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Abstract

In this thesis, we explore the features of affine term structure models that are empirically
important for explaining the joint distribution of yields on short- and long-term interest rate
swaps. We begin by showing that the family of N-factor affine models can be classified into
N + 1 non-nested sub-families of models. For each sub-family, we derive a maximal model
with the property that every admissible member of this family is equivalent to, or a nested
special case of, our maximal model. Second, using our classification scheme and maximal
models, we show that many of the three-factor models in the literature impose potentially
strong over-identifying restrictions on the joint distribution of short- and long-term rates.
Third, we compute simulated-method-of-moments estimates for several members of one of
the four branches of three-factor models, and test the over-identifying restrictions implied
by these models. We conclude that many extant affine models fail to describe important
features of the distribution of long- and short- term rates. In particular, they fail to account
for the hump-shaped term structure of volatility observed in both U.S. Treasury and swap
markets. The source of the model misspecification is shown to be overly strong restrictions
on the correlations among the state variables. Relaxing these restrictions leads to a model
that passes several goodness-of-fit tests over our sample period. Finally, the structure of
this preferred model is interpreted in terms of the dynamic properties of the implied risk

factors associated with term structure movements.

v
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Chapter 1

Introduction

Recently, considerable attention has been focused on the “affine” class of term structure
models (ATSMs) in which the drifts and volatility coefficients of the state-variable processes
are affine functions of the underlying state vector (e.g., Duffie and Kan [11]). ATSMs
accommodate potentially rich term-structure dynamics because, in multi-factor models,
the conditional variance of each factor can be a positive affine function of all of the factors,
the shocks driving the factors may be correlated, and there may be affine dependencies
among the factors through their drifts. However, both theoretical and empirical studies of
affine models have focused exclusively on seemingly very special cases. For instance, Chen
and Scott [8], Pearson and Sun [23], and Duffie and Singleton [13] assume that the short
rate is a sum of a vector of independent, univariate square-root diffusions. Alternatively, the
models of Chen [7] and Balduzzi, Das, Foresi and Sundaram [6], in which the short rate itself
is a state variable, assume zero correlations among some of the shocks, and impose strong
restrictions on the dependencies among the factors through their drifts and conditional

volatilities. Therefore, we are led to inquire:

Q1 Are these special cases restrictive, or are they the most flexible specifications of ATSMs

that yield well-defined bond prices?

Q2 If they are restrictive, what are the over-identifying restrictions they impose on yield

curve dynamics?

Q3 In their least restrictive forms, are ATSMs sufficiently flexible to describe simultane-

ously the historical movements in short- and long-term bond yields?
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In this dissertation we show that the answer to @ is indeed yes: extant affine term
structure models have implicitly imposed potentially strong over-identifying restrictions
on the joint distributions of long- and short-term bond yields. To show this, we provide
a complete characterization of the admissible, identified multi-factor ATSMs. Using the
classification scheme of Dai, Liu, and Singleton [9] for general affine diffusions, we show
that all of the N-factor ATSMs can be conveniently classified into N + 1 non-nested sub-
families of models. For each of these N + 1 sub-families, we derive a mazimal model with
the property that every other well-defined ATSM within this sub-family is equivalent to,
or a nested special case of, the maximal model. Furthermore, all of the extant ATSMs
cited above are shown to be restricted special cases of our maximal models. As such, we
answer ()2 by providing a full characterization of the over-identifying restrictions previously
imposed.

The reason that there is not an all-encompassing ATSM that nests all extant models
as special cases is the need to constrain the parameter space so that bond prices are well-
defined. This admissibility problem arises because the volatility of the i*® factor, Y;(t),
is given by \/ng/(t), and, therefore, o; + B1Y () must be positive over the range of
Y (t) for bond prices to be well defined (Duffie and Kan [11], Dai, Liu, and Singleton [9]).
Whether or not a parameterization is admissible depends jointly on the characteristics of
the drift and diffusion coefficients of the state vector Y (¢) and one must typically trade
off flexibility in specifying the drift against the richness of the conditional volatilities and
correlations of Y. We proceed by classifying the family of N-factor ATSMs into N + 1
sub-families in such a way that sufficient conditions for admissibility are easily verified and
the over-identifying restrictions in extant ATSMs are easily interpreted. The classification
scheme is based on the number of the factors that determine the volatilities of all N factors.

Having classified the admissible N-factor ATSMs, we next specialize to the case of
N = 3 and describe in detail the nature of the 4 maximal models for the 3-factor family
of ATSMs. From this discussion we see that potentially strong over-identifying restrictions
were imposed in most ATSMs in the literature, the primary exception being some Gaussian
(Vasicek [24]) models. Moreover, this analysis reveals several new insights into the nature of
these restrictions. Specifically, ATSMs allow for more interdependencies among the factors
through their drifts, without jeopardizing admissibility or identification, than has heretofore

been recognized. For instance, we can allow for feedback through the drifts of the stochastic
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long-run mean and volatility factors in the Chen [7] and Balduzzi, Das, Foresi and Sun-
daram [6] (hereafter BDF'S) models. Similarly, there is no need to constrain the drifts of
the square-root diffusion in CIR-style models to be independent across factors — correlated
square-root diffusions are not inconsistent with admissibility or our ability to obtain (near)
closed-form expressions for zero-coupon bond prices. Furthermore, in the cases of the Chen
and BDF'S models, several of the zero restrictions on the correlations among the diffusions
can be relaxed. These observations lead to new, and as yet unexplored, ATSMs.

Our characterization of the admissible 3-factor ATSMs shows clearly the nature of the
trade-offs between the admissible feedback in the drifts and the degree of non-zero condi-
tional correlations of the state variables. Gaussian models offer the most flexibility with
regard to correlations, but at the “cost” of constant conditional variances. At the other
extreme lies the correlated square-root diffusion model that has all three state variables
driving conditional volatilities, but in which the conditional correlations are zero and the
unconditional correlations among the state variables must be non-negative. We argue that
an immediate implication of the latter feature of this branch of 3-factor models is that
it is theoretically incapable of explaining the humped term structure of yield volatilities
observed in historical U.S. treasury and swap markets.

Finally, to address @3, we focus on the branch of 3-factor affine models in which the
stochastic volatility is controlled by two state variables. The maximal model for this sub-
family nests the Chen model in which the instantaneous short rate has a stochastic long-run
mean and stochastic volatility. Additionally, it accommodates quite rich interdependencies
among the state variables through both the drift and diffusion coefficients of the state. We
compute simulated method of moments (SM M) estimates (Duffie and Singleton [12] and
Gallant and Tauchen [16]) of our maximal ATSM using short-, intermediate-, and long-
term swap yields simultaneously. The model passes several formal goodness-of-fit tests.
Moreover, the restrictions implicit in the Chen model are strongly rejected. The substantial
improvement in goodness-of-fit for the canonical model is traced directly to its richer param-
eterization of correlations among the state variables. The negatively correlated diffusions
are central to the model’s ability to match the volatility structure of swap rates. Finally, we
extract the values of the three factors implied by our preferred model and interpret them
based on their correlations with several commonly used yield-curve risk factors.

The remainder of the dissertation is organized as follows. Chapter II defines the affine

bond pricing model. Chapter III presents general results pertaining to the classification,
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admissibility, and identification of the family of N-factor affine term structure models.
Chapter II1.2 specializes the classification results to the family of three-factor affine term
structure models, and characterizes explicitly the nature of the over-identifying restrictions
in extant models relative to our more flexible, maximal models. Chapter IV explains our
estimation strategy and data. Chapter V presents our empirical results. Finally, Chapter VI

concludes.



Chapter 11

The Affine Bond Pricing Model

Consider a frictionless economy with riskless borrowing and lending opportunities. Fix a
standard Brownian motion W = (W1, Wa, ..., Wy) in RY restricted to some time interval
[0,T] on a given probability space (2, F, P). We also fix the standard filtration F = {F; :
t €[0,T)} of W, and let F = Fr. Assume that: (a) the prices of M bonds follow the Ito
process X = (X1, Xo,...,Xp) in RM

dX () = px (t)dt + ox ()dW (¢), (IL.1)

where ox(t) is an M x N matrix; (b) the instantaneous short rate process r(t) is measurable
with respect to F;; and (c) there are no arbitrage opportunities. Then, under further
technical conditions (see Duffie [10] and Hansen and Richard [17]), there exists a state price
deflater 7(¢), such that ()X (¢) is a martingale under P; i.e., for any time ¢ and s > t,

X(t) = B, [%X(s)] . (11.2)

The ratio % is the stochastic discount factor or pricing kernel for pricing the M
securities in the absence of arbitrage. By Ito’s lemma, it can be shown that the pricing
kernel satisfies
dm(t)
7(t)
where ox (t)A(t) = px(t) — r(t) X (¢).

The preceding characterization of the pricing kernel process 7(t) for pricing bond re-

= —r(t)dt — A(t)'dW (t), (I1.3)

quires little more than the absence of arbitrage opportunities. The general affine term
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structure model is obtained by imposing the additional assumptions that

r(t) = do + XN: 0;Y;(t) = 6o + (5;Y(t) (I1.4)
i=1
and
A(t) = /S, (IL.5)
where, &, = (01,...,0n)", and A = (A1,...,An)" are N-vectors of constants. The state
variables Y;(t), 1 = 1,2,..., N, are assumed to follow the N-dimensional stochastic process

dY (t) = K (© — Y (t)) dt + S/SE)dW (1), (IL6)

where Y (t) = (Y1(¢),Y2(t), -+, Yn (), K and ¥ are N x N matrices, which may be non-
diagonal and asymmetric. S(t) in (IL.5) and (IL.6) is a diagonal matrix with the i** diagonal

element given by
[S()]ii = i + BiY (t). (I1.7)

This characterization of the affine term structure model is the continuous-time, affine
counterpart to the formulations of the pricing kernels in Backus and Zin [3] and Backus,
Foresi, and Telmer [2]. Our formulation generalizes the continuous-time pricing kernels
assumed by Bakshi and Chen [4] and Nielsen and Sad-Requejo [22], and is equivalent to
that of Fisher and Gilles [14]. Thus, the subsequent analysis of the affine term structure
models applies to all of these frameworks. Of course, it also applies to equilibrium term
structure models that lead to pricing kernels with this affine structure such as the CIR
model.

The time ¢ price P(t,7) for a zero-coupon bond with maturity 7 is given by setting
X({t+7)=1in (II.2):

w(t+7)
P(t,1)=E | ———= 11.8
() = |70 (1)
which, by the Girsanov theorem, is equivalent to
P(t,r) = B [e= I rmas], (IL9)
where E’tQ [] = E@[|F] is the expectation with respect to a “risk-neutral” measure Q

conditional on the filtration at time ¢. The dynamics of the state variables under (), which

is needed in order to evaluate bond prices using (I1.9), is given by

dy (1) = K (é . Y(t)) dt + /S AW (t), (I1.10)
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where W(t) is an N—dimensional independent standard Brownian motion under @), K =
K+%®,0 =K (KO — ), the it" row of ® is given by i3, and 9 is a N—vector whose
h element is given by \;a;.
The risk-neutral drift x(¢) and diffusion o(¢) of Y (¢) have the feature that both p(¢) and
o(t)o(t)" are affine functions of Y (¢). This assures that the zero coupon bond prices are log
linear in the state vector Y (¢).! Specifically, it can be shown [see Duffie and Kan [11]] that

the zero-coupon bond prices are given by
P(t,7) = T BOYY0), (IL.11)

where A(7) and B(7) satisfy the ordinary differential equations (ODEs)

dA(T) 1

= —0'K'B(r) + 3 2} — &, (I1.12)
dB(7) - 1

- = = —K'B -5 2_; 12 B; + 6. (I1.13)

These ODEs can be solved easily through numerical integration, starting from the initial
conditions: A(0) = 0, B(0) = Onx1- Consequently, estimation of models that simultane-
ously price long- and short-term rates is computationally feasible.

Equations (I1.4) - (II.9) characterize what we will refer to as the general AY represen-

tation of a multi-factor, affine bond pricing model.?

'Our specification of the state variable dynamics under the real measure is also affine [see (I1.6)]. This
is not necessary for the log linearity of zero coupon bond prices, which only requires that the risk-neutral
dynamics of the state variables be affine.

2There is a different formulation of affine models in the literature that starts with the diffusion model for
r(t) and adds state variables by allowing the drift and diffusion coefficients of r to depend on unobserved
state variables (e.g., Balduzzi, Das and Foresi [5] and Chen [7]). See Appendix A for a proof that this
alternative approach produces a model that is analytically equivalent to a member of the class of affine
models examined here.
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A Characterization of Admissible
ATSMs

Ideally, a specification analysis could be conducted with the general affine term structure
specification (I1.6). This is not possible, however, because, for an arbitrary choice of the
parameter vector ¢ = (K, 0,%, B, a), the conditional variances [S(t)];; may not be positive
over the range of Y. To assure positive variances— what we will refer to as admissibility— it
appears necessary to trade off flexibility in specifying the drift parameters (K and ©) against
generality in the diffusion coefficients (3 and B). Accordingly, using results in Dai, Liu, and
Singleton [9], we proceed by classifying N-factor ATSMs into N + 1 classes for which there
are intuitive and easily verified sufficient conditions for admissibility. Then we specialize
to the case of N = 3 and use our classification scheme to interpret the over-identifying
restrictions imposed in extant ATSMs. This chapter focuses on the practical implications

of our characterization of admissible ATSMs. Formalities are presented in Appendix A.

III.1 A Canonical Representation of Admissible ATSMs

The admissibility problem is intimately related to the presence of stochastic volatility in
the state process: there is no admissibility problem if 8; = 0 and the requirements for
admissibility become increasingly stringent as the number of state variables determining
[S(t)]s increases. More formally, we let B = (81, ...,8n) denote the matrix of coefficients
on Y in the [S(¢)];; and introduce the index m = rank(B) for the degree of dependence

of the conditional variances on the number of state variables. We then classify all ATSMs
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with the same m into the same subfamily. This classification of ATSMs leads to N + 1
non-nested and mutually exclusive families with intuitive and easily verifiable sufficient
conditions for admissibility for each subfamily or “branch.” The branch of admissible
ATSMs with rank(B) = m is denoted by A, (N).

To characterize the ATSMs in A, (N) we introduce the concept of a canonical repre-
sentation of A, (N). The canonical representation is a mazimally flexible model in A, (N)
in the sense that it imposes the minimum known sufficient conditions for admissibility
(Dai, Liu, and Singleton [9]) and is just-identified econometrically. Partitioning Y as
Y (t) = (YB', YD), where YB is m x 1 and YP is (N — m) x 1, we define:!

Definition III.1.1 (Canonical Representation of A,,(N)) A representation of Ap, (N)

s canonical if:

1. Coefficients of (I11.6) has the following structure:

KBB O —
=] T (N ] : (ITL.1)
K:(me)xm K“(me)x(me)
for m >0, and K is either upper or lower triangular for m = 0.
@B
o= ™! ] , (I11.2)
O(N—m)x1
=1, (II1.3)
[0
a=| ™ ] , (IIL.4)
L L v-m)x1
i DB
g | fmxm BN-m)cm ] : (II1.5)
L Ov—m)xm OV —m)x(N—m)
2. The following parametric restrictions are imposed:
6 >0, m+1<i<N, (IT1.6)
Ki©® =) Kij0; >0, 1<i<m, (I11.7)

=1

!That our canonical model is admissible and identified is proved in Appendix A.
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0;>0, 1<i<m, (I11.9)
Bij>0,1<i<m, m+1<j<NAN. (I11.10)

The vector Y'B has the property that the instantaneous conditional variance of its i** com-
ponent, Y;P(t), is Y;2(t). This feature, combined with the assumption that the last N —m
rows of B are zero (see (IIL.5)), imply that rank(B) = m. Since the instantaneous con-
ditional covariance matrix of Y depends only on Y® and (III.10) holds, admissibility is
established if Y'B(¢) is strictly positive. The positivity of Y'B is assured by zero restrictions
in the upper right (N —m) x m block of K and the constraints (II1.7) and (IIL.8).? In order
to assure that the state process is stationary, we need to impose an additional constraint,
namely that, all of the eigen values of K are strictly positive. We impose this condition in
our empirical estimation.

This representation is referred to as being canonical, because it serves as a basis for
the entire branch of admissible models in A, (N). Any other maximally flexible model in
A, (N) is equivalent to the canonical representation in that either one can be constructed
from the other through transformations of the state vectors that preserve admissibility and
identification and leave the short rate (and hence bond prices) unchanged. In other words,
the canonical representation generates the entire equivalence class of maximally flexible
models, which we denote as AM,,(N). Therefore, any ATSM in the branch A, (N) is
either a nested special case of our canonical representation or is a nested special case of a
model that is equivalent to our canonical representation.?

We chose (II1.1) — (II1.10) as the canonical representation, because of the ease with
which the known sufficient conditions for admissibility can be checked. However, for the
purposes of interpreting the state variables and the restrictions on their dynamic properties
with a particular ATSMs, it is often more convenient to work with an equivalent model in

AM,,,(N). To illustrate this point, consider the case of m = 1, N = 1. One member of

% As discussed more formally in Appendix A, the zero-restrictions in (III.1) — (IIL.5) and sign restrictions
in (II1.6) — (II1.10) represent a complete implementation of the generalization of the existence condition of
Duffie and Kan [11] presented in Dai, Liu, and Singleton [9].

3Since the conditions for admissibility are sufficient, but are not known to be necessary, we cannot rule out
the possibility that there are admissible, econometrically identified ATSMs that nest our canonical models
as special cases.
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AM; (1) is the model with short-rate process dr(t) = k(0 —r(t))dt +/a + Br(t)dW (t). The
equivalent, canonical representation has r(t) = dy + dy(t), where the state vector follows

the process

dy(t) = Kk(0y — y(t))dt + /y(t)dW (1), (II1.11)

where 60 = —a/B, 6 = 3, and 6, = (6 + o/B)/B. The first representation is perhaps
most convenient for specification analysis, because we can test whether the data generating
process is Gaussian (a # 0,8 = 0), or CIR (8 # 0). In contrast, though verification of
admissibility is immediate within the canonical representation, it does not nest the Gaussian
model.

The literature has often chosen to parameterize ATSMs with the riskless rate r being one
of the state variables. Any such Ar (“affine in r”) representation is typically in A, (N), for
some m and N, and therefore has an equivalent representation in which r(t) = do + &, Y (2),
with Y (¢) treated as an unobserved state vector (an AY or “affine in Y” representation). In
Section I1I.2 we present the equivalent Ar and AY representations of several extant ATSMs,
as well as their maximally flexible counterparts.

An implication of our classification scheme is that an exhaustive specification analysis
of the family of N-factor ATSMs requires the examination of N + 1 non-nested canonical

models.

I11.2 Three-Factor AT SMs

In this section we explore in considerably more depth the implications of our classifica-
tion scheme for the specification of ATSMs. Particular attention is given to interpreting
the term-structure dynamics associated with our canonical models, and the nature of the
over-identifying restrictions imposed in several ATSMs in the literature. To relate to the
empirical term structure literature, we fix N = 3 and examine the 4 associated sub-families
of ATSMs.

II1.2.1 A

If m = 0, then none of the Y (¢)s affect the volatility of Y'(¢), so the state variables are

homoskedastic and Y (t) follows an N-dimensional Gaussian diffusion. The elements of 1
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for the canonical representation of AM;(3) are given by

ki1 0 0 100
K= ko Ky 0 , = 010 ,
K31 K32 K33 0 01
1 0 00
0= , a= 1 , B= 00 0 ,
1 0 00

where k11 > 0, K99 > 0, and k33 > 0.

Gaussian ATSMs were studied theoretically by Vasicek [24] and Langetieg [20], among
many others. A recent empirical implementation of a 2-factor Gaussian model is Jegadeesh
and Pennacchi [19].

II1.2.2 A

The family A (3) is characterized by the assumption that one of the Y's determines the
conditional volatility of all three state variables. One member of A;(3) is the BDFS

model:

d (t) = p( — @)dt+ +/ (t)dB (t),
dot) = (0—0()dt+ dB (1), (TI1.12)

dr(t) = k() —r@®)dt +/ ©)dB, (1),

with the only non-zero diffusion correlation being cov(dB (t),dB,(t)) = , dt. Rewriting
(IT1.13) as

dr(t) = K(0(t) — r(t))dt +/ ()dB,(t) +or \/ ()dB (t), (TI1.13)

where o, = , / , and B,(t) and B (t) are independent, gives the BDF'S model in the
standard notation for ATSMs. The first state variable (t) is a volatility factor, because it
affects the short rate process only through the conditional volatility of . The second state
variable 6(t) is the “central tendency” or stochastic long-run mean of r. The short rate

mean reverts to its long-run mean 6(t) at rate .
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For interpreting the restrictions in the BDF'S and related models, it is convenient to

work with the following maximal model in AM; (3), presented in its Ar representation:

d(t) = u( — @)dt+ / (H)dB (t)
do(t) = (0—0@)dt+ 2+[B] (+)dB (¢
Ho |V ®)dB (1) +[0 s |Vor + (D)dB.(t), (I11.14)
dr(t) = ( — (8))dt + K(0(t) — r(t))dt + + (t)dB,(t),
» v (OB (t)+[or |V 2+ B (H)dB ( (I11.15)

The state variable is naturally interpreted as a volatility factor, because it determines the
conditional variances of all three state variables and, in particular, of . The state variable
6, on the other hand, affects the drift of the short rate, but not its volatility. The conditional
correlation between 6 and r (and between and r) may be nonzero, however.

The BDF'S model is the special case of (III.14) in which the parameters in square
boxes are set to zero. Thus, relative to this maximal model, the BDF'S model constrains
the conditional correlations between r and € and between € and to zero. Additionally, it
precludes the volatility shock from affecting the volatility of the central tendency factor 6.
Finally, the BDF'S model constrains x , = 0 so that cannot affect the drift of r. Freeing
up these restrictions gives us a more flexible ATSM, and one in which 0 is perhaps not as
naturally interpreted as the central tendency of r.

Though (III.14) is convenient for interpreting popular A (3) models, verifying that
(IT1.14) is maximal and, indeed, that it is admissible, is not straightforward. To check
admissibility, it is much more convenient to work directly with the following equivalent AY

representation:

) =[00] +[01]1 (1) + Ya(t) + Y3(2), (I11.16)

Y1 (t) K11 ‘ 0 0 01 Y1 (t)
d = - = dt
Y2 (t) 0 ‘ K292 0 0 Y2 (t)
Y3 (t) 0 ‘ 0 K33 0 Y3 (t)
The equivalence of the r and representations is shown in Appendix A.5.1 where the invariant

transformations that take us from one representation to the other are given explicitly.
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(IT1.17)
1 | o 0 S | 0 0
+ dB(t), (I11.18)
0921 | 1 0 ‘ 522 (t) 0
o3| 1 0 | 0  S3(t)

where

Su(t) = "),
Soa(t) = ao+|[B]1|Y1(t), (I11.19)
S33(t) = + [Bs]1 Y1 (2).

That this representation is in AM;(3) follows from its equivalence to our canonical represen-
tation of AM;(3), which is easily shown by diagonalizing ¥ and by normalizing the scale of
Sa9 and Ss3, while freeing up d; and d3 in the expression r(t) = do+3d1Y7 (¢)+02Ya () +03Y3(¢).
All three diffusions may be conditionally correlated and all three conditional variances may
depend on Y;. However, admissibility requires that 013 = 0 and 013 = 0, in which case Y;
follows a univariate square-root process that is strictly positive.

The equivalent AY representation of the BDF'S model is obtained from (III.16) by
setting all of the parameters in square boxes to zero in (II1.16), except for o3z which is set
to —1. An immediate implication of this observation is that the S model unnecessarily
constrains the instantaneous short rate to be an affine function of only two of the three
state variables (§; = 0). This is an implication of the assumption that the volatility factor

(t) enters r only through its volatility and, therefore, it affects 7 only indirectly through
its affects on the distribution of (Y2(t),Y3(t)). This constraint on d, is a feature of many of

the extant models in the literature including the model of Andersen and Lund [1].

II1.2. A

The family Ay (3) is characterized by the assumption that the volatilities of Y'(¢) are deter-
mined by affine functions of two of the three Y's. A member of this sub-family is the model
proposed by Chen [7],

d(t) = p( — @®)dt+ v/ [O)dWi(t),
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dot) = (0—0(t)dt+ O)dWa(t), (I11.20)
dr(t) = w(0(t) —rt))dt +/ (t)dWs(t),

with the Brownian motions assumed to be mutually independent. As in the BDFS model,
and @ are interpreted as the stochastic volatility and central tendency, respectively, of
r. A primary difference between the Chen and BDF'S models, and the one that explains
their classifications into different subfamilies, is that 8 in the former follows a square-root

diffusion, while it is Gaussian in the latter.
A convenient maximal model for interpreting the over-identifying restrictions in the

Chen model is

d () = u( — @)dt+[r _]O-0@t)dt+ / () dWi(), (II1.21)
do(t) = (O-0@)dt+[r |( — ())dt+ /0 dWa(t), (I11.22)
dr(t) = [k |( — (&)dt+r(r] +0(t) —r(t))dt

+[or | vV (&) dWi(t) +[or | VO() dWa(2)

+ [ar] +[B 00 + () dWs (). (111.23)

)
)

The Chen model is obtained as a special case with the parameters in square boxes set to
zero except that o3o = —1 and 6y = —01601 — 02 + 02, where = (k33 — Koo — d1K12)/K33.

Clearly, within this maximal model, § and are no longer naturally interpreted as the
central tendency and volatility factors for r. There may be feedback between 6 and
through their drifts, and both of these state variables may enter the drift of . Moreover,
the volatility of r may depend on both § and . Also, the Chen model unnecessarily
constrains the correlations between 6(t) and r(¢) and between (¢) and r(¢) to 0. All of
these restrictions are examined empirically in Chapter V.

Again, we turn to the equivalent AY representation of (II1.21) in order to verify that it

is admissible and maximal:

r(t) =[8o] + [0 V1 (t) + Ya(t) + Y3(t), (I11.24)

0
d = - dt (I11.25)
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1 0 ] o0 Su@ 0 | 0
;0 Lo 0 Sn®) [0 dB(t), (I11.26)
Z ; | 1 0 0 | Sss(t)
where
Su) = [BuliYa(t), (I11.27)
Saa(t) = [Ba]2Y2(t), (I11.28)

Sss(t) = +Yi(t) +| [Bs]2 | Ya(®)- (I11.29)

In Appendix A.5.2, we show that how this Ar representation is linked to the AY rep-
resentation, and how the AY representation is linked to the canonical representation for
AM>(3).

With the first two state variables driving volatility, <12 and k91 must be less than or
equal to zero in order to assure that Y7 and Y, remain strictly positive. That is, (Y1 (t), Ya(t))
is a bivariate, correlated square-root diffusion. Additionally, admissibility requires that Y;
and Y5 be conditionally uncorrelated and Y3 not enter the drift of these variables. Y3 can be
conditionally correlated with (Y7,Y3) and its variance may be an affine function of (Y7, Y52).

The corresponding restrictions on the AY representation (I11.24) - (II1.27) implied by
the Chen model are obtained by setting the square boxes in (II1.25) to zero except that
032 = —1 and §y = —02k22/k33. Like the BDF'S model, in the Chen model r is constrained

to be an affine function of only two of the three state variables.

II1.2. A

The final sub-family of models has m = 3 so that all three Y's determine the volatility

structure. The canonical representation of AM3(3) has parameters

R11 K12 K13

= o O

10
K=" ka ke kg , Y= 01
0 0

K31 K32 K33
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01 100
©= 6 , a= 0 , B= 010 ,
03 0 01

where k; > 0for 1 <i <3, k;; <0for1<i#35<3,0;>0for1<4i<3.

With both 3 and B equal to identity matrices, the diffusion term of this model is
identical to that in the N-factor model based on independent square-root diffusions (often
referred to as the CIR model). The canonical representation of AM3(3) is not equivalent
to the classical CIR model, however, because we allow K to be a full matrix. Thus, the
canonical representation is a correlated, square-root (CSR) diffusion model.

In models with diagonal B, the S admissibility conditions preclude relaxing the as-
sumption that ¥ is diagonal. However, these conditions do not constrain K to be diagonal.
Rather, admissibility requires only that these off-diagonal elements be less than or equal to
zero, and not that they be zero.

The multi-factor CIR-style models with independent state variables studied by Chen
and Scott [8], Pearson and Sun [23], and Duffie and Singleton [13] are nested special cases
of this CSR model. Our analysis implies that all empirical implementations of CIR-style
models have imposed potentially strong over-identifying restrictions by forcing K to be

diagonal. In this three-factor model, a diagonal K implies six over-identifying restrictions.

III. Comparati e roperties of Three-factor AT s

ff ATSM

ositivity of the instantaneous short rate r:
ATSM 3—m A, 3

A 3
Az 3
rt >0 do
Oy

Conditional second moments of ero coupon bond yields:



III. .

COMPARATI E PROPERTIES OF THREE-FACTOR ATSMS

Yt
m
m = 0 CSR m = 3
m=3 ff
zZ m =3
0O m =2
Yt it
Yot Yit m=0 m=3 ff
fl
z
nconditional correlations among the state variables:
m =20 K
CR m =
ff K
m = X
Y

rt
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