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Abstract

This article givesan exampleof how student-conductedxperimentsan enhancea coursein the design
of experimentsWe focuson a projectwhoseaim is to find a good mixture of water,soapand glycerin for
making soapbubbles.This projectis relatively straightforwardto implementand understandAt its most
basiclevel the projectintroducesstudentso mixture experimentsand generalissuesin experimental
designsuchas choosingand measuringan appropriateresponseselectinga design,the effect of using
repeatsversusreplicates,model building, making predictions,etc. To accommodatenore advanced
studentsthe projectcanbe easilyenhancedo draw on variousareasof statistics,suchasgeneralized
linear models,robustdesign,and optimal design.Thereforeit is ideal for a graduatdevel courseasit
encouragestudentsto look beyondthe basicspresentedn class.

1. Introduction

Effective instructors,in additionto presentingcoursematerial,challengestudentgo think critically about
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what they are studyingandto considerpossibleapplicationsof the material. Oneway to accomplishthis is
to assignprojectsspecifically targetedto addresamaterialcoveredandto encouragestudentgo think
beyondwhatthey havelearnedin class.This is especiallyimportantin graduatdevel coursesas compared
to thoseat the undergraduatéevel, asthe focus shifts toward more independenthinking. This canbe a
difficult task, especiallywhensomegraduatestudentshavetakenthe equivalentundergraduateourse,or
whenthe courseis cross-listedas graduateand undergraduatdn the latter case,an instructorhasto
accommodatéoth setsof studentsn the classroomgchallengingthem simultaneouslyOne way of
handlingthis is to assigngraduatestudentsa projectof broaderscope.Anotheroptionis to assignthe
sameprojectto both undergraduat@and graduatestudents.The undergraduatewould be requiredto do a
simplerexperimentthat only requiresa basicanalysis,whereaggraduatestudentswould be expectedo
expandupontheideas.In this article we describeone suchprojectthatwasimplementedn a cross-listed
undergraduatand graduatecoursein Designof Experimentslt involvesthe applicationof many basic
conceptsn ExperimentalDesign,but also extendsbeyondwhat is typically taughtin sucha course.

The experimentinvolved the simple task of blowing soapbubbles.The objectivewasto determinean
optimal bubblesolution consistingof a mixture of water, dishwashingsoapand glycerin. Minimal prior
knowledgeof the sciencebehindbubblesis necessaryo completethis project. However,in additionto the
educationalalue associatedvith planning,conductingand analyzingan experiment studentsalso have
the opportunityto learn somescience;bubblesare soapfilms which peoplehavedevotedtheir entire
careergo studying(Boys 1959 Isenberg1999.

In our teachingexperiencahreeseparateggroupsof studentshave conductedversionsof this project. The
experimentaldesignand datacomefrom one of thesegroups.For the illustrative purposef this article,
we presenta possibleanalysisof thesedata.The instructorhasthe flexibility to vary whatis requiredand
the amountof guidanceoffered dependingon the level of the studentsknowledge.Throughoutthe
article, we discusshow the bubbleprojectcanbe adaptedn a variety of waysfor usein teaching.

We presentthe issuesand choicesthat the studentsneedto confrontin completingthis projectby
following the structuredempirical problem-solvingframework PPDAC (Oldford and MacKay 2007).
PPDACIs anacronymfor a five-stageprocess:

Problem: Developa clear statemenbf what we aretrying to learn
Plan: Determinehow we will carry out the investigation

Data: Collectthe dataaccordingto the plan

Analysis:Analyzethe datato answerthe questiongposed
Conclusion:Draw conclusionsaboutwhat hasbeenlearned

We find PPDAC usefulto structurethe designand analysisof any experimentand haveusedit in our
teachingand consulting.We presentthe bubble mixture experimentprojectby discussingeachof the five
stagesof PPDAC. At eachstage ,we describethe choicesmadein our exampleprojectalongwith their
rationale.As well, we discussoptionsfor makingthe projecteitherlessor more complicated.

However,we startby giving somebackgroundon mixture experimentsTo completethis projectthe
studentsmustrecognizethat the bubbleexperimentis a mixture experimentand apply the appropriate
methods.This may meanindependentesearcHor the students.

1.1 Mixture Experiments

In the proposedexperimentwe modelthe effect of the proportionsof the threecomponentgdenotedS
for soap,W for waterand G for glycerin). Suchexperimentsare known as mixture experimentgCornell
2002. In a mixture experiment,eachproportionmay vary betweenzero and one,andthe components
mustsumto one.As a result,with threecomponentsasin our example the experimentategionis a
triangle, definedby the points (1, 0, 0), (0, 1, 0) and (0, 0, 1). Traditionally, this experimentakegion has
beenviewedin two dimensionsasdisplayedin Figure 1 that employsa triangularsimplex coordinate
system.Eachpoint lying on or in the interior of the trianglerepresentsa possiblemixture. The plot canbe
interpretedin the following way. Eachvertexof the triangle representsa pure mixture (100% of one
componentand noneof the rest). As one movesaway from this vertextowardthe oppositeside, the
proportionof the componenigraduallydecreaseso zero. Pointsinterior to the triangle havesome
proportionof eachof the threecomponentsFor example,the point shownby the black dot in Figure 1
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correspondg$o a mixture of 15% soap,80% waterand 5% glycerin,i.e. (S, W, G) = (0.15,0.8,0.05).The
projectcould be extendedo include more componentsut that would increasecomplexity, especiallyin
termsof the graphicaldisplays.

Figurel

Figure1: A Two DimensionalView of the Three ComponentMixture ExperimentalRegion.All mixtures
mustlie on or insidethe trianglewhoseequationis S+W+G=1.

In the bubble project, the experimentakregionis further constrainecdbecauseve know, beforerunningthe
experimentthat somecombinationswill not produceany bubbles(e.g. 100% water) or be very poor. We
discussthis issuefurtherin the Plansection.

For a mixture experimentthe standardinear first-orderresponsanodelfor a normally distributed
responser is

Y ~ N(,u,az),where =BS5S+ B, W+ B.G. (1)
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Note thatthereis no interceptin this model.If the interceptwereincluded,the designmatrix would be
singularbecausehe proportionsof water, glycerin and soapmustaddto one(i.e. S+W+G=1).Additional
modelscommonlyusedfor mixture experimentdnclude the quadraticmodel, specialcubic model,and
the rarely usedfull-cubic model (Cornell 2002):

Quadratic: H= BS+ B W+ B,G+ BopSW + B;SG+ By WG (2)
Special-Cubic:  u= B.5+ B, W+ B.G + BaySW+ BooSG+ BoyeWG+ B SWG (3)
_ =BS5S+ B+ B.G+ By SW+ B SG+ B WG
Full-Cubic: (4)
+ &gy SW(S = W)+ eSGS — G+ e WGW — G )+ Sy SW G
2. Problem

In the Problemstage the studentsmustclarify their objectiveby defining what they meanby an optimal
bubblesolution. To do this they needto choosea targetpopulation,that is the conditions(e.g. bubble
making devices,environmentgetc.) over which they would like their conclusiongo be valid, and selectan
appropriateresponsevariateand populationattribute (i.e. a summaryof the responseover the target
population).

The choicesof responseand populationattributearetied to the definition of bestor optimal bubble
mixture, and havea big impacton an appropriateanalysisof the subsequenéxperimentadata.In the
bubble project, the studentsdecidedan optimal solution produced,on average the mostbubbles.
Therefore the responseof interestwasthe numberof bubblesandthe attributewasthe average number
of bubblesacrossall conditionsin the population.Other possiblechoicesfor responsenclude: the size of
the biggestbubble,the time the bubblessurvive, whetheror not any bubbleswheremade,etc. In each
case,it is critical that the studentthink aboutboth whetherthe responseeflectstheir definition of optimal,
andwhetherthe proposedesponsecan be preciselyand accuratelymeasuredStudentscan be quite
inventive; for instanceto measurdime, they thoughtof blowing bubblesonto a dish so that the bubble
canbe observeduntil it pops.A possibleextensionto the basicprojectis to usemorethanoneresponse.
This will leadto multiple analysesand possiblythe needto compromisein someway whenmaking
recommendations.

In the choiceof a responsethe instructorneedsto be carefulthe projectdoesnot becometoo complexfor
the studentgo handle.To assesshis, they needto think aheadto the analysisstage.For instance with a
responsealefinedasthe numberof bubbles,a standardregressiormodelwith normally distributederrors
may needto be replacedby a Poissonregressiormodel. Poissonregressioris an advancedopic that
studentswould learnaboutin a courseon generalizedinear models.Alternatively, a standardanalysis
with the usualnormal error assumptiorthat ignoresthe discretenatureof the countresponsemay be
acceptableAn appropriatechoicedependson the data. Another possibility is an analysison a transformed
scale.For instance,n anotherapplicationof this experimenttime to a bubblepoppingwas usedasthe
responsendthe log time waswell modeledusinga standardnormalregressiormodel. The instructor
shouldbe preparedo discussthe prosandconsof eachmodelingchoice.The choiceof responsecanbe a
greatlead-into a classdiscussionof modelassumptiong&nd more advancedypesof models.

Next, the studentsneededo definetheir targetpopulationby answeringthe questionOaveragever
what?Cror example they may decidethey want to find the bestbubblesolutionfor all different
conditions,including different bubble making devices,environmentalconditions,etc. Alternatively, they
may decideto look for the bestbubblesolutiononly for typical summerconditions(e.g. hot and humid)
in their part of the world. In a classproject,the studentshavecontrol over how ambitiousthey wantto be.
In otherapplicationsthe goalsof an experimentare usually driven by outsideconsiderationsand we
needto try to achievethemthrougha good plan that makesappropriateuse of the experimentabrinciples
of blocking, replicationand randomassignmentThe studentstypically comebackto the definition of the
populationafter they havegiven morethoughtin the Planstageto whatis realistic,given the time and
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costconstraintanherentin a classproject.

3. Plan

In the Planstagewe mustdeterminethe detailsof the experimentwe will run to try to find the optimal
bubblesolutionasdefinedin the Problemstage.More specifically,we needto selectthe experimental
factorsand levels,choosea designandrun order, worry aboutmeasuremenof the responseand think
aboutthe logistics of the datacollection.

3.1 Preliminaries

In our experiencea cause-and-effealiagram(Ishikawa 19832 is a usefultool in the Planningstage.To
producea cause-and-effeaiagram,also called a fishboneor Ishikawadiagram,we attemptto list all
possibleimportantexplanatoryvariatesthat may influencethe responseThis is typically doneusinga
teamof subjectmatterexperts,but for the bubble mixture experimentmost peopleOshildhoodexperience
and commonsenseare sufficient. In the diagram,to help organizeour thoughts,we usemajor branchedo
collect relatedexplanatoryvariates.An exampleof a possiblecause-and-effealiagramfor the bubble
mixture experimentis shownin Figure 2.

Environment Bubble Making Bubble Solution
Device
water proportion
temnperature brand
50ap proportion
hurnidity alycerin proportion
size of wand
soap brand
battery age water hardness
wind
other components?
. Number of
~ Bubbles
rnixing method blow welocity
Measuking spoons hand position
Mixing Person Measurement
Figure 2

Figure 2: Bubble ExperimentCause-and-EffecDiagram.

While the studentsshouldnot spenda large amountof effort developinga causeand effect diagram,they
shouldtry to think broadly aboutall the possibleinputsthat could influencetheir chosenresponseThere
are many explanatoryvariatesthat could (with our limited knowledge)influencethe numberof bubbles
produced,of which many are not mixture componentsConsideratiorof all the possiblyimportant
explanatoryvariatescan havea large impacton the experimentabplan.
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In the example the studentsdecidedto deliberatelyvary the watertype and soapbrandin the experiment
aswell asthe threemixture componentssoap,waterandglycerin. By choosingtwo differentwatertypes
(springandtap) andtwo different dishwashingsoapbrands(Joy” andlvory™), they plannedto also
considerwhetherthe optimal bubbleformulation dependedn the levels of thesetwo factors.As well,
they decidedto look for a robustbubblesolutionthat works well no matterwhat sort of wateror soapwas
used.SeeTaguchi(1987)for more on robustdesignexperimentslsing the robustdesignterminology
we referto soapbrandandwatertype asnoisefactors.

What shouldbe donewith all the other possiblyimportantexplanatoryvariates?One optionis to (try to)
hold themfixed during the experiment.This makesthe experimenteasierto run (assumingt is not
difficult to hold the explanatoryvariatesfixed), but restrictsthe generalizabilityof the conclusions.
Remembethe choiceof targetpopulationin the Problemstage.Anotheroptionis to createblockswithin
which someexplanatoryvariatesare held fixed, andthenreplicatethe designover a numberof blocks.
For instancejf we thoughttheremight be a large day effect, we could block by day and repeatthe design
overtwo (or more)differentdays. This helpsachievethe goal of assessinghe effect of changingthe
mixture componentsvhile at the sametime allowing usto checkthat the resultsobtainedunderone set of
conditions(one day) are alsovalid for otherconditions(i.e. the secondday).

In the example the studentsdecidedto hold all otherexplanatoryvariatesfixed. This choicewas made
mostly becausét was easy.Blocking wasrejectedbecausédhe plannedexperimentwas alreadycomplex
with threemixture factorsandtwo noisefactors.Also, while they felt that temperatureand humidity were
probablyimportantexplanatoryvariates,running an experimentwherethey changedthe temperatureand
humidity was not practicalgiven the availableresources.

To accuratelycomparethe bubbleformulations,they useda battery-operatedeviceto blow the bubbles.
This avoidedpossibleproblemsassociatedvith a personblowing bubblessuchas speedof a person's
breathand temperatureAn assortmentf bubble-blowingtoys were consideredandtestedwith a standard
store-boughbubblesolution. One of the most consistentattery-operatedeviceswas chosento run the
experiment.To ensurereliable results,the batterieswere replacedprior to runningthe experimentAlso

for consistencygeachstudenthad onetaskin the runningthe experimentOne studentmadeall the bubble
solutions;a secondoperatedhe bubblemaking device,while the third studentdid all the bubblecounting
andrecording.This wasa goodideaasit reducedthe chancethat student-to-studerdifferencescould
influencethe results.

3.2 Experimental Design

Standardexperimentaddesignsfor estimatingall the parametersn the mixture experimentmodelsgivenin
an earliersectionare outlinedin Cornell (2002). However,for the proposedexperiment.a constrainton
the experimentaregion makessenseThe studentsreviewedsomebubble solutionrecipesfound in
children'sbooks,the Internet,teachingmaterialsand toy manufacturerssuggestionsThe
recommendations/ere similar; all restrictedthe proportionof glycerinto lessthan0.15andthe
proportionof the dishwashingsoapto lessthan0.35. At the sametime, the proportionof water shouldnot
exceedabout0.98 since 100% waterwill not producebubbles.

Theseconsiderationged the studentgo the following constraintson the experimentaregion: G < 0.15,S
< 0.35,andW = 0.98;thefirst two constraintamply that0.50 << W. Then,basedon sometrial and
error, the studentsdecidedthey alsoneededa lower limit on the amountof soap.As a result,they further
restrictedthe designregionwith S = 0.04.Finally, becauseglycerinis much more expensivethandish
soapwhich is in turn more expensivehanwater,they decidedto restrictwaterto greaterthan60% (i.e. W
= 0.6). Thusthe final experimentaregionwasdefinedby the constraints0.04 < S < 0.35,0.60 < W <
0.98andG <= 0.15,.This selectedconstrainecexperimentaregionis displayedin the right panelof
Figure 3. Thesedecisionsare somewhatarbitrary and shouldbe reviewedfor future projectsusingthe
resultspresentedater in this article. Alternatively, the costconstraintscould be imposedmore formally
througha cost function.
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Figure 3: ConstrainedExperimentalRegionG < 0.15,S < 0.35,0.5 < W < 0.98
Left panelshowsconstrainedegionrelativeto completesimplex. Right panelshowsthe constrained
regionin close-up.

The studentscreatedthe plotsin Figure 3 (andFEigure 4 andFEigure 8) by writing their own codein R (R
Core DevelopmentTeam 2004). This wasa valuablelearningexperiencen itself. Alternatively, some
commercialstatisticalsoftwarepackagessuchasMINITAB (version14), cancreateplots on a restricted
simplexregionbthoughthey are not as customizedasthe onesthe studentgproduced As we seein the
Analysis section,the students©odewas also usefulfor generatingcontourplots of the predictedresponse.

From the restrictedexperimentaregionthe studentsmustselecta design.In the example the students
selectedl2 componentmixturesspreadout over the constrainedexperimentaregion basedon their
judgment.The 12 chosenmixturesare shownin Eigure 4. They used12 formulationsbecausehey felt
that wasa manageabl@umberandwould allow themto fit the specialcubic model(3) while still retaining
somedegreef freedomfor assessingnodelfit.
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Figure4

Figure 4: ProposedMixture DesignShowingthe 12 Mixture Proportions.

Clearly other choicesof designpoints andthe numberof mixture combinationsare possibleand are
probablybetter. Studentscan extendthe projectby looking for an improveddesign.However,finding an
optimal designwithin a constrainedmixture regionis nontrivial. The bestdesign,definedin termsof
predictionerror, dependson the proposedmodel. One possibility for finding nearoptimal designsis to
usea geneticalgorithmasin Goldfarb, Borror, Montgomeryand Anderson-Cook(2005) Finding an
optimal designin the contextof a generalizedinear model makesthe task harderstill. Anotheralternative
is to considerdistance-base(spacefilling) designswherethe selectioncriterion attemptsto spreadthe
designpoints uniformly over the feasibleregion (seeJohnsonret al. 1990). Distance-basedesignshave
the advantagehat they are not model dependent.

To explorehow varying the type of waterand soapbrandwould affect the numberof bubblesproduced,
the studentsuseda crossedcontrol-by-noisearray. In otherwords,they ran 48 trials usingall possible
combinationsof the twelve bubbleformulations,two typesof waterandtwo brandsof soap.As
mentionedearlierall otherexplanatoryvariatesin the cause-and-effealiagramwereto be held fixed
during the experiment Anotheroptionis to add more noisefactorsand conducta screeningexperimentto
determinethe setof factorsthat contributeto the effectivenesf the bubblesolution. With many noise
factors,a fractionaldesignin the noisefactorscould havebeenused.
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To reducethe effect of potentially unknownconfoundingvariables,the orderin which the students
createdandran the treatmentsvasrandomizedThe designandrun order (aswell asthe results)aregiven

in Appendix A.

To partially counteractany variability that could be attributedto the bubbledevice,the studentsalso
plannedto passeachsolutionthroughthe bubbleblowing procesdive times (i.e. they conductedfive
repeatsfor eachrun). The differencebetweenreplicates where eachof the 48 bubbleformulationswould
be madeagainfrom scratch,andrepeatswherethe samebubbleformulationis usedto generate
additionalresponsesis very importantfor the studentso understandClearly replicationcaptures
additionalsourcesof error, suchasmixing variation.We discussthe issueof repeatsversusreplicates
furtherin the Analysis section.

In someapplicationsof this projectcensoringof the responsecould becomeanissue.lf therewerea large
numberof bubbles,it would not be possibleto accuratelycountthe actualnumberof bubbles.Instead,we
couldthenrecorda right-censoredralue (e.g.therewere at least25 bubbles).Similarly, with time to a
bubblepoppingasthe responseright censoringmay ariseif the timesaretoo long andthe bubbleshave
not poppedafter, say, half an hour.

4. Data

In the Data stagethe studentgan the plannedexperimentand collectedthe dataand notedany deviations
from the plan. They mixed the 48 solutionsof water, soapand glycerin with the appropriatewatertype
andsoapbrand,eachto a combinedvolume of 100 ml. They ran the experimentin the sameorderin
which they createdthe solutions.All runsweredonein the office of one of the studentsover a single
afternoon.Thus, environmentainputs suchas temperatureand humidity were held (approximately)
constantover the courseof the experimentFor eachrepeat,the responsethatis the numberof bubble
produced,was determined Appendix A givestheresultingdata.

Therewere a numberof practicalissuesthat arosewhile conductingthe experimentOne of the primary
difficulties was measuringthe exactproportionsof glycerin and soap.Glycerin, in particular,is very
viscousandis difficult to pourinto solutions.To aid in the processthe studentaneasuredhe required
amountof waterfirst andthentried to removeany remainingglycerin and soapby dipping the measuring
spoonsinto the water. This wasa very effectivetechniqueasthey seemedo get mostof the glycerin and
soapoff the measuringspoons.

The experimentwastime consumingto run, with mixing the 48 solutionstaking the bulk of the time. This
is clearly animportantconsideratiorthat shouldbe consideredn the Planstage.Also, it canbe very
helpful to makea few trial runsbeforeconductingthe whole experiment.This allows everyoneto geta
betterideaof the processandtime involved aswell aslearna lot aboutthe logistics of runningthe
experimentlf necessarythe experimentaplan could be alteredand/orscaledbackif time constraintsare
a concern.

5. Analysis

Before doing any formal modeling, it is alwaysa goodideato examinethe datagraphically.The students
startedby plotting the five repeatcountsby the averagecountfor eachof the 48 runsb seeFigure 5.
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Figure5: Plot of Numberof Bubblesin EachRepeatby Run
Solid Line Showingthe AverageCountat EachRun.

Figure 5 showsthereareno wild outliers.Also, while it is difficult to assessvithin run (i.e. repeatto
repeat)variationfrom only five repeatsthereis no evidencethat a Poissonassumptior(i.e. thatthe
standarddeviationshouldincreaseasthe squareroot of the mean)is unreasonable.

In our exampletherearefive repeatsper run. Thereis no replicationbecausesachof the 48 bubble
solutionswas madeonly once(this wasenoughwork!). In modeling,usingthe repeatsasreplicatesdoes
not resultin an appropriateanalysisasthe experimentakerror would likely be underestimate@ndthere
would be too many significanteffects. The standardapproacho handlerepeatss to calculatea
performancemeasuresuchasan averageor sum, acrossthe repeatsor eachrun andto do the analysis
usingthe performancemeasureln the example the studentsdecidedto usethe total numberof bubbles
producedacrossthe five repeatsasthe performancaneasureThis is appropriaten this caseasthey
plannedto fit a Poissonregressiorandthe sum of independenPoissoncountsis still Poissonwith mean
equalto the sum of individual means.

Next, the studentsplotted the datato informally examinethe effect of the noisefactors.Figure 6 showsthe
total numberof bubblesacrossthe five repeatshy mixture formulationwith different plotting symbolsfor
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the two levels of eachof the two noisefactors.Clearly the numberof bubblesproduceddoesnot seemto
dependmuch on the watertype, but dependsstrongly on the type of soap,with Joy producingmany
more bubbles,on averagethan Ivory.

Water Noise Factor Soap Noise Factor
o o
:‘ -1 e s -1 e
o o
27 2
o | o |
®© ° ® -
£ ° £ .
= < 3 S . .
«© - . . o - . .
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Figure 6a Figure 6b

Figure 6: Total Bubble Count(acrossthe five repeats)VersusMixture Combination
Left plot: Solid circle = Spring,Opencircle = Tap for Waternoisefactor. Right plot: Solid circle = Joy,
Opencircle = Ivory for Soapnoisefactor.

Now they werereadyto considerformal models.Becausehe chosenperformanceneasurewvasthe total
numberof bubblesproducedacrossthe five repeatsor eachrun, the studentdit a generalizedinear
model (McCullagh and Nelder 1989 with a Poissonresponseanda log link to the data.

In generalthe Poissonregressiorfor a responseY is written:
¥ ~ Poissor(#) , where log(#)= 8'X,

where £ is the meannumberof bubbles X is a vectorof covariatesand § is a vectorwith the
correspondingoefficients.Due to the inclusion of additionalcovariategnoisefactors)that are not a part

of the mixture the studentsneededo considerextensiondo models(1)  (4) to model (ng = p- For
example,codingthe two levelsof the noisefactors:watertype (Ny,) andsoapbrand(N,y), asBland+1,

the necessangxtensionto the quadraticmodel(2) is given by (5). Note thataswe addnoisefactors,the
numberof model parametersnultiply by the numberof noise combinations.

1= GBS+ ByW + BoG+ BaySW + BseSG + ByeW G
+ (B S+ B W + Bew, G+ B SW + Brcay SG+ Byeay, WG N
+ (ﬁm,s+ ,8,me+ ,SGMG+ ,BM'SW+ ﬁngG+ ﬁVGNQWG)NW
(B, 5+ By W+ By, G+ Brann, SW+ Bgag s, SG+ Baaq, WG 1Ny N

(5)
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The studentdfit both the extendedguadratic(5) and special-cubidorms of the mixture model. The
special-cubiomodel crossedwith separatdermsfor eachof the four combinationsof the noisefactorshad
28 parametersvhile the correspondingquadraticmodel had 24 parametersFitting the quadraticand
specialcubic modelsgaveresidualdeviancesf 100.85and 93.825respectively.To comparethe models

they testedthe hypothesisHj, : By = ﬁmmw, = /B,smw, = ﬁmwm, = 0. Comparingthe likelihood
ratio teststatistic(7.025)to a chisquaredistributionwith 4 degreeof freedomresultedin a p-valueof
0.135.They also determinedthe Akaike Information Criterion (AIC) for the special-cubiomodelandthe
AIC for the quadraticmodel and got 390.91and 389.94respectively Becausehey could not rejectthe
null hypothesisandthe quadraticmodelhada smallerAIC, the studentsconcludedthatit was preferred;
i.e. the additionalspecial-cubidermsdid not help the modelfit.

In the quadraticmodelfit, the studentghennoticedthat noneof the termsinvolving the watertype noise
factor were significant. As a result,all suchtermswereremovedfrom the modelleadingto what they
referredto asthe reducedquadraticmodel. SeeAppendix B for the detailsof the reducedquadraticmodel
fit. The significanttermsincluded:WS, GNg, WGNg and SGNs. The modelfit is summarizedas

log(f) = -3.45+ 2.4 +17 8G ~ 14.05W — 5 35G - 17.6W G
+2.35N, 020N, + 47 3GN, - 5 25WN, - 69.7 SGN, - 53 2WGN,

(6)

As therearestill non significantparametersn (6) a further reductionof the modelis possible. However,
for simplicity in the presentatiorwe proceedwith model(6).

The devianceresidualsfrom the reducedquadraticmodel (6) areplottedin Figure 7. Thereareno
obviousproblemswith the modelfit, andthereis no patternovertime.
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Figure 7: DevianceResiduals=rom ReducedQuadraticModel VersusRun Orderand Fitted Values.

To explorethe resultsfrom the reducedquadraticmodelfit, contourplots of the responsdor eachof the

soapbrandsare givenin Figure 8. Note that the responsesurfacegives predictionson a single repeatbasis,
i.e. we exponentiatd6) anddivide by five.

The studentsproducedFigure 8 by randomlygeneratingmany pointsin the constrainedegion,

calculatingtheir predictedresponseausing (6), identifying thosepointswhoseresponsds nearsome
selectedvaluesandfinally plotting the points.
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Water Noise Factor Soap Noise Factor

Figure 8a Figure 8b
Figure 8: ContourPlots Showingthe PredictedNumberof BubblesPer Repeat

Left panel:lvory soap,Right panel:Joy soap
Asteriskin plot givesthe maximumprediction.

Basedon Figure 8, the studentsnotedthat for Ivory soap,the maximumpredictednumberof bubblesper
repeatwas 4.3 at the componenfproportions(S, W, G) = (0.31,0.69, 0). While for Joy, the maximumwas
much higherat 16.8, and occurredat the componentproportions(S, W, G) = (0.31,0.60,0.09). These
optimal bubblesolutionsare shownin Figure 8 usingan asterisk.Given the fitted model(6), it is also
possibleto optimize the responsamore formally using a constrainedptimizationroutine.

In the example the studentsalsolookedfor a bubblesolutionthat wasrobustacrossthe two different soap
brands.The bestway to do this is not clear.Looking at the two contourplotsin Figure 8 they canuse
their judgmentto compromise For instance,componenfroportionsnear(S, W, G) = (0.3, 0.65,0.05)
are predictedto give, on averagegcloseto 15 bubblesfor Joy and 4 for Ivory. Thereare many other
possiblewaysto compromiseFor instance they could haveinsteadtried to maximizethe minimum
averageresponseAnotheralternativeis to useformal optimization,perhapso minimize the

larger-the-bettetoss, T,oss =2 Var, [y ) - EN[)’) (Steinerand Hamadal997, equation(5)), where

EN(y) and VarN(y) arethe meanand varianceof the responseover the noisefactor soapbrand.

However,this criterion was developedwith the normalregressiormodelin mind. For this experiment,
minimizing this lossleadsto a solutionthat drivesthe variancedown at the expenseof the mean,and
resultsin a undesirablebubblesolutionwith small variability but alsoa small meanfor bothtypesof soap.
An interestingstudyfor the studentswould be to developa more meaningfulcriterion for the Poisson
regressiomrmodel.

Note thatin caseswvherea continuousnormalresponsas chosenthe standardnodelingcould be usedin
placeof the generalizedinear model. Also, without the noisefactorstherewould be a quarteras many
runs and no needto considerrobustness.

As anotheralternativeto usinggeneralizedinear models,the studentscould do a Bayesiananalysiswith
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the Poissonregressiomodel (Gelmanet al. 2004). This is relatively easyto do with WINBUGS
(SpiegelhalterThomas,Best,and Lunn 2004). An advantageof a Bayesianapproachs thatthe
correlationsbetweenthe parameteestimatedi.e. regressiorcoefficients)are capturedin the drawsfrom
the joint posteriordistribution of the parametersMoreover,the uncertaintyon predictedmeansor
predictonsthat are functionsof the parametersre easily obtained.

6. Conclusions

Dependingon the original goal the conclusionscan be presentedn a variety of ways. Much dependon
how we view the procesgnon mixture) variables:watertype and soapbrand.One option is to make
recommendationfor the bestlevelsof the processvariablesandthe associatednixture componentsFor
instance pasedon the fitted modelsthe studentsconcludedthat the bestbubblemixture would resultfrom
using Joy soapwith mixture proportions(S, W, G) = (0.31,0.60, 0.09). This mixture is predictedto
produceon averagel6.8 bubbles,and usingthe Poissondistribution, 95% of the time thereshouldbe
between9 and 25 bubbles.They also noticedthat this bestbubble solution occurredon the boundary
W=0.6. Thustheir decisionto further restrictthe designregionto W > 0.6 in the Planstagewas probably
a poor choice.

Anotheroptionis to give conclusionbasedon a robustbubblesolutionthat works reasonablevell no
matterwhat soapbrandis used.Clearly somethingin betweenis alsopossible Perhapsve arewilling to
makea recommendatioffior the soapbrandsincethey can be easily bought,but want a bubble mixture
thatwill work well over a variety of waterhardnessin our examplethis doesnot changeour conclusions
sincewatertype wasfound to havelittle influence.

In any case the studentsshouldcommenton possiblelimitations to their conclusionsin the example all
environmentalariateswere held fixed during the experiment.This may causeconcernaboutgeneralizing
the results.Perhapsfor otherenvironmentakonditions,a different bubble mixture would be optimal.

This seemdikely given our belief that temperatureand humidity havea stronginfluence.How much our
resultsare affectedby measurementr mixing errorsis alsoa worry. Note alsothat, in any case,with only
two typesof dish soapin the experimentany proposedOrobust@olutionis only robustacrossJoy and
Ivory, not (necessarilyacrossall brandsof dish soapavailable.

As partof the conclusion the studentscould also commenton the choicesmadein the problemor plan
stage.For instance settingthe goal to maximizethe averagenumberof bubblesmay not havebeenthe
bestchoiceif the proposedbestbubblesolutiononly producedmanyvery small bubbles.This would
probablynot meetwith the approvalof any childrentestingour proposedsolution.In the example,the
studentsconcludedthat spring andtap waterwere not the bestchoicesfor their two watertypes.They had
intendedon comparingtwo watertypeswith very different mineral content.However, it is likely that both
the tap and springwaterwere quite hard, i.e. had substantiamineral content.This could havebeenthe
reasonthe quadraticmodel suggestedvatertype was not important. A betterchoicemay havebeento use
distilled waterasone of the two watertypes.

To strengthertheir conclusionsyery eagerstudentscan conductan additionalsimple experimentto
confirm that the proposedoptimal solution producescloseto the predictednumberof bubbleson average.
If the resultscanbe validatedin this way, we would havemore confidencein the fitted modelandtheir
conclusionan general. Anotherpossibility is to suggesthis as further work (for the next students!).

To makethe projectevenlargerin scopethe presentedkexperimentcould be seenasthefirst in a seriesof
experimentgo look for a betterbubblesolution. In otherwords, the studentsor classcould be askedto
run a seriesof experimentsanduseresponsesurfacemethods.Thoughit is not clearhow bestto do this in
the contextof a crossedmixture by noisearray. Eachnew experimentresultsin anotherapplicationof
PPDAC andwould be expectedo build on the knowledgegainedin previousexperimentsFor example,
eachnew experimentcould further restrict (or move) the constrainedexperimentakegion.
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7. Summary

As statedin the Introduction,the goal of this article is to provideinstructorsof an advancedesignof
experimentoursewith a versatileteachingtool. Inherentin any appliedprojectof this kind is the fact
thatit solidifies the conceptsandideaspresentedn classfor the studentsOne of the advantagesf this
particularprojectis thatits level of complexity canbe adjustedbasedon the studentsbackgroundThe
physicalexperimentis easyto conductandthereis minimal time and costinvolved. At the sametime,
studentshavethe opportunityto gain valuableinsightinto varioustopicsin statistics,suchas:

ExperimentalDesign

Optimal Design
ConstrainedexperimentalRegions
Mixture ExperimentModels
Generalized.inear Models
RobustOptimization

« GraphicalTechniques

In additionto theseareas studentsare also exposedo group collaborationand obtain valuableexperience
in reportwriting and/orpresentingln the projectoutlinedin this article, a numberof
statistical/mathematicaloftwarepackagesvere used.Althoughit is not requiredthat studentsusethese
particularprograms the experiencegainedthroughuse of the computerwill greatly contributeto their
learning. Throughoutthis article we madea numberof suggestionsegardingspecificissuesthat may
benefitstudentsn planningfuture experimentsMore ideasfor projectsinvolving mixture modelscanbe
foundin SahrmannPiepeland Cornell (1987) Anderson(1997)andPiepeland Piepel(2000) Further
examplesn experimentaldesignin generalare givenin Hunter (1977)

Appendix A: The Bubble Mixture Experiment Data

Proportions Number of Bubbles in Repeat

Mixture Run Soap Water

Number Order Water Soap Glycerin Type Type 1 2 3 4 5 Total
1 2 0.6 0.35 0.05 -1 -1 19 25 25 25 25 119
2 3 0.6 0.25 0.15 -1 -1 13 10 14 12 14 63
3 20 0.65 0.35 0 -1 -1 9 9 7 6 8 39
4 32 0.65 0.25 0.1 -1 -1 16 7 12 13 12 60
5 1 0.75 0.25 0.05 -1 -1 11 13 15 9 16 64
6 15 0.7 0.15 0.15 -1 -1 7 11 11 13 12 54
7 41 0.775 0.145 0.08 -1 -1 16 12 10 4 2 44
8 24 0.8 0.2 0 -1 -1 11 8 13 9 10 51
9 31 0.81 0.04 0.15 -1 -1 1 2 2 5 2 12
10 29 0.85 0.12 0.03 -1 -1 17 13 9 14 11 64
11 23 0.88 0.04 0.08 -1 -1 5 1 2 1 1 10
12 27 0.95 0.05 0 -1 -1 3 5 6 2 4 20
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1 34 0.6 0.35 0.05 -1 1 13 15 13 13 17 71
2 40 0.6 0.25 0.15 -1 1 15 15 15 13 10 68
3 7 0.65 0.35 0 -1 1 9 14 11 14 5 53
4 17 0.65 0.25 0.1 -1 1 16 15 10 14 5 60
5 6 0.75 0.25 0.05 -1 1 16 15 18 17 11 77
6 35 0.7 0.15 0.15 -1 1 14 7 6 10 9 46
7 36 0.775 0.145 0.08 -1 1 7 11 11 13 14 56
8 48 0.8 0.2 0 -1 1 14 12 16 12 14 68
9 8 0.81 0.04 0.15 -1 1 4 4 4 4 4 20
10 18 0.85 0.12 0.03 -1 1 4 6 10 11 9 40
11 4 0.88 0.04 0.08 -1 1 1 9 2 6 5 23
12 37 0.95 0.05 0 -1 1 2 3 2 4 3 14
1 43 0.6 0.35 0.05 1 -1 8 2 4 3 4 21
2 44 0.6 0.25 0.15 1 -1 6 2 1 3 1 13
3 10 0.65 0.35 0 1 -1 3 2 2 3 2 12
4 26 0.65 0.25 0.1 1 -1 3 6 8 6 6 29
5 5 0.75 0.25 0.05 1 -1 1 4 4 10 1 20
6 42 0.7 0.15 0.15 1 -1 3 2 4 6 1 16
7 47 0.775 0.145 0.08 1 -1 2 7 8 3 2 22
8 38 0.8 0.2 0 1 -1 1 6 5 3 4 19
9 33 0.81 0.04 0.15 1 -1 4 5 1 1 4 15
10 13 0.85 0.12 0.03 1 -1 3 3 0 1 1 8
11 19 0.88 0.04 0.08 1 -1 0 1 0 1 1 3
12 25 0.95 0.05 0 1 -1 1 2 3 6 3 15
1 11 0.6 0.35 0.05 1 1 5 3 5 2 3 18
2 46 0.6 0.25 0.15 1 1 5 4 3 0 5 17
3 39 0.65 0.35 0 1 1 0 1 1 2 1 5
4 45 0.65 0.25 0.1 1 1 2 5 2 1 3 13
5 12 0.75 0.25 0.05 1 1 3 7 2 5 5 22
6 22 0.7 0.15 0.15 1 1 1 2 2 6 6 17
7 14 0.775 0.145 0.08 1 1 8 4 1 1 1 15
8 30 0.8 0.2 0 1 1 3 4 1 3 0 11
9 21 0.81 0.04 0.15 1 1 2 5 6 5 3 21
10 16 0.85 0.12 0.03 1 1 2 4 4 3 4 17
11 9 0.88 0.04 0.08 1 1 0 1 0 0 3 3
12 28 0.95 0.05 0 1 1 4 2 5 3 1 15

For soapbrand:B1= Joyand+1 = Ivory
For watertype: B1= springand+1 = tap
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Appendix B: The R Output for the Reduced Quadratic Model

glm(formula =yl ~ -1 + W+ S + G+ WS + WG + SG + Wn + Sn + Gn + WSn + WGn + SGn, family = poisson)
%n corresponds to Ng

Model: poisson, link: log

Df Deviance Resid. Df Resid. Dev

NULL 48 8701.7

W 1 7033.0 47 1668.7
S 1 909.1 46 759.5
G 1 79.2 45 680.4
WS 1 24.9 44 655.5
WG 1 7.8 43 647.6
SG 1 7.5 42 640.1
Wn 1 433.3 41 206.8
Sn 1 52.5 40 154.3
Gn 1 0.3 39 154.0
WSn 1 1.3 38 152.7
WGn 1 1.6 37 151.0
SGn 1 31.0 36 120.0

Deviance Residuals:

Min 10 Median 30 Max
-2.7643 -1.0658 -0.1526 0.8362 4.6545
Coefficients:

Estimate  Std. Error z-value Pr(>|z|)
W 2.3938 0.1703 - -
S -3.3553 2.1339 - -
G 17.7969 10.3578 - -
WS 13.9705 3.5458 3.940 8.15e-05 *kk
WG -17.5638 12.3313 -1.424 0.1544
SG -5.2577 12.5849 -0.418 0.6761
Wn -0.1587 0.1703 -0.932 0.3515
Sn 2.2537 2.1339 1.056 0.2909
Gn 47.2846 10.3578 4.565 4.99e-06 xK
WSn -5.2169 3.5458 -1.471 0.1412
WGn -53.1718 12.3313 -4.312 1.62e-05 * k%
SGn -69.7290 12.5849 -5.541 3.01e-08 * k%
Signif. codes: 0 '***' 0,001 '**' 0.01 '*' 0.05 '.' 0.1 ' '1

(Dispersion parameter for poisson family taken to be 1)
Null deviance: 8701.69 on 48 degrees of freedom
Residual deviance: 120.03 on 36 degrees of freedom

AIC: 385.12

Number of Fisher Scoring iterations: 4
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