Academic (4 yr college) 5805 {$225)
Stuelent (alf levels) $140 {$100)

Semester and annual versions are also available for the student
version starting at $45, The cost for professional and govern-
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ment licenses includes one year of premier service. In addition,
Wolfram publishes a number of ancillary packages that rely
on the Mathematica kernel for number and symbolic calcula-
tions. Depending on the package, many of the capabilities of the
full Mathematica have been dropped. Four of the many separate
packages include:

Feacher’s Edition (precollege and CC) version [, $195. The
toalket imterface allows a teacher to generate customized assign-
ments and quizzes logether with their answer keys, construct
animated demos and interactive courseware, and format printed
results using mathematic typesetting, The Teacher’s Edition also
comes with a calculator system.

Mathematica CalcCenter, version 3, ($595) and Mathematica
CalcCenter for Students ($99.95). The CalcCenter provides a
number of palettes that alfow users to solve problems without
directly using a command inlerface. [t has nearly the same nu-
metie, and only marginally diminished symbolic, calcolational
capability as does Professional Mathematica. [t cannot deal with
symbolic differential equations, or more complex mathematics.
Other limitations exist as well. But it does allow the user to
engage in data analysis, descriptive statistics, plotting, and tech-
nical report writing. Fintend on reviewing this package at a later
date.

MathStatica 1.5 ($159). Created by 2 cooperating vendor,
MathStatica uses the Mathematica kernel to provide the user
with the capability ol working with a wide variety of probability
distributions and associated random variables, with engaging in
maximum likelihood estimation, and calculating a number of
statistics that are normally found in commercial statistical pack-
ages. A text, entitled Mathematical Statistics with Mathematica
(Rose and Smith 2002), comes with the package. I shall also be
reviewing MathStatica separately in a future issue of TAS.

Statistical Inference Package, version 1. The package, just re-
leased, has been specitically designed to make it easy for users
to do classical likelihood-based statistical inference. Capabili-
ties include procedures for maximum likelihood estimation, for
example, regression models for univariate and multivariate lin-
ear and nonlinear models (examples: logistic, Poisson mult-
nomial), profile-likelihood-based confidence intervals for para-
metric functions, likelihood ratio tests, and the ability to form
complicated models {rom simpler ones. 1 intend to review this
package in a subsequent issue of TAS.

webMathematica Professional, version 2, (pricing varies, con-
tact sales) and webMathematica Amateur (available for free (o
Premier Service subscribers). webMathematica enables users to
create Web pages that access Mathematica’s computational en-
gine for specific applications. The Web pages could, forinstance,
inciude combinations of symbolic and numeric math along with
relevant graphics.

A free webMathematica program, called The Integrator, can
be accessed at fitip:// integrals.wolfram.com/ index.jsp.

The Integrator uses webMathematica technology to provide
an interface whereby a user simply enters the formula to be inte-
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ENTER ANY FUNCTION
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] Sqrt[2 + 2 Sin[x ]}

242 (sin(—;i) ~ecos(Z ]V sin(x) + 1
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cns(%] + sin(%]

-grated inw the Integrator box and clicks on abutton called “Com-
- pute” to compuie an indefinite integral with respectto 22, Figure |
shows a sample sesston, where | typed “Sqre [2+283in{x] 1"
into the box. The result displays a nicely formatted integration
formula together with the resule. 1 would have loved o have had
his progeam when | first took caleutus—to check answers of
ourse!

You may learn more about theses packages by accessing hrp:
Y documents wolfram.com/ .

Mathematica offers the user a number of resource Web sites.
recommend that the reader look at ittp:// wwwowolfrant.com/
vebresources.html, which provides a wenu to a variety of re-
ources. For example, from the above Web site one can click
n functions.wolfram.com and have access (o 87,160 functions
as of February 16, 2006) on the Wolfram Functions Web site.
ther sites of particular interest to statisticians are: MathWorld,
i online mathematics encyclopedia at mathworld . wolfran.com
vith Mathematica Notebooks for many entries, and the Wol-
ram Information Center library. woliram.com which contains
ograms, articles and conference proceedings for Mathematica
id other Wollram products.

Wollram offers a number of additional domain specific spe-
lization packages, each of which vses the built-in Mathemat-
‘computational kernel. Some of the more interesting include:

dvanced numericat methods Control systems professional
e series

perimental data processing
ital imaging processing
dechanical systems

emlific astronomer

Wavelet explorer

Neural networks

Fazzy logic

Parallel computing toolkit
Structural mechanics

dditionally, Wolfram Research offers a number of on-site
Web-based courses on how to use Mathematica, as well as
> use Mathematica for particular interests. OF likely interest
 readers, Wollram offers a two-part course on using Math-
a for statistical analysis. Each part is offered online as a
ay course at a cost of $250, The two parts are also offered
er as a full-day course at training centers at a cost of $495.
ount of 30% is available to faculty and students for online
dining center based courses. Companies can also contact
s department to arrange special on-site training for their

dx

Figure 1. Using the Integrator.

company. The Web site address for information regarding he
“Statistics with Mathematica™ course is: htip://www.wolfram.
coni/ services/ education/ minicourses/m2 15.himl.

Links to other educational pages, as well as to the cusrently
scheduted courses, are: hip// wwhwoswolfram.com/ services’?
education/ and hap://vwwwowolfran.com/ services/ edpcation/
calendarcgi.

2, WOLFRAM RESEARCH AND MATHEMATICA

Wolfram Research, Inc., founded in 1987 by Stephen Wol-
fram and located in Champaign, 1L, is one of four companies
owned by the Wolfram Group. Others include Wolfram Media,
Inc., Woltram Research Euwrope Ltd (UK), and Wolfram Re-
search Asia Ltd (Japan). Wolfram still heads the privately held
corporation, and oversees the development of Mathematica and
all of its derivative products,

Woitram, who received a Ph.D. in theoretical physics from
CalTech in 1979 at the age of 20, began working on the con-
struetion of a computer alzebra system, called SMP, in the same
year. He finished it two years Jater in 1981, releasing it on the
commercial market. After engaging in substantial work in the
field of complex systems research, Wolfram began work on what
was (o become Mathematica in late 1986, while a professor of
physics, mathematics, and computer science at the University of
Hlinois. He founded Wolfram Research a year later, and released
the first version of Mathematica in June of 1988,

Since the earfiest stages of compating, in particular personal
computing, packages were marketed for algebraic computing,
graphical presentation of data, and a variely of other numeric
tasks. Wolfram sought to provide Mathematica with 2 new type
of symbolic computer language that would allow for the defining
and manipwlation of a wide range of objects based on relatively
few constants and primitive {functions. Instead of the modular
approach used by most other technical packages, Mathematica
is a truly integrated system based on a hierarchical Jogic. What
this brings the user will be apparent in the examples shown later.

Mathematica has undergone five major versions, with version
2 being released in 1991, version 3 in 1996, version 4 in 1999,
and version 5.0 in 2003, The current version 5.2 was released in
2005. It appears that new major enhancements to Mathematica
come at intervals of three to four years.
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At list Mathematica was used primaiily by those in the phys-
ical sciences, mathematics., and engineering, Over the same 18
years of its existence, users now come lrom every discipline
having a reason to cngage in numerie and symbetic calculation,
However, its foremost clientele still appears to be those in the
engineering and mathenatical tiekds-—and, of course, in educa-
tion.

3. PACKAGE SPECIFICS
Mathematica comes with the following:

* Mathematica 5.2 CD
* Getting Started with Mathematica 5.2, {64 pages)
* A Quick Tour of Mathematica 5. (21 pages)

The Mathemarica Book (Wolfram 2003), is located in the Help
Browser and at documents, wolfrass.com, At some 1,500 pagesin
length, the text provides the user with a complete guide on how 1o
use the software. Numerous examples are givea throughout the
book. Extensive help is available from within the Mathematica
package, as well as from both technical support and Web support.
I contacted technical support without advising them that T was
reviewing the package. The person answeri ng my questions was
extremely helptul and professional in his response.

3.1 System Capabilities and Limitations

Mathematica 5.2 requires 128MB RAM to operate, although
the vendor recommends 256MB RAM or more. Additionally, the
software takes up between 400 to 550 MB of hard disk space,
depending on the options installed. These requirements are well
within the capabilitics of the majority of PC's and Macs currently
on the market.

Mathematica 5.2 supports 64-bit memory addressing and 64-
bit fong mumber partitioning. This means that the memory limit
is 291 bytes or some 18 billion Gigabytes, well beyond current
hardware limitations. Mathematica is the first desktop compu-
tational package with this capability.

4. MATHEMATICA 5.2: CAPABILITLES

In gencral terms, Mathematica 5.2 provides the user with a
wide range of computational, graphical, and document creation
capabilities. Employing a huge collection of computational al-
gorithms, the user is able (o perform & widely diverse number
of complex numeric and symbolic caleulations, Mathematica's
built-in programming lan guage and computational kernel can be
used Lo create customized systems of algorithms.

The built-in numeric and symbolic functions make it possible
to model and simulate 2 wide varicty of situations, including
complex bielogical systems, financial derivatives, environmen-
tal impact studies. health care economic impact alternatives,
meteorotogical profiles, and even alternative consequences of
galactic collistons. Built-in graphics functions make it possible
to construct dynamic animated three-dimensional visual presen-
tations, as well as a host of associated plots and graphs for data
and functions,

The Notebook interface can also be confi gured 10 use a Math-
ematica kernel on another machine. in other words, one canuse
laptop o enter data ane prepare documents while using a remote
computer for numeric and synibolic caleulation,

Mathematica programs can be written in text files and ran in
Mathematica. In addition 1o accessing the kernel through Math-
ematica’s Notehook inteeface, Mathematica can berun ina com-
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mand line mode. Mathematica can also be interfaced with other
programming languages, MathLink is the means by which Math-
ematica’s Noichook interface and kernel interact. MathEink afso
provides an interface Lo programs in other languages, such as C.
MathLink applications called J/Link and Net/Link are mcluded
with Mathematica. These two applications provide integration
ol Mathematica with Java and Net, respectively,

Capabilities in several areas of specific interest to statisticians
include the following:

a. Built-in statistics functionality includes descriptive uni-
variate and multivariate statistics, lincar and nonlinear regres-
sion, ANOVA, cluster analysis, numerous univariate and multi-
variate distributions, and statistical plots. The regression func-
tions include a number of estimates and diagnostics including
parameter estimates, standard errors and confidence intervals
and ctlipsoids, goodness-of-fit measures, and leverage diagnos-
tics. The distribations include random number generation, and
symbolic and numeric results such as the mean, variance, skew-
ness, kurtosis, pdf, cdf, characteristic function, and expected val-
ues. Various statistical plots built into the software include box-
and-whisker, Pareto, pair-wise scatterplots, quantile plots, his-
tograms, pie charts and various bar charts. Stem-and-leaf plots
are new to version 5.2.

b. A large sct of special functions is included in Mathemat-
ica ranging from clementary lunctions such as trigonometric,
hyperbolic trigonometric and exponential functions to orthog-
onal polynomials and functions related to factorial, hypergeo-
metric, elliptic and zeta functions, A few of the built-in spe-
cial functions that appear often in statistics are the binomial,
multmormial, gamma, beta, regularized gamma and beta fune-
tions, log-gamnma, poly-gamma, multiple erf functions, general-
tzed and confluent hypergeometric functions, Bessel, Legendre,
Chebyshev, and Hermite polynomials, the unit step function and
multiple delta functions. Mathematica can evaluate these func-
tions both symbolically and numerically. Built-in formula ma-
nipulation functions and simplifiers are also included, which in
many instances allows for the reduction of complicated sym-
bolic expressions to simpler ones. I have found this feature to
be particularly useful,

¢. Diva can be imporied into and exported from Mathematica
i many formats, The formats include common formats for text,
numeric data, graphics, XML, HTMI,, binary data, and audio
formats. A few of the supported text and numeric data formats
include plain text, tab- or comma-separated formats, and Ex-
cel spreadsheets. A number of field specilic formats are also
included,

d. A DatabaseLink package is included with Mathemat-
ica. The package allows users to integrate Mathematica with
database managements. DatabaseLink is fully JDBC-compliant.
It containg both a SQL and Mathematica interface/

¢. There are many types of numeric functions in Mathemat-
ica. A few of the numeric functions of special interest to statis-
ticians are finear algebra functions, local and global optimiza-
tion functions, and numeric root finding functions. The set of
linear algebra functions is extensive, ranging from more basic
operations such as dot product, transpose, and inverse to ma-
trix decompositions including singular value, Cholesky and QR
decompositions. Most of the lincar algebra functions work for




Examples of Functions Related to Statistics; Finding
Moments; Standard OLS Regression

<< Btatistics
Here arc a couple of familiar Ihnits for Student’s t distribation: standard
normal as n-- o0, and Cadnchy as -1,

Limit[PDF{StudentTDistribution[n], z],n — Infinity}

Limit[PDF[StudentTDistributionfn], #},n — 1]
!

PDF[CanchyDistribution[0, 1}, x}

{1t}

Here is the expected value of sin(x) when x follows a normal distribution.
Expected ValuelSin[z|, NormalDistribution|y, o}, ]

a2
e S

ExpectedValue calls Integrate Lo get expectations. Here is how the expecta-
tion conid be computed directly.

Integrate[Sinfz] * PDF[NormalDistribution|p, a], £, {=, —Infinity, Infinity},
Assumptions — {§ € Reals,o > 0}]

: Sin|g]

This is an exanple of a4 symbolic evaluation whare moments are obtained
from characteristic functions and compared with divect integration results. For
instance, take the characteristic function for xi

charfun = CharacteristicFunction{ChiSquareDistribution|n], ¢]
(l . 2,{) 11 )2

Cowpnte the first five raw momenis by performing derivatives, taking the
limit as £ -0, and dividing by ™.

Table[Limit[D[charfun, {t, m}],t — 0]/I"m, {m,1,5}]
{re, (24 0), ni24n) {44} w20 {d (G0}, {2+ 0) (A +n) (641} {8 +n))
Ag a comparison, we cak find the general form of the ith raw moment for
)
\/”'

rawmoments = ExpectedValue[z"i, ChiSquareDistributionin}, x, Assumptions — {i > 0}]

Then, suhstitute the values 1 through § iuto the expression to get the raw
motents.

rawmoments, . — Range{5]

ZZGamnm[l + '}] Alaumnnia
T
[5]

1 bl 2 v . 1
Cramma] & Cransimuad )‘} (‘ennnm[—;‘] wnnad T

b

3] #CGuumalsig] 6Gammaltef]

[t wmay not be immnediately obvious that these Gamma ratios are the same
as the moments obtained from the characteristic function above. Simplifying
with the positivity assumption on n shows that the Gawsma ratios ave the same
polyromials in n.

FullSimplify{rawmoments/.i — Range[5], Assumptions — n > 0]
[ n(24n), n(2+n){d-ta), 024 n)(d+np(6-+n), n(2 4 n)d4n){64 a)(8+n)}

Figure 2(a). Some basic stalistics—regression.
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Regression

To demonstraie how  Methematicn’s built-in regression Functions work, | shall
look at a simple linear regression.  Nonlinear regression functions work in a
similar wmaoner. The following defines a data set.

data = {{5.31,22.24}, {0.89, 7.67}, {5.69, 21.16}, {7.01,33.76}, {3., 12.89},
{7.41,37.22}, {3.46,10.47}, {9.64, 39.83}, {2.46, 10.68}, {4.2, 25 38},
{6.56,31.58}, {2.48,17.15}, {3.89, 14.77}, {1.91,11.37}, {7.8,38.71 }};

The semicolon after the input is used to suppress outpnt. This is nselul for
ingtance i an outpul is expected to be large, or in internediate caleulations
where the resndt is of interest only as an input for another operation.

The Regress function performs linear regressions and returns a few comnmonly
used results by defaudt.

Regress [data, {x}, 2}

Sstimate ST TStat PValue
ParameierTable — 1 318353 194727 163487  0.126047
x 412951 0.362033  11.3782  3.94563 » 108

RSquared -+ 0.908748, Adjusted RSquared -+ 0901728, Fatimated Varianee —
EL7215,

DE  SumnOf3q  MeanSq FRatio  PValue
Model 1 1517.5 1517.5 129462  3.04563 x 1078
Error 13 152.38 117215
Total 14 1669.88

ANOVATable - »

A pumber of other diagnostics are included. The list can be obtained using
the RegressionRReportValues himetion,

RegressionReport Values[Regress}

{AdjustedRSnared, ANOVATable, Best Fit, BesUFitParameters, BestFitParametersDelta,
CatcherMatrix, CocflicientOfVariation, CookD, CorrelationMatrix, CovarianceMairix,
CovarianceMatrixDetRatio. DurbinWatsonD, EigeustructureTable, FstimatedVarianee,
FitRestduals, HatDiagonal, Jackknifed Variance, MeanPredictionClITable, ParameterCElable,
ParameterConlidenceRegion. ParsmeterTable, PartialSnm OfSquares, PredictedResponsc,
PredictedResponseDelta, RSquared, SequentialSumOfSquares, SinglePredictionClTable,
Standardized Residuals, StudentizedResiduals, SunmmaryReport, Varianceloflation}

These values are specified via the RegressionReport option. Replaceinent
rules can be used to extract the valies.  For instance, heve the fitted curve is
extracted and sssigned to the symbol fitted.

fitted = BestFit/ Regress[data, {x}, , RegressionReport — BestFit]
3.18353 -+ 412951

For a quaiitative look at the fit, one might plot the fitted curve and the
dala in one graphic. Plot creates graphics of functions, ListPlot plots data, and
DisplayTogether can be used to combine graphics.

<< Graphies

DisplayTogether{Plot[fitted, {z, .5, 10}),
ListPlot[data, PlotStyle — {Red, PointSize[.012]}]}

4.6

- Ciraphics -

Figure 2(b). Some basic statistics—regression.
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Poisson and Beta Estimation simulated variates graphical
representations

< < Statisticg

Poisson Example

This generates 50 random Poisson variates. The semicolon inhibits display of
output.

poissondata = RandomArray[PoissonDistribution[7.3], 50};

The loglikelihood function can be constructed by computing the pdf for a
Poisson with mean g at each of the data values, and summing the logs of those
pdf values,

poissonllfun[.| = Total[PowerExpand[Log[Map[PDF [PoissonDistribution[p], #]&z, poissondatal]]]

50ge - SLogl6] - 4Log[24] - 5Log[120] —6Log]720] — 10Log[5040] - 3Log[40320] —
3L.0g]362830] — 9Log[3628300] — 2Log[39916800] — Logi87178291200} 4 339Logix]

The maximun likelihood estimate of g can be obtained in several ways.
FindMaximum vses wumeric methods and retorns the maximized loglikelihood
value as well as the value of g at which it is maximized.

FindMaximum|poissonllfun[g], {u, 10}]
{—126.852, {11 — 6.78}}
1o this example, @ can be computed by taking the derivative and solving for
Jwhen the derivative is 0.
Solve[D|poissonllfunfy], p] === 0, {u}]
e -8

In this case, we conld just noto that the mean of the data values will give
the maximum likelihood estimate of ge

Mesn|poissondata)

439
50

N[%]
G.78
Here is a plot of the loglikelihood function.

Plot[poissenllfun[g], {1, 5,9}

130
~132
-134 |
136
..... 138

-140

6 7 8 9
- Graphics—
Beta Example

Maximur Jikelihood for distributions with two parameters make for nice exam-
ples because they lend themselves to contour and 3D graphics.
This generates 100 random beta variates.

betadata = RandomArray[BetaDistribution{2.7, 1.4], 160];

Figure 3(a). Poisson and beta models.
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The loglikelihood function can be computed as in the Poisson case.

betallfun(alpha_, beta ] =
Total|PowerExpand[Log[Map[PDF[BetaDistribution|a, 8], #]&, betadatal]]]

Here s a contour plot of the beta loglikelihood function.

ContourPlot[betallfun|e, 8}, {e, .1,10}, {3, .1, 5}, PlotPoints — 100]

—ContourGraphics—
This is an analogous 3D plot of the loglikelihood function.

Plot3Dbetallifun|e, 51, {0, 1,10}, {85, -1, 5}, PlotPoints — 50}

~SurfaceGraphics—
The likelihood will be maximum when the following equalities are met.

derivs = { D|betallfun|a, 4}, a} == 0, D{betallfun|a, 3], 8] == 0}
{-52.4047 — 100(PolyGamma[), a] — PolyGammnall), o + 8]) == 10,

— 121204 ~ 100{ PolyGamma[0, #] — PolyGammall, o + 3]) == 0}

Nimerical methods will be needed for this example.  Here a solution to
these equations is found by FindRoot.

FindRoot[derivs, {a, 5}, {3, 5}]
fo o 296282, 3 - L7145}

As in the Poisson example, the maximum likelihood estirnates can also be
found using FindMaximum.

FindMaximum|[betallfuna, 8], {e, 5}, {3,5}]
(242845, {0 — 2.96282, 7 > L.71452}}

Figure 3(b). Poisson and beta models.
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Poisson Fitting
First, load the Statistics packages.
< < Statistics
The following imports an Excel spreadsheet ol data.

data = Import{"mpar250.x1s", "XLS"];

The variable names are contained in the first entry in the data and stored
as strings.

dataff1]]
Htos, hino, white, died

The variable los will be modelled as a function of hmo, white, and died.
For the exaples that follow, only the predictor variables will need names.
The variables will also need to be symbols.  The Rest function takes all but
he fivst element of a tist. The ToExpression converts strings to  Mathemetico
expressions, so the lollowing gives the list of variable names ag symbols.

vars = Map|{ToExpression, Rest[datal[{1]]]]
{hmo, white, died}

In the following, Rest is used to drop the row of variable names from the
data. Pitting fanctions in - Mathematica contain the response as the last
coluian,  Transpose and RotateLeft are used to move the first column to the
last columu of data.

data = Transpose[{RotateLefi[ Transpose[Rest[datal]l];

Since the list of paramneters will be used muliiple times, we will assign the
list a name,

parameters = {a,b, ¢, d};

The following is the likelihood fer the predicted value madel, given the ob-
sorved value v for a Poisson distribution.  This expression will be used to
construct a logtikelihood function.

pdffun[madel_, y | = PDF[PoissonDistribution{model|, 3]

e od el
y!

The elements of data are of the form {Tuno, white, died, los}.
datal[1]]
{111,800

The model of interest is logmpetblmetewhitetddied — pha jikelihood for the
first eloment of data follows.  Here an anonymous function (or pure funetion)
is used to plug the fivst, second, aud thivd elements of data([1]] imto the model,
and the fourth element into the v argument of pdihan.

pdffun(Expla + b* #{[1] + ¢ = #{[2] + d = #[3]]], #([4]]| &[data{[1]]
2.75575 % 10 Teme T (gt b lertay 10

To compute all of the individua!l likelihoods, this pure function can be
mapped outo data.

likelihoodlist = Map{pdffun[Expla + b = #[[1]] + ¢ * #[{2]] + d = #{[3]]], #[[4]]}&, data];

The loglikelihood fanetion is the suny of the logs of the individual likelihoods,
anck can be constracted as follows.

loglike = Total]Log|[likelinoodlist]);

Ciood imitial estimates for the values of a, b, ¢, and d can be obtained by
performing a nonlinear least squares fitting of the woedel. The linear combination
ingide the exponential is constructed iu the following manner by dotting the
parameter vector with the vector of basic funclions.

Figure 4{a}. Poisson fitting.
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