


























SPES & Q&P

Double Exponential Distribution

Figure 3. Probability Plots of p-values

Double Exponential Distribution

Figure 4. Magnification of Figure 3 around p = 0.05

Monte Carlo Simulation

We generated 10,000 Monte Carlo simulation samples, each with 10
observations, for the two non-normal distributions. Each sample was
divided into two groups of equal size. By design, there was no differ-
ence between the means of the two groups. We also generated 10,000
samples for the standard normal distribution as a control.

For each sample, we ran a one-way analysis to test the difference
of the means and a Shapiro-Wilks test of the normality of the residu-
als. We repeated this entire procedure for sample sizes of 20, 30, 50,
70 and 100.

First, lets look at the plots of our 10,000 p-values for the non-
normal distributions. Remember, our procedure was designed so there
was no true difference in the means for each sample. Because of ran-
dom variation, the p-values for our 10,000 one-way analyses should be
uniformly distributed between zero and one. The uniform distribution
function is the diagonal line F(x) = x.

In Figure 3, the y-axis shows the proportion of the 10,000 p-values
less than or equal to a given significance probability. The x-axis shows
the significance probabilities (p-values). Each sample size is shown in
a different color. For both plots and all sample sizes, the distributions
of the p-values look to be close to the diagonal line of the uniform
cumulative distribution function. As we hoped, neither changing

Shift Contaminated Distribution

Shift Contaminated Distribution

Figure 5. Magnified View of p-value Probability Plot for the Standard
Normal Distribution
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Figure 6. Power Plots of Shapiro-Wilks Tests for Non-normal Distributions

the distribution nor changing the sample size had much effect on
the accuracy of significance probability of the ANOVA test for equal
means.

Now let’s look more closely at the low end of the scale where
many analysts judge significance, near p = 0.05. The plots in Figure
4 magnify the area. Note that all the lines corresponding to the test
for equality of means for two groups fall slightly below the line, y = x.
What does that mean?

If we choose a significance probability of 0.05, we will reject the
hypothesis that our means are equal in 5% of our experiments due to
the vagaries of chance even if the means are truly equal. That is, 5% of
the time we will make a type I error—we will reject the hypothesis that
the means are equal when the hypothesis is true. This 5% type I error
rate is built-in and is what we expected to see by choosing a significance
probability of 0.05. If this looks like too many errors, then you should
choose a smaller significance probability.

When the diagonal lines cross the vertical reference line x = 0.05,
their y-values are very slightly less than 0.05. So instead of rejecting the
hypothesis that our means are equal 5% of the time, we will reject it
less often. This is a conservative result because we will make fewer type
I errors than we expected. If you are going to miss, it is better to miss
conservatively.

On the other hand, suppose a line had crossed the vertical refer-
ence line at 0.05 at a CumProb (cumulative probability) value of 0.06.
Then, instead of seeing the expected 5% type I errors, we would have
seen 6% type I errors. Such a test is liberal because the true error rate
is larger than expected.

It is reassuring to see that where the lines deviate from the 45° line,
it is on the conservative side. Figure 5 shows the Monte Carlo simula-
tion using normal errors to show the natural random variation in the
Monte Carlo study.

Testing Non-Normality

The next question to ask is, “Can we detect whether errors are non-
normal?” We started by computing the residuals from each one-way
analysis we did earlier. For each distribution and sample size, we
tested our 10,000 sets of residuals using the Shapiro-Wilks test for
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Figure 7. Power plot of Shapiro-Wilks Test for the Standard Normal
Distribution

normality. The plots in Figure 6 show the cumulative percentage
of normality test results as a function of the significance probability
in the Shapiro-Wilks test. These plots tell us the distribution of the
residuals is not normal in both the double exponential case and the
shift-contaminated normal case. So how likely it is that our test will
detect this non-normality? How powerful is our test? A perfectly
powerful test will have a graph that looks like the Greek letter
gamma, ['. By contrast, a test with no power will have a graph that
looks like a diagonal line.

For double exponentially distributed residuals, the graph for the
sample of 100 observations rises rapidly on the far left, as desired.
Unfortunately, the resemblance of the graph to I' deteriorates as the
sample size drops. When the sample size is 10, the function looks much
more like the diagonal line and has no detection power. For the shift-
contaminated normal distributed residuals, the detection power of the
Shapiro-Wilks test is worse than for the double exponential residuals
for every sample size.

When the residuals really are normal, as plotted in Figure 7, we will
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Figure 8. Expanded-scale Power Plots for the Non-normal Distributions

see a diagonal line for every sample size. This is what we want. We do
not want to detect nonexistent non-normality. Here, the power of the
test is the probability of a type I error. It is impossible for a test to be
less powerful than this.

The next thing we did was magnify the p-value area so we could
examine the power at o = 0.05 (see Figure 8). The bottom curve (sam-
ple size of 10) crosses the vertical grid line x = 0.05 at the value 0.10.
Therefore, if the Shapiro-Wilks significance probability is 0.05, there is
a 10% chance of detecting that the residuals are non-normal. We say
the power of the Shapiro-Wilks test is 10%. This is not impressive.

Another way to say this is that the probability of a type II error is
90%. That is, the Shapiro-Wilks test (given this error distribution and
significance level) will incorrectly fail to reject the hypothesis of nor-
mal residuals 90% of the time. By contrast, the top curve in Figure 8
(sample size of 100) crosses the vertical grid line x = 0.05 at the value
0.78—the power of this test is nearly 80%.

The power curves have a similar shape for the shift-contaminated
normal residuals, but the resulting power is even less. For example,
the top curve (sample size of 100) crosses the 0.05 line at about 0.63
(power is 63%).

Summary and Conclusion

The power simulation shows that it is hard to detect non-normal
residuals for small samples. For large samples, our simulated type
I error rates matched the expected rate even when the errors were
non-normal. Together, these results indicate that tests for normality
or normal plots of residuals are superfluous. Advocating normal plots
of residuals only encourages people to worry about something they
either can’t see or that doesn’t change their conclusions.

Our title and tag line are meant to be provocative. So we want to
make it clear that we are nor saying to forget about tests of normality
and normal probability plots entirely. There are some beneficial uses.
For example:

1) Process capability studies use normal probability plots (or tests
of normality) before making probability statements about whether
observations are going to fall out of specification limits.

I Deming, W. Edwards. (1982). Out of the Crisis: Quality, Productivity and
Competitive Position. Cambridge University Press, Cambridge.
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2) Producing normal probability plots of effects in saturated orthog-
onal designs can help identify active effects.

So what about residual diagnostics? We recommend plotting residual
values versus predicted values, by case order, or versus other variables.
Rather than distributional testing, look for graphical anomalies, espe-
cially outliers or patterns that might be a clue to some hidden structure.
These can provide the clue that leads to an important discovery.

One of W. Edwards Deming’s 14 points is to drive out fear', but
as statisticians we sometimes do the opposite and instill irrational fears
in our clients and students. We hope you are now ready to help fight
leptokurtosiphobia. m
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