Math 312B: Mathematical Statistics

Lesson Study Parts I and II

May 10-12, 2004

Materials: M&Ms with 6 colors, knowing the predicted color proportions

Goals (Strategies, skills, or ways of thinking about statistics we want to address):  

· engaging students in an active way with lesson material;

· having students apply statistical thinking to develop a test statistic;

· having students suggest the need to examine an empirical sampling distribution (assuming the null is true) to decide if a test statistic value is surprising;

· introducing the theory of the chi-square statistic, distribution, and goodness-of-fit test;

· extending goodness-of-fit tests from the categorical to the discrete case to the continuous case.

	Learning Activities and Key Questions
	Student Activity and Expected Responses
	Teacher’s Response and Things to Remember
	Goals and Evaluation

	Day One

Introduce general problem:  How would an M&M manufacturer decide whether or not M&Ms are being produced in the correct proportions?
	
	A candy manufacturer is told to make 13% brown, 14% yellow, 13% red, 24% blue, 20% orange, and 16% green candies,

but he believes the manufacturing process is malfunctioning.
	

	Brainstorm plan
	Suggest ways to evaluate the claim
	Get students to suggest

- collecting data

- seeing how the data matches the claimed values

- evaluating the statistical significance of the discrepancy

May discuss power / sample size… e.g. Is one sample good enough?
	How easily do students consider sampling variability?

	Discuss potential sample results:  How much deviance is too much?
	Expect students to be okay with a little deviance from null, but unsure of where to draw the line.
	Present possible ways multinomial sample of size 40 could turn out – ask if each one provides significant evidence of malfunctioning.
	Do they understand that some variability from what is expected is natural?

	Introduce data
	Each student receives a bag, work in pairs to get the tally for the first 40 M&Ms
	Blindly take 20 candies from the big bag of M&Ms.

- If asked, tell them to ignore broken ones.

- If asked, tell them the bag were randomly purchased from a local store.
	

	Examine sample
	Students tally the colors


	Look at your sample results.  Do they support the manufacturer’s claim?
	Do students think beyond the sample?

	Developing “custom” test statistics: While we expect some discrepancy, how can you decide if your sample is “too different” from expected?  How can you measure how “deviant” your sample is?  Can you express this as one number?
	Students brainstorm ways to measure the deviation.  

Groups of 2 for 5 minutes.


	What are some properties of your measurement technique?  Do you expect the results to be large, small? Positive, negative?

Pass out Handout #1

Students who want to use z-scores need to combine them in same way to come up in one number.
	Which ideas from course do students latch onto?

Do their custom statistics separate samples which agree with the null from those which agree with alternative?

	Combine with another group: Decide which of two test statistics is preferable.


	Prepare to defend choice to class.

Groups of 4 (2 groups of 2) for 5 minutes
	Encourage groups to be able to defend choice based on desirable properties.
	What are seen as good properties of a test statistic?

	Share with class
	“Defend” their test statistic (and its properties) to the rest of the class
	The formula you have come up with is a “test statistic”
	

	Apply test statistic: How will you decide if the value you calculated for your bag is convincing evidence that the manufacturing process is malfunctioning?
	Students calculate the test statistic for their sample

Back in groups of 2
	How decide if this is a large difference/if such a value is surprising?

Hint:  Can we give the manufacturer the benefit of the doubt?
	

	Sampling Distribution: Can they come up with idea of sampling distribution for test statistic under H0?


	Try to get them to suggest a sampling distribution where the samples come from a population with the right proportions?
	May make analogy with test for single proportion (black and white M&Ms) which they have seen before

Possible question:  How did you determine whether an observed sample proportion was more extreme than you would expect “by chance”?

No standard distribution likely for custom test statistic – must introduce notion of empirical sampling distribution.
	Do students think about sampling distributions?  If not, what are their natural inclinations?

	Empirical sampling distribution: Give them 30 or so samples and have them calculate their own test statistic for each sample; plot the empirical sampling distributions.
	Explore properties of test statistic

Find empirical p-values
	Pass out Handout #2

Ask groups to find empirical p-values (may need to define and/or motivate)

Tell them that between classes will look at 1000 samples instead of just 30
	How much do empirical sampling distributions and p-values need to be motivated?

	Prototypes

Suppose the manufacturer obtained the following samples.  What values of your test statistic would he obtain?
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Do your results seem to be informative in helping you decide which samples are most problematic?
	Students calculate the test statistic for our prototype samples

Evaluate whether or not test statistic is “performing well”.
	May move to take-home portion…

Possible prompts:

- sample size

- more variability for larger proportions or percentage change

- use binomial X to show diff of say 4 is more drastic if n small or p small
	Are we able to create any dissonance with their test statistic and motivation for chi-square?

What types of criteria do students use to evaluate their test statistic?

Do they consider sample size?  Do they consider the variability depending on p?

	
	
	
	

	Between Day One and Day Two

Use S-Plus to simulate empirical sampling distribution based on custom test statistic and chi-square.

Find empirical p-values for original sample and prototype samples with each test statistic.
	Compare the behavior of the custom and chi-square test statistics, using the prototype results.

Reflect on whether or not we’ve developed a reasonable way to answer original question.
	Pass out Handout #3 – contains definition of chi-square goodness-of-fit statistic, along with detailed skeleton code for S-Plus simulations.


	Do prototype samples hint at differences in performance of test statistics?

Are students convinced we have reasonable way to find p-values and answer questions?

	
	
	
	

	Day Two

Discuss take-home assignment
	Encouraged to share results and impressions from homework.
	Did the test statistics pick out the samples you’d consider deviant?

Were there any telling differences between the chi-square statistic and yours?

Is this a reasonable way to find p-values (empirical sampling distributions)?  If so, are we free to create any test statistic we believe measures discrepancies from H0 well?
	Has activity and reflection between classes created a good atmosphere for class discussion?

	Wrap-up chi-square goodness-of-fit test
	
	Provide theoretical details about chi-square test statistic:

· relation to distribution of X~Binomial(n,p)

· k=2 reduces to z-test for single proportion

· expected cell counts >= 5
	Is theory discussion more valuable after using chi-square and developing competitors?

	Fumbles Problem: Extend goodness-of-fit results from last class to test if data follows a Poisson distribution.


	Same groups of 2
	Pass out Handout #1

Prompt groups (if necessary) to consider:

· since no colors, what makes for natural categories?

· how to get expected counts?

· how to estimate lambda?

· how to avoid categories with low expected counts?

· what is null distribution?

Discuss k-1-r df when estimating model parameters
	How easily is extension made?  

Which issues to left are discovered by students?

	Cockpit Noise Problem (time permitting): Extend goodness-of-fit test from Fumbles Problem to test if data follows a continuous (normal) distribution.


	Will probably only be able to set up problem, since need S-Plus or z-tables and lots of time to find expected counts.
	Prompt groups (if necessary) to consider:

· how to create categories? (evenly spaced intervals)

· how to get expected counts

· how to estimate mu and sigma?

· how to avoid categories with low expected counts?

· what is null distribution (estimated 2 params)?
	Again, how naturally are extensions made?

	
	
	
	

	After Day Two

Goodness-of-fit tests for continuous distributions

Compare cases with known and unknown parameters


	Use S-Plus to calculate chi-square GOF test of normality

Use S-Plus to simulate empirical sampling distribution of chi-square GOF test with both known and unknown params.

Plot empirical sampling distributions and overlay chi-square pdfs to visualize proper dfs.

Summarize simulation results and determine if df adjustment is necessary when parameters are estimated.
	Pass out Handout #2 – contains instructions for conducting chi-square GOF test with continuous data, along with S-Plus code to simulate sampling distribution when parameters unknown.

Handout also shows built-in S-Plus function for conducting GOF tests.


	Can students understand extension to continuous case without explicit class presentation?

Does simulation help motivate need for adjusted df?

	
	
	
	

	Day Three (not part of official study lesson)

Wrap-up Days One and Two

Chi-square test of independence
	
	
	


