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Abstract

Essays on Consumption and Expected Returns

Thesis Advisor: Professor John Y. Campbell Author: Motohiro Yogo

This thesis consists of three essays on the relationship between consumption, the

business cycle, and expected returns on financial assets.

The first essay is “A Consumption-Based Explanation of Expected Stock Re-

turns”. When utility is non-separable in nondurable and durable consumption and

the elasticity of substitution between the goods is high, marginal utility rises when

durable consumption falls. The model explains both the cross-sectional variation in

expected stock returns and the time variation in the equity premium. Small stocks

and value stocks deliver relatively low returns during recessions when durable con-

sumption falls, which explains their high average returns relative to big stocks and

growth stocks. Stock returns are unexpectedly low at business-cycle troughs when

durable consumption falls sharply, which explains the counter-cyclical variation in

the equity premium.

The second essay is “Estimating the Elasticity of Intertemporal Substitution When

Instruments Are Weak”. In the instrumental variables (IV) regression model, weak

instruments can lead to bias in estimators and size distortion in hypothesis tests.
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This essay examines how weak instruments affect the identification of the elasticity of

intertemporal substitution (EIS) through the linearized Euler equation. Conventional

IV methods result in an empirical puzzle that the EIS is significantly less than one

while its inverse is not different from one. This essay shows that weak instruments

can explain the puzzle and reports valid confidence intervals for the EIS using pivotal

statistics. The EIS is less than one and not significantly different from zero for eleven

developed countries.

The third essay is “Efficient Tests of Stock Return Predictability”. Tests of the

predictability of stock returns may be invalid when the predictor variable is persis-

tent and its innovations are highly correlated with returns. This essay develops a

pretest to determine whether the conventional t-test leads to incorrect inference and

an efficient test of predictability that always leads to correct inference. Although

the conventional t-test is highly misleading for the dividend-price and the smoothed

earnings-price ratios, we find evidence for predictability using our test. We also find

evidence for predictability with the short rate and the long-short yield spread, for

which the conventional t-test leads to correct inference.
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Chapter 1

A Consumption-Based Explanation

of Expected Stock Returns

1.1 Introduction

Explaining the variation in expected returns across stocks and the variation in the

equity premium through time as a tradeoff between risk and return is a challenge for

financial economists. In his review article on market efficiency, Fama (1991, p. 1610)

concludes

In the end, I think we can hope for a coherent story that (1) relates the

cross-section properties of expected returns to the variation of expected

returns through time, and (2) relates the behavior of expected returns to

the real economy in a rather detailed way. Or we can hope to convince

ourselves that no such story is possible.

This essay proposes a “coherent story” that satisfies both criteria.

1



A well-known empirical fact in finance is the high average returns of small stocks

relative to big stocks (i.e. low relative to high market equity stocks) and value stocks

relative to growth stocks (i.e. high relative to low book-to-market equity stocks). The

evidence suggests that there are size and value premia in the cross section of expected

stock returns. In an equilibrium asset pricing model, cross-sectional variation in

expected returns must be explained by cross-sectional variation in risk. The Capital

Asset Pricing Model (CAPM), where risk is measured by market beta, fails to explain

the size and value premia (see Fama and French (1992) and references therein). The

Consumption CAPM (CCAPM), where risk is measured by nondurable consumption

beta, also fails to explain the cross section of expected stock returns (Mankiw and

Shapiro 1986b, Breeden, Gibbons, and Litzenberger 1989).

Another well-known empirical fact is the predictability of stock returns by vari-

ables that are informative about the business cycle (see Keim and Stambaugh (1986),

Campbell (1987), Campbell and Shiller (1988b), and Fama and French (1988, 1989)).

The evidence suggests that the equity premium is time varying, that it is higher at

business-cycle troughs than at peaks. In an equilibrium asset pricing model, time

variation in the equity premium must be explained by time variation in the price or

quantity of risk. Although there is some evidence for time variation in risk, it cannot

be reconciled with the evidence for expected returns in a way that offers a consistent

description of the time-varying tradeoff between risk and return (see Harvey (1989)

for evidence on the CAPM and Kandel and Stambaugh (1990) for the CCAPM).

This essay proposes a simple consumption-based explanation of both the cross-

sectional variation in expected stock returns and the counter-cyclical variation in the

equity premium. I use a representative household model, where intraperiod utility

is a constant elasticity of substitution (CES) function of nondurable and durable

consumption. It nests the CCAPM as a special case when utility is separable in the

2



two consumption goods.

In the language of macroeconomics, the main findings can be summarized as fol-

lows. When the elasticity of substitution between nondurable and durable consump-

tion is high, the marginal utility of consumption rises when durable consumption

falls. First, small stocks and value stocks deliver low returns when marginal util-

ity rises, that is during recessions when durable consumption falls. Investors must

therefore be rewarded with high expected returns to hold these risky stocks. Second,

stocks deliver unexpectedly low returns when marginal utility rises sharply, that is at

business-cycle troughs when durable consumption falls sharply relative to nondurable

consumption. Investors must therefore be rewarded with high expected returns to

hold stocks during recessions.

In the language of finance, the main findings can be summarized as follows. When

utility is non-separable in nondurable and durable consumption, optimal portfolio

allocation implies a two-factor model in nondurable and durable consumption growth.

The risk price for durable consumption is positive, provided that the elasticity of

substitution between the two goods is high. First, small stocks and value stocks have

higher durable consumption betas than big stocks and growth stocks. Simply put, the

returns on small stocks and value stocks are more pro-cyclical, explaining their high

average returns. Second, the covariance of stock returns with durable consumption

growth is higher at business-cycle troughs than at peaks. The equity premium is

therefore counter-cyclical because the quantity of risk, measured by the conditional

covariance of returns with durable consumption growth, is counter-cyclical.

Previous papers that have tested the representative household model with durable

consumption include Dunn and Singleton (1986), Eichenbaum and Hansen (1990),

and Ogaki and Reinhart (1998). These papers test the conditional moment restric-

tions implied by the model using T-bill returns and instruments. This essay instead

3



tests the unconditional moment restrictions using a large cross section of stock re-

turns, and the conditional moment restrictions using stock returns and instruments

that predict returns. Because both nondurable and durable consumption are smooth,

the model requires large risk aversion to fit the high level and volatility of expected

stock returns. This essay shows that the model can successfully explain the cross-

sectional and time variation in expected stock returns, conditional on an “equity

premium puzzle” (Mehra and Prescott 1985).

In related work, Pakoš (2003) considers a representative household model with

non-homothetic utility in nondurable and durable consumption goods. He focuses

on the Leontief model, where the elasticity of substitution between the two goods is

zero. Since the consumption of durables relative to nondurables is pro-cyclical, a low

elasticity of substitution between the goods implies pro-cyclical marginal utility. The

Leontief model therefore cannot explain the value premium (since value stocks are

more pro-cyclical than growth stocks) or the counter-cyclical variation in the equity

premium. In contrast, I estimate a high elasticity of substitution between the goods,

implying counter-cyclical marginal utility.

The rest of the essay is organized as follows. Section 1.2 reviews the household’s

consumption and portfolio choice problem in the presence of durable consumption

goods. In Section 1.3, I linearize the unconditional Euler equation to obtain a two-

factor model in nondurable and durable consumption growth. I show that the linear

factor model can be estimated by Generalized Method of Moments (GMM). In Sec-

tion 1.4, I linearize the conditional Euler equation to obtain a conditional factor model

in nondurable and durable consumption growth. I show that its conditional moments

can be estimated by an instrumental variables methodology (Campbell 1987, Harvey

1989).

4



Section 1.5 provides a description of the consumption data used in the empirical

work. The service flow for “durable goods” (as defined in the national accounts) is

more cyclical than the service flow for “nondurable goods” and “services”. The high

cyclicality of the service flow, rather than durability of the good, is the key ingredient

in explaining the known facts about expected stock returns.

Section 1.6 reports the cross-sectional tests. I find that the durable consumption

model explains the variation in average returns across the 25 Fama-French (1993)

portfolios better than the Fama-French three-factor model; the R2 for these models

are 77% and 66%, respectively. The durable consumption model is not rejected by the

test that the pricing errors are jointly zero, while the CAPM, the three-factor model,

and the CCAPM are all rejected. The model also explains returns on portfolios

sorted by book-to-market equity within industry and portfolios sorted by risk (i.e.

pre-formation betas).

Section 1.7 reports the time series tests of the model. I estimate the conditional

Euler equation by GMM, using excess stock returns and instruments. The test of

overidentifying restrictions fails to reject the model. The CCAPM, which is a restric-

tion that utility be separable in nondurable and durable consumption, is strongly

rejected (Hansen and Singleton 1982). To connect these results to the predictability

of stock returns, I jointly estimate the conditional mean and variance of stock returns

and its conditional covariance with nondurable and durable consumption growth. I

find that much of the counter-cyclical variation in the equity premium is driven by

counter-cyclical variation in the conditional covariance of returns with durable (rather

than nondurable) consumption growth, explaining the failure of the CCAPM.

The large risk aversion required to explain stock returns not only implies a high

riskfree rate (Weil 1989), but high volatility in the riskfree rate due to the high persis-

tence of durable consumption growth. In Section 1.8, I show that this “riskfree rate
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puzzle” can be resolved by separating risk aversion from the elasticity of intertemporal

substitution (EIS) with more general preferences.

Section 1.9 offers some conclusions. Supplementary derivations and results are

contained in Appendices A.1–A.3, referenced throughout the text.

1.2 Household Optimization with Durable Con-

sumption Goods

1.2.1 Euler Equations

Consider the canonical consumption and portfolio choice problem of a household. In

each period t, the household purchases Ct units of nondurable consumption goods

and Et units of durable consumption goods. Pt is the price of durable goods in

units of nondurable goods. Nondurable goods are entirely consumed in the period

of purchase, whereas durable goods provide service flows for more than one period.

The household’s stock of durable goods Dt is related to its expenditures by the law

of motion

Dt = (1 − δ)Dt−1 + Et, (1.1)

where δ ∈ (0, 1) is the depreciation rate.

There are N + 1 tradeable assets in the economy, indexed by i = 0, 1, . . . , N .

In period t − 1, the household invests Bi,t−1 units of wealth Wt−1 in asset i, which

realizes the gross rate of return Rit in period t. Given the initial level of wealth,

W0, and the initial stock of durable goods, D−1, the household chooses the sequence
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{Ct, Et, B0t, . . . , BNt}∞t=0 to maximize

E0

∞∑
t=0

βtu(Ct, Dt) (1.2)

subject to the intertemporal budget constraint

Wt =
N∑

i=0

Bi,t−1Rit, (1.3)

N∑
i=0

Bit = Wt − Ct − PtEt. (1.4)

β > 0 is the household’s subjective discount factor, and ut = u(Ct, Dt) is its period

utility, which depends on the consumption of nondurable goods and the stock of

durable goods.

Let uCt and uDt denote the marginal utility of Ct and Dt, respectively. The

household’s first-order conditions and the envelope theorem imply the pair of Euler

equations

uC,t−1 = Et−1[βuCtRit], (1.5)

uD,t−1 = Et−1[βuCt(Pt−1Rit − (1 − δ)Pt)]. (1.6)

Define the stochastic discount factor (SDF) as Mt = βuCt/uC,t−1. Equations (1.5)

and (1.6) together imply an intratemporal first-order condition (FOC) of the form

uD,t−1

uC,t−1

= Pt−1 − (1 − δ)Et−1[MtPt] = Qt−1. (1.7)

Since a unit of the durable consumption good costs Pt−1 today and can be sold for

(1 − δ)Pt tomorrow, after depreciation, Qt−1 has a natural interpretation as the user
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cost of the service flow for the durable good.

1.2.2 Asset Pricing

Equation (1.5) can be written as

Et−1 [MtRit] = 1. (1.8)

The excess return on asset i then satisfies

Et−1[Mt(Rit − R0t)] = 0. (1.9)

Equation (1.8) is the basis for consumption-based asset pricing. The marginal utility

of consumption is the appropriate measure of risk for an investor who cares about

consumption. Assets that deliver low returns when marginal utility is high must have

high expected returns to reward the investor for bearing risk. On the other hand,

assets that deliver high returns when marginal utility is high provides a good hedge

for consumption risk and must consequently have low expected returns.

Equation (1.8) was derived here in the context of a household optimization prob-

lem, but it holds more generally by a well-known existence theorem. In the absence

of arbitrage, there exists a strictly positive SDF, Mt, which satisfies equation (1.8) for

all tradable assets i = 0, 1, . . . , N (see Cochrane (2001, Chapter 4.2)). Various asset

pricing models correspond to particular forms of the SDF. In the consumption-based

model, the SDF is the marginal rate of substitution in consumption.
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1.2.3 CES Utility

I now specify a particular form of utility that is used in the empirical work. The

period utility takes the form

u(C,D) =
v(C,D)1−γ

1 − γ
, (1.10)

where γ > 0 is the coefficient of relative risk aversion with respect to intraperiod

utility flow. The intraperiod utility takes the CES form

v(C,D) = [(1 − α)Cρ + αDρ]1/ρ, (1.11)

where α ∈ (0, 1) and ρ ≤ 1. The elasticity of substitution between nondurable and

durable consumption goods is 1/(1−ρ). Implicit in this specification is the assumption

that the service flow for the durable good is linear in the stock of the durable good.

I therefore use the words “stock” and “consumption” interchangeably in regard to

durable goods, hopefully without confusion. The utility specification (1.10) and (1.11)

has been used previously in related empirical work by Dunn and Singleton (1986) and

Ogaki and Reinhart (1998).1

When ρ = 1 − γ, the period utility is separable in nondurable and durable con-

sumption,

u(C,D) = (1 − α)
C1−γ

1 − γ
+ α

D1−γ

1 − γ
. (1.12)

The marginal utility of nondurable consumption takes the simple form uC = (1 −

α)C−γ . The additively separable model is the leading case in macroeconomics and

finance applications. It provides a useful reference point for the general model with

1Dunn and Singleton (1986) use Cobb-Douglas intraperiod utility, which corresponds to the
special case ρ = 0.
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CES intraperiod utility.

In the general case, the marginal utility of nondurable consumption is

uC = (1 − α)C−γ

[
1 + α

((
D

C

)ρ

− 1

)] 1−γ−ρ
ρ

. (1.13)

The marginal utility under the additively separable model is now multiplied by a func-

tion of the ratio of durable to nondurable consumption, D/C. Figure 1.1 illustrates

the dependence of the marginal utility on D/C. For a given level of nondurable con-

sumption, marginal utility decreases in D/C if ρ > 1−γ. Intuitively, low nondurable

consumption can be offset by high durable consumption provided that the elastic-

ity of substitution between the two goods is sufficiently high. On the other hand,

relatively high durable consumption increases the marginal utility of nondurable con-

sumption if the elasticity is low (i.e. ρ < 1 − γ). The additively separable model,

where ρ = 1 − γ, is the knife-edge case when the marginal utility is independent of

durable consumption.

The SDF for the durable consumption model is

Mt = β

(
Ct

Ct−1

)−γ (
1 + α[(Dt/Ct)

ρ − 1]

1 + α[(Dt−1/Ct−1)ρ − 1]

) 1−γ−ρ
ρ

. (1.14)

The intratemporal FOC (1.7) takes the form

α

1 − α

(
Dt−1

Ct−1

)ρ−1

= Pt−1 − (1 − δ)Et−1[MtPt]. (1.15)

In the empirical work, I assume that there is a representative household, so that assets

can be priced by the SDF (1.14) using aggregate consumption data.

At the microeconomic level, there may be lumpiness in the adjustment of durable

consumption, which can cause aggregate durable consumption to deviate from the
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Figure 1.1: Marginal Utility of Nondurable Consumption
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optimal behavior implied by the frictionless model (see Grossman and Laroque (1990)

and Caballero (1993)). As long as nondurable consumption still adjusts in a way

that the Euler equation (1.5) holds, the slow adjustment of durable consumption

does not pose a problem for asset pricing.2 However, the Euler equation for durable

consumption (1.6), and consequently, the intratemporal FOC (1.15) may not hold

due to frictions in the adjustment of durable consumption.

1.2.4 A Log-Linear Approximation of the SDF

I now introduce a linear approximation to the log of the SDF (1.14), which is conve-

nient for transforming the asset pricing equation (1.8) into a linear factor model. Let

lowercase letters denote the logs of the corresponding uppercase variables. Taking the

log of both sides of (1.14) and approximating around the special case of Cobb-Douglas

intraperiod utility (i.e. ρ = 0),

mt ≈ log β − γ∆ct + α(1 − γ − ρ)(∆dt − ∆ct). (1.16)

The approximation is exact when ρ = 0. Let r = − log β, ft = (∆ct, ∆dt)
′, and

b =

 b1

b2

 =

 γ + α(1 − γ − ρ)

−α(1 − γ − ρ)

 . (1.17)

Then equation (1.16) can be written more compactly as

−mt ≈ r + b′ft = r + b1∆ct + b2∆dt. (1.18)

2Ogaki and Reinhart (1998) make a similar argument to motivate their empirical methodology.
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r is the rate of time preference. b1 and b2 are the risk prices for the two risk factors,

nondurable and durable consumption growth, respectively.

The risk price of durable consumption is positive when ρ > 1 − γ, that is when

the elasticity of substitution between the two consumption goods is greater than the

inverse of risk aversion. Using quarterly data in the sample 1951:1–1983:4, Ogaki

and Reinhart (1998, Table 2) estimate a 95% confidence interval of [−0.03, 0.27]

for ρ. On the other hand, the literature on the equity premium puzzle suggests

that γ is large (see Campbell (2003) for a survey). Therefore, the assumption of

additive separability is not supported by the data. Moreover, durable consumption

is potentially an important risk factor that carries a large positive risk price.

An intuitive way to think about the risk prices for nondurable and durable con-

sumption is the approximation

b1 = (1 − α)γ + α(1 − ρ) ≈ (1 − α)γ,

b2 = αγ − α(1 − ρ) ≈ αγ.

The approximation holds in the empirically relevant case where ρ ≈ 0 and γ is large.

The sum of the risk prices is total risk aversion γ. The fraction of risk attributed to

nondurable consumption is 1−α, which is the budget share of nondurable consump-

tion under Cobb-Douglas intraperiod utility.

1.3 Linear Factor Models

Taking the unconditional expectation of equation (1.9),

E[Mt(Rit − R0t)] = 0. (1.19)
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Suppose the SDF is linear in a vector ft of F underlying factors, that is

− Mt

E[Mt]
= k + b′ft.

Let µf = E[ft], Σff = E[(ft − µf )(ft − µf )
′], and Σfi = E[(ft − µf )(Rit − R0t)].

Equation (1.19) can then be written as a linear factor model

E[Rit − R0t] = b′Σfi. (1.20)

This equation says that the premium on asset i is the price of risk b times its quantity

of risk Σfi.

Define the “beta” of asset i as βi = Σ−1
ff Σfi, which can be interpreted as the

coefficient vector in a multiple regression of Rit onto ft. The linear factor model can

be written as a beta pricing model

E[Rit − R0t] = λ′βi, (1.21)

where λ = Σffb is the factor risk premium.

1.3.1 Fama-French Three-Factor Model

In response to the failures of the CAPM and the CCAPM, Fama and French (1993)

proposed an influential three-factor model. The three factors are excess returns on

the market portfolio, returns on the SMB (Small Minus Big stocks) portfolio, and

returns on the HML (High Minus Low book-to-market stocks) portfolio. The Fama-

French three-factor model nests the static CAPM (Sharpe 1964, Lintner 1965) as a

special case where the risk prices for SMB and HML are restricted to zero.
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Although the model is an empirical success, it falls short of a satisfactory under-

standing of the underlying risk reflected in stock returns. “Without a theory that

specifies the exact form of the state variables or common factors in returns, the choice

of any particular version of the factors is somewhat arbitrary.” (Fama and French

1993, p. 53) As emphasized by Cochrane (2001, Chapter 9), a satisfactory factor

model must ultimately connect the factors to the marginal utility of consumption.

1.3.2 Consumption-Based Model

A nonlinear SDF, Mt, can be approximated by first-order log-linear approximation

as

Mt

E[Mt]
≈ 1 + mt − E[mt].

Using equation (1.18), the SDF (1.14) of the durable consumption model can be

approximated as

− Mt

E[Mt]
≈ k + b1∆ct + b2∆dt, (1.22)

where k = −1− b1E[∆ct]− b2E[∆dt]. The corresponding linear factor model (1.20) is

E[Rit − R0t] = b1Cov(∆ct, Rit − R0t) + b2Cov(∆dt, Rit − R0t). (1.23)

When ρ = 1 − γ (i.e. additive separability), this equation reduces to

E[Rit − R0t] = γCov(∆ct, Rit − R0t), (1.24)

which is the familiar CCAPM (Rubinstein 1976, Breeden and Litzenberger 1978,

Breeden 1979).

Equation (1.23) says that an asset with high nondurable consumption beta,

15



Cov(∆ct, Rit − R0t)/Var(∆ct), must have high expected returns. Likewise, an as-

set with high durable consumption beta, Cov(∆dt, Rit − R0t)/Var(∆dt), must have

high expected returns when b2 > 0. In equilibrium, differences in expected returns

across assets must reflect differences in the quantity of risk across assets, measured

by the covariance of returns with nondurable and durable consumption growth.

1.3.3 An Approximation of the Intratemporal FOC

Suppose the intraperiod utility is Cobb-Douglas (i.e. ρ = 0). Substituting the lin-

earized SDF (1.22) in the intratemporal FOC (1.15) and taking the expectation of

both sides of the equation yields

b2

b1 − 1
E

[
Ct−1

Pt−1Dt−1

]
= 1 − a

[
E

[
Pt

Pt−1

]
−b1Cov

(
∆ct,

Pt

Pt−1

)
− b2Cov

(
∆dt,

Pt

Pt−1

)]
, (1.25)

where a = (1− δ)E[Mt]. Note that the parameters in this equation are the risk prices

b1 and b2, rather than the preference parameters γ, ρ, and α. Hence, the equation is a

useful way of imposing the intratemporal FOC in estimating the linear factor model

(1.23).

1.3.4 GMM Estimation of Linear Factor Models

Since the linear factor model is a set of moment restrictions on asset returns, GMM is a

natural way to estimate and test the model.3 Since my focus is on consumption-based

models, I base estimation on the covariance representation (1.20), rather than the beta

representation (1.21) of the model. The coefficients b of the covariance representation

3See Cochrane (2001, Chapter 13) for a textbook treatment of GMM for linear factor models.
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are immediately interpretable as preference parameters, unlike the coefficients λ of the

beta representation. In Appendix A.1, I relate the GMM estimator to an estimator

of the risk prices based on a cross-sectional regression.

Define the parameter space Θ ⊂ R
2F with a generic element θ = (b′, µ′

f )
′. Let R0t,

Rt = (R1t, . . . , RNt)
′, and ft be the time t observation on the reference return, the

vector of N test asset returns, and the vector of F factors, respectively. Stack the

variables in a vector as zt = (R0t, R
′
t, f

′
t)

′. Let ι be an N × 1 vector of ones. Consider

the (N + F ) × 1 moment function

e(zt, θ) =

 Rt − R0tι − (Rt − R0tι)(ft − µf )
′b

ft − µf

 . (1.26)

The moment function satisfies the moment restriction E[e(zt, θ0)] = 0, for some θ0 ∈

Θ, through equation (1.20). A necessary condition for identification is that N ≥ F .

A sufficient condition for identification is that the F × N matrix [Σf1 · · ·ΣfN ] has

rank F . This condition assures that θ0 is a unique solution to E[e(zt, θ)] = 0, so that

the key identification condition for GMM is satisfied (see Wooldridge (1994, Theorem

7.1)). Intuitively, the factors cannot be perfectly correlated in order for the factor

risk prices to be identified.

The overidentifying restrictions of the model can be tested by Hansen’s (1982)

J-test. The degree of overidentification is N − F , or N − F + 1 for the durable

consumption model when the intratemporal FOC (1.25) is imposed as an additional

moment restriction. The J-test tests the null hypothesis that the pricing errors are

jointly zero across the N test assets. The test is conceptually similar to the GRS test

(Gibbons, Ross, and Shanken 1989) since the test statistic is a quadratic form in the

vector of pricing errors (see Cochrane (2001, Chapters 12–13)).
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1.4 Conditional Factor Model

Let R0t be a conditionally riskfree return, so that R0t = 1/Et−1[Mt]. (In practice,

R0t is a reference return over which excess returns are computed, such as the 90-day

T-bill return.) Let lowercase letters denote the logs of the corresponding uppercase

variables (e.g. mt = log Mt and r0t = log R0t). For assets i = 1, . . . , N , however, let

rit = log Rit − log R0t be the log return in excess of the log riskfree rate. By a second-

order log-linear approximation of equation (1.8) for the riskfree rate (see Campbell

(2003)),

r0t = −Et−1mt −
1

2
Vart−1(mt). (1.27)

Similarly, the excess return on asset i can be approximated as

Et−1[rit] +
1

2
Vart−1(rit) = −Covt−1(mt, rit). (1.28)

Suppose the log SDF is linear in a vector ft of F underlying factors, that is

−mt = r + b′ft = r +
F∑

j=1

bjfjt.

Then equation (1.27) becomes

r0t = r + b′Et−1[ft] −
1

2
Vart−1(b

′ft), (1.29)

and equation (1.28) can be written as a conditional factor model

Et−1[rit] +
1

2
Vart−1(rit) =

F∑
j=1

bjCovt−1(fjt, rit). (1.30)

This equation says that the premium on an asset is the price of risk bj times the
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quantity of risk Covt−1(fjt, rit), summed over all factors j = 1, . . . , F .

1.4.1 Consumption-Based Model

Using the linear approximation to the log SDF (1.18), the riskfree rate for the durable

consumption model is

r0t = r + b1Et−1[∆ct] + b2Et−1[∆dt]

−b2
1

2
Vart−1(∆ct) −

b2
2

2
Vart−1(∆dt) − b1b2Covt−1(∆ct, ∆dt). (1.31)

The premium on asset i is

Et−1[rit] +
1

2
Vart−1(rit) = b1Covt−1(∆ct, rit) + b2Covt−1(∆dt, rit). (1.32)

When ρ = 1 − γ (i.e. additive separability), this equation reduces to

Et−1[rit] +
1

2
Vart−1(rit) = γCovt−1(∆ct, rit), (1.33)

which is the familiar CCAPM.

Equation (1.32) says that the expected return on an asset is high when the co-

variance of its returns with nondurable consumption growth is high. Likewise, the

expected return is high when the covariance of its returns with durable consumption

growth is high, provided that b2 > 0. In equilibrium, variation in expected returns

through time must reflect variation in the quantity of risk through time, measured

by the conditional covariance of returns with nondurable and durable consumption

growth.
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1.4.2 Estimation of Conditional Moments Using Instruments

I now describe a way to estimate the conditional moments of the conditional factor

model (1.30), using a vector xt−1 of I instrumental variables known at time t − 1.

The essential idea behind the method is that the representative household’s infor-

mation set can always be conditioned down to the econometrician’s information set.

Equation (1.30) therefore holds even when the conditioning information is restricted

to xt−1. The methodology described here has been used previously in empirical work

by Campbell (1987) and Harvey (1989).

Consider the linear regression model

rit = Π′
ixt−1 + uit (i = 1, . . . , N), (1.34)

uitrit = Γ′
ixt−1 + εit (i = 1, . . . , N), (1.35)

uitfjt = Υ′
ijxt−1 + ηijt (i = 1, . . . , N ; j = 1, . . . , F ). (1.36)

Equations (1.34) and (1.35) model the conditional mean and variance of excess log

returns, respectively. Equation (1.36) models the conditional covariance of excess

log returns with the factors. The model (1.34)–(1.36) is exactly identified under the

conditional moment restriction

E[(uit, εit, ηijt)
′|xt−1] = 0 ∀i, j. (1.37)

20



Define the matrices

Π = [Π1 · · ·ΠN ] (I × N),

Γ = [Γ1 · · ·ΓN ] (I × N),

Υj = [Υ1j · · ·ΥNj] (I × N),

Υ = [Υ1 · · ·ΥF ] (I × NF ).

The conditional factor model (1.30) implies NI linear restrictions of the form

Π +
1

2
Γ =

F∑
j=1

bjΥj. (1.38)

Using this equation to substitute out Γi in equation (1.35),

uitrit = 2

(
F∑

j=1

bjΥij − Πi

)′

xt−1 + εit. (1.39)

Assuming that the vector of risk prices b is known, the model (1.34), (1.39), and

(1.36) is overidentified by NI degrees.

Define the parameter space Θ ⊂ R
(N+NF )I with a generic element

θ = (vec(Π)′, vec(Υ)′)′. Let rt = (r1t, . . . , rNt)
′ and ft be the time t observation

on the vector of N excess log returns and the vector of F factors, respectively. Stack

the variables and the instruments in a vector as zt = (r′t, f
′
t , xt−1)

′. Consider the

(2N + NF )I × 1 moment function

e(zt, θ; b) =


rt − Π′xt−1

diag((rt − Π′xt−1)r
′
t) − 2(

∑F
j=1 bjΥj − Π)′xt−1

vec((rt − Π′xt−1)f
′
t) − Υ′xt−1

 ⊗ xt−1. (1.40)
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The moment function satisfies the moment restriction E[e(zt, θ0; b)] = 0, for some

θ0 ∈ Θ, through the conditional moment restriction (1.37).

In practice, the vector of risk prices b is not known. It can be estimated jointly

with θ using the moment function (1.40), provided that F ≤ NI. Instead, suppose

there is a consistent estimator b̂. Then the GMM estimator for θ based on the moment

function e(zt, θ; b̂) is consistent and has the same asymptotic distribution as if b were

known. This can be verified by checking the sufficient conditions for consistency and

asymptotic normality in Newey and McFadden (1994, Theorems 2.1 and 3.2). In

the empirical work, I use the estimated preference parameters from GMM estimation

of the conditional Euler equation (1.9) to obtain b̂, through equation (1.17). I then

estimate θ using the moment function e(zt, θ; b̂). This estimation strategy is consistent

with the purpose of estimating the conditional factor model (1.30), which is to better

understand the dynamics of expected returns implied by asset pricing equation (1.9).

1.5 Consumption Data

1.5.1 Source and Construction

Quarterly consumption data is from the US national accounts. Following conven-

tion, nondurable consumption is measured as the sum of real personal consumption

expenditures (PCE) on nondurable goods and services.4 Nondurable consumption in-

cludes food, clothing and shoes, housing, utilities, transportation, and medical care.

Items such as clothing and shoes are durable at quarterly frequency, but I include

them as part of nondurable consumption to be consistent with previous studies of

the CCAPM. Similarly, housing is the service flow imputed from the rental value of

4See Whelan (2000) for issues concerning aggregation of chained national accounts data.
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houses.

Durable consumption consists of items such as motor vehicles, furniture and appli-

ances, and jewelry and watches. The Bureau of Economic Analysis (BEA) publishes

year-end estimates of the chained quantity index for the net stock of consumer durable

goods. Using quarterly data for real PCE on durable goods, I construct quarterly

series for the stock of durables by equation (1.1). Implicit in the data for the stock

of durables are the depreciation rates used by the BEA for various components of

durable goods. The implied depreciation rate for durable goods as a whole is about

6% per quarter.

Both nondurable consumption and the stock of durables are divided by the pop-

ulation. In matching consumption to returns data, I use “beginning of the period”

timing convention, following Campbell (2003). In other words, the consumption data

for each quarter is assumed to be the flow on the first, rather than the last, day of the

quarter. Although quarterly consumption data is available since 1947, the period im-

mediately after the war experienced unusually high durable consumption growth due

to the rapid restocking of durable goods. I therefore use data since 1951, following

Ogaki and Reinhart (1998). The resulting sample period is 1951:1–2001:4.

1.5.2 Basic Description

Figure 1.2 is a time series plot of the ratio of the stock of durables to nondurable

consumption, that is D/C. The series has an upward trend in the postwar sample,

which is consistent with the downward trend in the price of durables relative to

nondurables. The shaded regions are recessions, from peak to trough, as defined by

the National Bureau of Economic Research (NBER). The ratio D/C rises during

booms and falls during recessions, implying strong counter-cyclical movements in
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Figure 1.2: Price and Stock of Durables Relative to Nondurables

The figure is a time series plot of (1) the price of durables as a ratio of the price
of nondurables and (2) the real stock of durables as a ratio of real nondurable con-
sumption. The sample period is 1951:1–2001:4, and the shaded regions are NBER
recessions.

24



Table 1.1: Descriptive Statistics

The table reports the mean, the standard deviation, and the first-order autocorrela-
tion of the excess market return, the SMB return, the HML return, and nondurable
and durable consumption growth. It also reports the correlation between these vari-
ables.

Variable Mean Std Dev Autocorr Correlation
(%) (%) Market SMB HML Nondurables

Market 1.880 8.186 0.048
SMB 0.508 5.580 -0.034 0.423
HML 1.089 5.543 0.154 -0.386 -0.143
Nondurables 0.513 0.542 0.282 0.281 0.130 0.004
Durables 0.915 0.535 0.875 -0.110 -0.038 0.036 0.192

marginal utility (1.13), provided that the elasticity of substitution between the goods

is high.

Table 1.1 reports descriptive statistics for nondurable and durable consumption

growth, together with those for the three Fama-French factors. (Recall that the

growth rate in the stock is the growth rate in the consumption of durable goods.)

Nondurable consumption growth has mean 0.51% and standard deviation 0.54% per

quarter. Durable consumption has mean 0.92% and standard deviation 0.54%. The

correlation between them is 0.19. The Fama-French factors have low correlation

with the two consumption-based factors, especially with durable consumption growth.

Durable consumption growth is much more persistent than nondurable consumption

growth. The first-order autocorrelations are 0.88 and 0.28, respectively.
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1.5.3 Business-Cycle Properties

Figure 1.3(a) is a time series plot of the growth rates of nondurable and durable

consumption in the postwar sample. Durable consumption growth is strongly pro-

cyclical, peaking during booms and bottoming out during recessions. It is therefore a

good indicator variable for the business cycle. Nondurable consumption growth is also

pro-cyclical, but less so than durable consumption. It tends to fall sharply right at

the onset of recessions. Figure 1.3(b) is a time series plot of nondurable consumption

growth minus durable consumption growth. The growth rate of durable consumption

generally exceeds that of nondurable consumption, except during and immediately

after recessions. The series is strongly counter-cyclical, highest at business-cycle

troughs and lowest at business-cycle peaks.

To examine the cyclical properties of nondurable consumption in further detail,

Figure 1.4(a) shows the time series for nondurable consumption growth together with

the growth rates of two of its components: (1) food and (2) housing. (At the end

of 2001, food accounted for 16% and housing 17% of consumption expenditures on

nondurables.) The figure illustrates the fact that the components of nondurable

consumption share the time series properties of its aggregate: low volatility (compared

to stock returns), low autocorrelation, and weak cyclicality. Although houses can

be thought of as a “durable good”, its service flows are more similar to that of

“nondurable goods”.

Implicit in studies of the CCAPM is the assumption that the various components

of nondurable consumption are perfect substitutes. This appears to be a reason-

able assumption for the purposes of empirical work since the various components

share similar time series properties. Moreover, the gain from explicitly modeling non-

separability between the various components of nondurable consumption appears to
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(a) Nondurable Consumption and Durables Stock Growth
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(b) Nondurable Consumption Growth Minus Durables Stock Growth

Figure 1.3: Nondurable and Durable Consumption Growth

The figure is a time series plot of (a) the real growth rates of nondurable consumption
and the stock of durables and (b) the difference in the growth rates. See notes to
Figure 1.2.

27



1961 1966 1971 1976 1981 1986 1991 1996 2001
−2

−1

0

1

2

3

4

Year

P
er

ce
nt

 p
er

 Q
ua

rt
er

(a) Nondurable Consumption Growth

Nondurables
Food
Housing

1961 1966 1971 1976 1981 1986 1991 1996 2001
−2

−1

0

1

2

3

4

Year

P
er

ce
nt

 p
er

 Q
ua

rt
er

(b) Durables Stock Growth

Durables
Motor Vehicles
Furniture & Appliances

Figure 1.4: Components of Nondurable and Durable Consumption Growth

The figure is a time series plot of (a) the real growth rates of nondurable, food, and
housing consumption and (b) the real growth rates of the stock of durables, motor
vehicles, and furniture and appliances. The sample period is 1959:1–2001:4, and the
shaded regions are NBER recessions.
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be small, at least for the purposes of asset pricing. For instance, Piazessi, Schnei-

der, and Tuzel (2003) find that a model that accounts for non-separability between

housing and other nondurable goods cannot reconcile the size and value premia.5

Figure 1.4(b) is a time series plot of durable consumption growth together with

the growth rates of two of its components: (1) motor vehicles and (2) furniture and

appliances. (At the end of 2001, motor vehicles accounted for 30% and furniture

and appliances 45% of the stock of consumer durables.) The figure illustrates the

fact that the components of durable consumption share the time series properties

of its aggregate: low volatility (compared to stock returns), high autocorrelation,

and strong cyclicality. The consumption of motor vehicles is especially pro-cyclical

with sharp falls during recessions. The strong cyclicality of durable consumption is

consistent with that of luxury goods (Aı̈t-Sahalia, Parker, and Yogo 2003).

1.6 Cross-Sectional Tests

In this section, I test the cross-sectional implications of the durable consumption

model. The test assets are the 25 Fama-French portfolios (Section 1.6.1), portfolios

sorted by book-to-market equity within industry (Section 1.6.2), and portfolios sorted

by market and HML betas (Section 1.6.3). The empirical results focus on the linear

two-factor model (1.23), rather than the nonlinear model (1.19) with SDF (1.14). The

main advantage of the linear model is that it makes transparent the central economic

finding, that small stocks and value stocks are pro-cyclical. It also makes the results

readily comparable to the large literature on cross-sectional asset pricing, which has

5The test that the pricing errors are jointly zero for the 25 Fama-French portfolios rejects the
model. However, Lustig and Van Nieuwerburgh (2002) argue that housing has an important role as
collateral in risk-sharing markets. Using the housing-human wealth ratio as a conditioning variable,
they find that the conditional CCAPM can explain the size and value premia. Their finding confirms
that of Lettau and Ludvigson (2001), who use the consumption-wealth ratio as a conditioning
variable.
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focused on linear factor models. In Section 1.6.4, I estimate the nonlinear model to

support the empirical findings for the linear model.

1.6.1 Fama-French Portfolios

Data

Fama and French (1993) construct 25 portfolios by independently sorting stocks into

quintiles based on size (i.e. market equity) and book-to-market equity. Data on

the Fama-French factors and portfolio returns were obtained from Professor Kenneth

French’s webpage. Excess returns are computed by subtracting the 90-day T-bill

return, which is from the Center for Research in Security Prices (CRSP) Indices

database. Because of the failures of the CAPM and the CCAPM in explaining their

returns, the Fama-French portfolios have been the focus of recent work on cross-

sectional asset pricing (e.g. Lettau and Ludvigson (2001), Campbell and Vuolteenaho

(2002), and Parker and Julliard (2003)).

Test of Linear Factor Models

Table 1.2 reports estimates of the factor risk prices for the CAPM, the Fama-French

three-factor model, the CCAPM, and the durable consumption model. Estimation is

by two-step (efficient) GMM. Standard errors are heteroskedasticity and autocorre-

lation consistent (HAC), computed by the VARHAC procedure with automatic lag

length selection by AIC (see den Haan and Levin (1997)).6 The maximum lag length

is set to three quarters to account for autocorrelation. The correction for autocor-

relation is especially important in estimating the durable consumption model due to

6den Haan and Levin (2000) find that the VARHAC covariance matrix estimator performs better
than the kernel-based estimators (e.g. Newey and West (1987) and Andrews (1991)) in various
Monte Carlo setups.
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Table 1.2: Estimation of Linear Factor Models with the Fama-French Portfolios

The table reports the estimated factor risk prices for the CAPM, the Fama-French
three-factor model, the CCAPM, and the durable consumption model. It reports two
estimates of the durable consumption model, with and without the intratemporal
FOC as an additional moment restriction. The test assets are the 25 Fama-French
portfolios sorted by size and book-to-market equity. Estimation is by two-step GMM.
HAC standard errors in parentheses. The mean absolute pricing error (MAE) and R2

are based on the first-stage estimate. The p-value for the J-test (test of overidentifying
restrictions) in parentheses.

Factor Price CAPM Fama-French CCAPM Durable Model
No FOC FOC

Market 2.659 4.319
(0.829) (0.983)

SMB -0.621
(1.274)

HML 6.225
(1.323)

Nondurables 105.619 122.345 148.855
(23.555) (22.084) (16.417)

Durables 197.139 203.264
(39.342) (40.498)

γ 319.484 352.119
(46.222) (48.000)

α (if ρ = 0) 0.619 0.579
(0.062) (0.048)

MAE (%) 0.654 0.257 0.329 0.198 0.192
R2 -0.892 0.658 0.382 0.770 0.773
J-test 62.998 51.503 52.475 36.475 43.386

(0.000) (0.000) (0.001) (0.037) (0.009)
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the persistence of durable consumption growth.

The CAPM has a positive and significant risk price on the market return. The

mean absolute pricing error from the first stage is 0.65% per quarter. Instead of re-

porting the mean squared pricing error, I report one minus its ratio to the variance of

average portfolio returns, which is called the R2, following Campbell and Vuolteenaho

(2002). The R2 for the CAPM is -89%, which suggests that the model fits the aver-

age T-bill return very poorly. The J-test, or the test of overidentifying restrictions,

strongly rejects the model.

The Fama-French three-factor model is much more successful than the CAPM. The

mean absolute pricing error is 0.26%, and the R2 is 66%. The risk price for SMB is not

significantly different from zero, while the risk price for HML is significantly positive.

Hence, the improvement over the CAPM is mostly captured by the explanatory power

of HML. Although the first-stage measures of fit are much better than the CAPM,

the J-test rejects the model.

For the CCAPM, the risk price for nondurable consumption is positive and signif-

icantly different from zero. The large point estimate of 106, which is a consequence

of the low volatility of nondurable consumption, is consistent with the literature on

the equity premium puzzle. The mean absolute pricing error is 0.33%, and the R2 is

38%. Although the CCAPM has better first-stage measures of fit than the CAPM, it

falls short of the three-factor model. Moreover, the J-test strongly rejects the model.

In the last two columns of Table 1.2, I report two estimates of the durable con-

sumption model. The first estimate is based only on the moment restrictions used to

price the portfolios. The second estimate imposes an additional moment restriction

corresponding to the intratemporal FOC (1.25). In other words, the second esti-

mate forces the model to simultaneously explain the returns on the 25 Fama-French

portfolios and the optimal consumption behavior implied by the FOC. In estimating

32



equation (1.25), I set a = 0.94 since the depreciation rate is about 6% per quarter;

the results are not sensitive to reasonable variations in a.

Without the intratemporal FOC, the risk price for nondurable consumption is

comparable to that estimated for the CCAPM, with a point estimate of 122. The risk

price for durable consumption is larger at 197 and statistically significant. Therefore,

the CCAPM, which is a restriction that the risk price on durable consumption be equal

to zero, is strongly rejected. Recall that the sum of the risk prices for nondurable and

durable consumption is the risk aversion γ. The point estimate of γ is 319, which is a

consequence of the low volatility of both nondurable and durable consumption. The

model therefore does not resolve the equity premium puzzle. Assuming Cobb-Douglas

intraperiod utility (i.e. ρ = 0), the point estimate of α = b2/(b1 + b2 − 1) is 0.62. The

mean absolute pricing error is 0.20%, and the R2 is 77%. Although the J-test rejects

at the 5% level, the rejection is solely due to the model’s inability to price the small

growth portfolio, as discussed below. The results are essentially the same when the

intratemporal FOC is imposed.

Figure 1.5(d) provides a visual summary of the empirical success of the durable

consumption model. On the vertical axis is the realized average excess return. On the

horizontal axis is the return predicted by the model, based on the first-stage estimates.

The points represent the 25 Fama-French portfolios, and the corresponding vertical

distance to the diagonal line represents the pricing error. The pricing errors for the

durable consumption model are much smaller than those for (a) the CAPM and (c)

the CCAPM. It even outperforms (b) the Fama-French three-factor model.

Estimation Without the Small Growth Portfolio

Figure 1.5 reveals the small growth portfolio (i.e. the lowest quintile in both size and

book-to-market equity) is an outlier for all the linear factor models. For the durable
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(d) Durable Consumption
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Figure 1.5: Realized vs. Predicted Returns for the Fama-French Portfolios.

The figure plots realized versus predicted excess returns (per quarter) for the 25 Fama-
French portfolios sorted by size and book-to-market equity. The estimated models
are (a) the CAPM, (b) the Fama-French three-factor model, (c) the CCAPM, and
(d) the durable consumption model.
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consumption model, its pricing error is nearly 1%. D’Avolio (2002) and Lamont

and Thaler (2003) document limits to arbitrage, due to short-sale constraints, for

the types of stocks that are generally characterized as small growth. It is perhaps

unsurprising then that these frictionless equilibrium models have difficulty explaining

the small growth portfolio.

In Table 1.3, I report estimates of the linear factor models using 24 of the Fama-

French portfolios, excluding the small growth portfolio. The R2 of the durable con-

sumption model improves from 77% to 81%. In comparison, the R2 of the Fama-

French three-factor model improves from 66% to 74%. The J-test fails to reject the

durable consumption model at the 5% level, both with and without the intratemporal

FOC. The null hypothesis that the pricing errors are jointly zero is rejected for the

other three models.

Consumption Betas

To better understand the success of the durable consumption model, Table 1.4 reports

the nondurable and durable consumption betas implied by the first-stage GMM esti-

mates. Panel A reports the average excess returns for the 25 Fama-French portfolios

sorted by size and book-to-market equity. Reading down the columns of the panel,

average returns decrease in size for a given book-to-market equity quintile. The only

exception is for low book-to-market stocks, whose average returns roughly increase

in size. Reading across the rows of the panel, average returns increase in book-to-

market equity for a given size quintile. The table confirms the well-known size and

value premia.

Panel B of the table reports the nondurable consumption betas. Reading down the

columns of the panel, nondurable consumption beta decreases in size for a given book-

to-market equity quintile. This pattern is broadly consistent with the size premium.

35



Table 1.3: Estimation of Linear Factor Models without the Small Growth Portfolio

The test assets are 24 of the Fama-French portfolios, excluding the small growth
portfolio (i.e. smallest size and lowest book-to-market equity). See notes to Table 1.2.

Factor Price CAPM Fama-French CCAPM Durable Model
No FOC FOC

Market 3.023 3.767
(0.781) (1.004)

SMB -0.349
(1.292)

HML 5.935
(1.337)

Nondurables 138.188 158.887 160.937
(26.764) (23.256) (17.003)

Durables 179.757 127.783
(47.592) (21.464)

γ 338.644 288.720
(54.980) (37.017)

α (if ρ = 0) 0.532 0.444
(0.072) (0.024)

MAE (%) 0.577 0.220 0.293 0.197 0.198
R2 -0.693 0.740 0.485 0.805 0.805
J-test 51.952 43.025 38.217 32.291 12.600

(0.001) (0.003) (0.024) (0.073) (0.960)
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Table 1.4: Average Returns and Consumption Betas for the Fama-French Portfolios

Panel A reports average excess returns (per quarter) on the 25 Fama-French portfolios
sorted by size and book-to-market equity. Panels B and C report nondurable and
durable consumption betas, implied by the first-stage GMM estimate of the durable
consumption model. The last row reports the difference between small and big stocks,
and the last column reports the difference between high and low book-to-market
stocks.

Book-to-Market Equity
Size Low 2 3 4 High High−Low

A. Average Excess Return (%)
Small 1.121 2.448 2.531 3.160 3.464 2.343
2 1.458 2.225 2.716 2.929 3.150 1.692
3 1.707 2.345 2.313 2.756 2.937 1.230
4 1.896 1.797 2.417 2.568 2.725 0.829
Big 1.686 1.652 2.015 1.987 2.140 0.454
Small−Big -0.565 0.796 0.516 1.173 1.324

B. Nondurable Consumption Beta
Small 6.425 6.635 6.386 6.309 7.149 0.724
2 6.164 5.621 5.940 6.209 6.726 0.561
3 5.709 5.693 5.601 5.883 6.660 0.951
4 5.302 4.692 5.105 5.863 5.780 0.477
Big 5.063 3.942 3.572 4.719 4.533 -0.530
Small−Big 1.362 2.693 2.814 1.590 2.616

C. Durable Consumption Beta
Small -0.444 -0.030 0.675 1.253 1.396 1.840
2 -1.108 -0.044 0.869 0.668 0.710 1.818
3 -0.612 0.035 0.502 0.868 0.925 1.537
4 -0.083 -0.407 0.249 0.931 0.861 0.943
Big 0.204 -0.141 0.471 0.730 0.461 0.257
Small−Big -0.649 0.111 0.204 0.523 0.935
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Reading across the rows of the panel, nondurable consumption beta also increases in

book-to-market equity for a given size quintile. However, the variation in beta across

book-to-market equity is relatively small compared to the variation across size. The

difference in nondurable consumption beta between small and big stocks is at least

1.36 (for the lowest book-to-market quintile). On the other hand, the difference in

beta between high and low book-to-market stocks is at most 0.95 (for size quintile 3).

The relatively small variation in nondurable consumption beta across book-to-market

equity explains why the CCAPM fails to explain the value premium.

Panel C of the table reports the durable consumption betas. Reading down the

columns of the panel, durable consumption beta decreases in size for a given book-to-

market equity quintile, with exception of low book-to-market stocks. This is consis-

tent with the pattern in average returns across the size quintiles. Moreover, durable

consumption beta increases in book-to-market equity for a given size quintile, explain-

ing the value premium. The difference in durable consumption beta between high and

low book-to-market stocks is in general larger than that difference between small and

big stocks. For instance, the difference in beta between high and low book-to-market

stocks is 1.54 for the median size quintile. On the other hand, the difference in

beta between small and big stocks is only 0.20 for the median book-to-market equity

quintile. Roughly speaking, durable consumption beta accounts for the variation in

average returns across book-to-market equity (i.e. value premium), while nondurable

consumption beta accounts for the variation in average returns across size (i.e. size

premium).
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1.6.2 Portfolios Sorted by Book-to-Market Equity within In-

dustry

To examine the value premium in more detail, I now test the durable consumption

model on portfolios sorted by book-to-market equity within industry. The question

is whether value stocks, that is stocks with high book-to-market equity relative to

other stocks in the same industry, have high consumption betas that account for their

premia.

Portfolio Formation

The portfolios are formed using returns on ordinary common equity, traded in NYSE,

AMEX, or Nasdaq, in the CRSP Monthly Stock database. In June of each year

t, stocks are sorted into eight industries based on their two-digit SIC codes: (1)

nondurables manufacturing, (2) durables manufacturing, (3) other manufacturing,

(4) nondurables retail, (5) durables retail, (6) services, (7) finance, and (8) natural

resource. Within each industry, stocks are then sorted into three levels of book-to-

market equity using breakpoints of 30th and 70th percentiles, based on its value in

December of t − 1. Once the 24 portfolios are formed, their value-weighted returns

are tracked from July of t through June of t + 1.

The industry definitions are designed to create variation in book-to-market equity

that is independent of nondurable and durable consumption; the corresponding SIC

codes are in Table 1.5. The book equity data is a merge of historical data from

Moody’s Manuals (available from Professor French’s webpage) and COMPUSTAT.

I refer to Davis, Fama, and French (2000) for details on the computation of book

equity.
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Table 1.5: Industry Definitions

Industry Two-Digit SIC Codes
Manufacturing:

Nondurables 20–23, 26–28, 31
Durables 25, 36, 37, 39
Other 15–19, 24, 29, 30, 32–35, 38

Retail:
Nondurables 51, 54, 56, 58, 59
Durables 50, 52, 53, 55, 57

Services 40–49, 70–99
Finance 60–69
Natural Resource 1–14

Test of Linear Factor Models

Table 1.6 reports estimates of linear factor models using the portfolios sorted by book-

to-market equity within industry. For the durable consumption model without the

intratemporal FOC, the point estimate of the risk price for durable consumption is

107, which is somewhat smaller than that estimated using the Fama-French portfolios.

Since the risk price is significantly different from zero, the CCAPM is rejected. The

R2 for the model is 69%, compared to 58% for the Fama-French three-factor model.

The J-test fails to reject the durable consumption model, while the three-factor model

is rejected at the 10% level. When the intratemporal FOC is imposed, however, the

J-test rejects the model. This is a rejection of the linear approximation to the FOC;

the J-test fails to reject the nonlinear model, as shown below.

Consumption Betas

Panel A of Table 1.7 reports the average excess returns for the 24 portfolios. Reading

across the rows of the panel, average returns increase in book-to-market equity for

each industry. In all industries, the high book-to-market portfolio has higher average
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Table 1.6: Estimation of Linear Factor Models with Portfolios Sorted by Book-to-
Market Equity within Industry

The test assets are 24 portfolios sorted by book-to-market equity within industry.
Portfolios are formed by first sorting stocks into 8 industries, then sorting into 3
levels of book-to-market equity (breakpoints of 30th and 70th percentiles) within
each industry. See notes to Table 1.2.

Factor Price CAPM Fama-French CCAPM Durable Model
No FOC FOC

Market 3.126 4.017
(0.802) (1.027)

SMB 0.505
(1.280)

HML 5.149
(1.309)

Nondurables 111.657 113.797 82.279
(13.164) (12.954) (5.804)

Durables 107.148 130.188
(17.947) (12.264)

γ 220.945 212.466
(21.524) (16.669)

α (if ρ = 0) 0.487 0.616
(0.052) (0.017)

MAE (%) 0.624 0.354 0.424 0.313 0.340
R2 -0.009 0.579 0.518 0.688 0.658
J-test 45.500 32.080 27.138 28.289 35.352

(0.003) (0.057) (0.250) (0.166) (0.048)
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returns than the low book-to-market portfolio. Interestingly, the high book-to-market

portfolios in the durables manufacturing and durables retail industries have the high-

est average returns.

Panel B reports the nondurable consumption betas. Reading across the rows

of the panel, nondurable consumption beta increases in book-to-market equity for

each industry, except for the nondurables retail and finance industries. Similarly,

durable consumption beta (Panel C) increases in book-to-market equity, except for

the nondurables manufacturing and durables retail industries. Table 1.7 makes clear

the source of the value premia. In a given industry, high book-to-market stocks have

returns that are more pro-cyclical than low book-to-market stocks. Value stocks

therefore carry a high premium to compensate the investor for bearing business-cycle

risk, measured by consumption growth.

1.6.3 Risk-Sorted Portfolios

This section examines whether the durable consumption model prices portfolios sorted

by risk. Risk-sorted portfolios provide a tough test for asset pricing models by creating

a large spread in the post-formation betas. I construct portfolios by sorting stocks

based on their pre-formation market and HML betas. The sort works well in practice.

Portfolios with high (low) pre-formation market betas have high (low) post-formation

nondurable consumption betas, and portfolios with high (low) pre-formation HML

betas have high (low) post-formation durable consumption betas.

The reason for using the market return and HML, rather than nondurable and

durable consumption growth, in forming portfolios is that returns are much more noisy

than consumption. Therefore, pre-formation consumption betas are too noisy and

fails to create the desired spread in the post-formation betas. The results for portfolios
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sorted by nondurable and durable consumption betas are reported in Appendix A.2.

Portfolio Formation

The portfolios are formed using returns on ordinary common equity, traded in NYSE,

AMEX, or Nasdaq, in the CRSP Monthly Stock database. In June of each year t,

market and HML betas are computed for each stock using monthly returns from

January of t − 5 through December of t − 1. Stocks with return data missing in any

month are dropped from the sample. Then 25 portfolios are formed by independently

sorting stocks into quintiles based on the market and HML betas. The value-weighted

portfolio returns are then tracked from July of t through June of t + 1.

Test of Linear Factor Models

Table 1.8 reports estimates of the durable consumption model using the portfolios

sorted by market and HML betas. Without the intratemporal FOC, the point esti-

mate of the risk price for nondurable consumption is 148. The estimate of the risk

price for durable consumption is 83, which is significantly different from zero, im-

plying a rejection of the CCAPM. The R2 is 47%, and the J-test fails to reject the

model. The results are similar when the intratemporal FOC is imposed, although

the J-test rejects the model in this case. This is due to the limitations of the linear

approximation to the FOC, as discussed below.

1.6.4 Estimation of the Nonlinear Model

The empirical work has so far focused on the linearized durable consumption model,

which results from a log-linear approximation to the nonlinear SDF. In this section,

I estimate the nonlinear model to check the accuracy of the approximation. The
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Table 1.8: Estimation of Linear Factor Models with Portfolios Sorted by Market and
HML Betas

The test assets are 25 portfolios formed by independently sorting stocks into quintiles
based on pre-formation market and HML betas. See notes to Table 1.2.

Factor Price CAPM Fama-French CCAPM Durable Model
No FOC FOC

Market 2.545 5.121
(0.647) (1.012)

SMB -4.569
(1.859)

HML 4.989
(1.459)

Nondurables 143.673 147.880 136.495
(21.288) (22.017) (15.394)

Durables 83.499 103.762
(27.213) (19.065)

γ 231.379 240.257
(32.741) (32.560)

α (if ρ = 0) 0.362 0.434
(0.087) (0.029)

MAE (%) 0.518 0.257 0.328 0.232 0.262
R2 -1.783 0.305 -0.053 0.473 0.311
J-test 24.641 18.355 28.806 29.761 39.878

(0.425) (0.685) (0.228) (0.156) (0.022)
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estimation also allows for separate identification of the three preference parameters

(γ, ρ, and α) that determine the risk prices for nondurable and durable consumption.

Table 1.9 reports two estimates of the durable consumption model. The first

estimate is based only on the N moment restrictions (1.19), with the nonlinear SDF

(1.14), used to price the portfolios. The second estimate imposes the unconditional

expectation of the intratemporal FOC (1.15) as an additional moment restriction.

In equation (1.15), I set (1 − δ)β = 0.94 since the depreciation rate is about 6%

per quarter; the results are not sensitive to reasonable variations in this parameter.

Estimation is by two-step (efficient) GMM. HAC standard errors are computed by

the VARHAC procedure with automatic lag length selection by AIC. Although the

errors are in theory a martingale difference sequence, the maximum lag length is set

to one quarter to account for the possibility of time aggregation in consumption data

(see Hall (1988)).

Panel A reports the estimates using the 25 Fama-French portfolios. Without the

intratemporal FOC, the point estimate of γ is 543, which is somewhat larger than

the point estimate of 319 for the linearized model (Table 1.2). The point estimate

of ρ is 1, implying perfect substitutability between nondurables and durables, but

the standard error is large. In particular, the Cobb-Douglas case (i.e. ρ = 0) is

approximately two standard errors from the point estimate. A plot (not reported)

reveals that the GMM objective function is flat in the direction of ρ in the region,

roughly [0, 1], where it is minimized. In other words, ρ is not identified well enough to

distinguish between values corresponding to high elasticity of substitution, although

low values ρ < 0 are easily rejected. The Wald test strongly rejects the CCAPM (i.e.

additive separability), which corresponds to the linear restriction ρ = 1 − γ.

When the intratemporal FOC is included as an additional moment restriction, the

estimates of γ and α are somewhat smaller, but the results are qualitatively similar.
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Namely, high risk aversion and high elasticity of substitution between the goods are

necessary to explain the size and value premia. These estimates that impose the FOC

appear to better identify ρ and α, which are parameters that govern intratemporal

substitution. The Wald test rejects additive separability. The J-test fails to reject

the model at conventional significance levels.

Panel B reports estimates using the 24 portfolios sorted by book-to-market eq-

uity within industry, and Panel C reports estimates using the 25 portfolios sorted

by market and HML betas. The parameter estimates are quite similar across the

panels. A representative household model with high risk aversion (i.e. γ ≈ 400), unit

elasticity of substitution between nondurables and durables (i.e. ρ = 0), and a larger

budget share for durables (i.e. α ≈ 0.6) appears to price the cross section of stock

returns. The J-test fails to reject the model, even when the intratemporal FOC is

imposed. This suggests that the rejections of the linear model (Tables 1.6 and 1.8)

are a consequence of linearization error in the intertemporal FOC (1.25), rather than

a failure of the FOC itself.

Panel D reports the results when the model is estimated on all 74 portfolios. When

the intratemporal FOC is imposed, the estimate of γ is 293, and the estimate of α is

0.61. The estimate of ρ is 0.26, implying an elasticity of substitution of 1.35 between

nondurables and durables. These estimates have much smaller standard errors than

those for the individual sets of portfolios (Panels A–C). The J-test fails to reject the

model. These results confirm the conclusion from the findings for the linear two-factor

model, that the model successfully prices the cross section of stock returns.
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1.7 Time Series Tests

I now test the time series implications of the durable consumption model. Sec-

tion 1.7.2 tests the model by GMM using portfolio returns and instruments that

predict returns. Section 1.7.3 ties these results to the predictability of stock returns.

1.7.1 Data

For the empirical work in this section, I focus on five portfolios that capture the

common variation in returns across the 25 Fama-French portfolios. The first is the

market portfolio, which is a value-weighted portfolio for NYSE and AMEX stocks

from the CRSP Indices database. The other four are the small stock, the big stock,

the high book-to-market, and the low book-to-market portfolios. These portfolios are

based on six portfolios sorted by size (breakpoint at the median) and book-to-market

equity (breakpoints at the 30th and 70th percentiles). The difference in returns

between the small and big stock portfolios is the SMB return. The difference in

returns between the high and low book-to-market portfolios is the HML return. See

Fama and French (1993) for details on the construction of these portfolios; the data is

available from Professor French’s webpage. In computing excess returns, the 90-day

T-bill return is used as the riskfree rate.

The time series tests of the durable consumption model require instruments that

are informative about the state of the economy. In addition to a constant, I use five

instruments in the tests: (1) nondurable consumption growth, (2) durable consump-

tion growth, (3) the dividend-price ratio, (4) the value spread, and (5) the long-short

yield spread.

The dividend-price ratio for the CRSP value-weighted portfolio is constructed as

the sum of dividends over the past four quarters divided by the current price. The
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dividend-price ratio is related, by a present-value relationship, to the expectation of

future returns and dividend growth and therefore predicts returns (Campbell and

Shiller 1988a).

The value spread is the difference in book-to-market equity between the high and

low book-to-market portfolios. The value spread is related, by a present-value rela-

tionship, to the expectation of future returns and profitability and therefore predicts

HML returns (Cohen, Polk, and Vuolteenaho 2003). Following Cohen, Polk, and

Vuolteenaho, the book-to-market equity in June of year t is the book equity in De-

cember of t−1 divided by the market equity in June of t. The book-to-market equity

in the subsequent months from July of t through May of t + 1 is the book equity in

December of t − 1 divided by that month’s market equity.

Following Fama and French (1989), the long yield used in computing the yield

spread is Moody’s Seasoned Aaa Corporate Bond Yield. The short rate used is the

1-month T-bill rate from the CRSP Fama Risk Free Rates database. The yield spread

“tends to be low near business-cycle peaks and high near troughs” (Fama and French

1989, p. 30), much like the difference in nondurable and durable consumption growth

(Figure 1.3(b)).

1.7.2 Estimation of the Conditional Euler Equation

Excess Stock Returns

Panel A of Table 1.10 reports two estimates of the conditional Euler equation (1.9)

for the durable consumption model, using excess stock returns and instruments. The

first estimate is based on 30 moment restrictions, corresponding the product of five

excess returns with six instruments. The second estimate imposes six additional

moment restrictions, corresponding to the product of the intratemporal FOC (1.15)
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Table 1.10: GMM Estimation of the Conditional Euler Equation with Stock Returns
and Instruments

The test assets are the CRSP value-weighted portfolio, the small stock portfolio,
the big stock portfolio, the high book-to-market portfolio, the low book-to-market
portfolio, and the 90-day T-bill (only in Panel B). The instruments are second lags of
nondurable and durable consumption growth, the log dividend-price ratio, the value
spread, the yield spread, and a constant. See notes to Table 1.9.

Parameter A. Without T-bill B. With T-bill
No FOC FOC No FOC FOC

γ 478.467 337.678 158.861 114.309
(32.289) (20.012) (12.221) (12.887)

ρ 1.000 -0.080 -3.053 -0.829
(0.316) (0.063) (1.664) (0.111)

α 0.651 0.661 0.491 0.165
(0.017) (0.007) (0.129) (0.006)

β 2.193 1.660
(0.107) (0.095)

Test for ρ = 1 − γ 216.778 283.505 166.341 76.010
(0.000) (0.000) (0.000) (0.000)

J-test 36.235 42.123 62.738 90.191
(0.110) (0.133) (0.001) (0.000)

with the instruments. The instruments are lagged twice to account for time aggrega-

tion in consumption data, but the results are similar using once lagged instruments.

Estimation is by two-step GMM, as described in Section 1.6.4.

Including the moment restrictions for the intratemporal FOC, the estimate of

γ is 338, implying high risk aversion. The estimate of ρ is -0.08, with the Cobb-

Douglas case (i.e. ρ = 0) within two standard errors. The estimate of α is 0.66.

These estimated preference parameters agree with those for the cross-sectional tests

(Table 1.9). The Wald test strongly rejects the hypothesis of additive separability

(i.e. ρ = 1 − γ), which is consistent with the well-known rejection of the CCAPM.

The J-test fails to reject the durable consumption model at conventional significance
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levels.

The fact that the estimates in Tables 1.9 and 1.10 agree deserves emphasis since it

has important asset pricing implications. On the one hand, the estimates in Table 1.9

are based on the unconditional Euler equation, using a large cross section of portfolio

returns. A successful fit of the model implies that the variation in average returns

across stocks can be explained by the SDF (i.e. the marginal rate of substitution

in consumption). On the other hand, the estimates in Table 1.10 are based on the

conditional Euler equation, using instruments that are informative about the state of

the economy. A successful fit of the model implies that the variation in average stock

returns through time can be explained by the SDF. I provide further evidence for the

time variation in the equity premium below.

Riskfree Rate

In Panel B of Table 1.10, I repeat the estimation in Panel A with six additional

moment restrictions, corresponding to the product of the conditional Euler equation

(1.8) for the riskfree rate with the instruments. This allows the identification of the

discount factor β in addition to the other preference parameters. I again report two

sets of estimates, depending on whether the moment restrictions corresponding to the

intratemporal FOC are included.

The estimate of β is greater than one, implying a negative rate of time preference.

This is a consequence of the well-known riskfree rate puzzle. Since the EIS is the in-

verse of risk aversion under power utility (1.10), large risk aversion necessarily implies

low EIS. However, since consumption grows over time, a negative rate of time prefer-

ence is necessary to explain the low average riskfree rate. Although preferences with

β > 1 may be counter-intuitive, it is not problematic in the sense that competitive

equilibria can still exist in an infinite-horizon growth economy (Kocherlakota 1990).
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What is more problematic is that the estimates of γ and α are much smaller than

those reported in Panel A. The inability of the durable consumption model to si-

multaneously price stock returns and the riskfree rate can be best understood using

the log-linear approximation to the riskfree rate (1.31). Recall that the risk price for

durable consumption can be approximated as b2 ≈ αγ. Since durable consumption

growth is persistent (its first-order autocorrelation is 0.88), a large value of b2 implies

large persistent movements in the riskfree rate. A large risk price for durables, neces-

sary for explaining the cross-sectional and time variation in expected stock returns,

results in a “riskfree rate volatility puzzle”. I will come back to this issue in Sec-

tion 1.8, where I show that the puzzle can be resolved by preferences that separate

the EIS from risk aversion.

1.7.3 Time Variation in Expected Stock Returns

Predictability of Returns

Stock returns can be predicted by various financial variables such as valuation ratios

and asset returns (see the references in the introduction). In a factor pricing model

(1.30), time variation in the equity premium must be explained by time variation

in the quantity of risk, measured by the conditional covariance of the factors with

returns. Therefore, the same variables that predict returns (in equation (1.34)) must

predict the product of the innovation to returns with the factors (in equation (1.36)).

I now document this connection between risk and return for the durable consumption

model.

Using the instrumental variables methodology (Section 1.4.2), I estimate the

model with excess log returns on the five portfolios: (1) market, (2) small stock,

(3) big stock, (4) high book-to-market, and (5) low book-to-market. The instruments
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are the same as those used in the GMM estimation of the model: nondurable and

durable consumption growth, the dividend-price ratio, the value spread, the yield

spread, and a constant. I impose the risk prices implied by the estimated preference

parameters, reported in the second column of Table 1.10. They are 115 and 222 for

nondurables and durables, respectively.

Panel A of Table 1.11 reports estimates of regression model (1.34), corresponding

to the conditional mean of stock returns. Coefficients that are significant at the

5% level (i.e. t-statistic greater than 1.645) are in bold. For all five portfolios, the

coefficient on nondurable consumption growth is positive and significant, while the

coefficient on durable consumption growth is negative and significant (with exception

of the low book-to-market portfolio). This implies that expected stock returns are

high when nondurable consumption growth is high and durable consumption growth is

low. As shown in Figure 1.3(b), nondurable consumption growth is high (low) relative

to durable consumption growth at business-cycle troughs (peaks). The coefficients

therefore imply a counter-cyclical equity premium.

The dividend-price ratio and the yield spread predict returns on the market port-

folio, consistent with the findings reported in the literature (e.g. Campbell and Shiller

(1988b) and Fama and French (1989)). Since the yield spread is counter-cyclical, its

positive coefficient implies that the equity premium is counter-cyclical. The value

spread reliably predicts returns on all five portfolios.

Panel B of Table 1.11 reports estimates of regression model (1.35), corresponding

to the conditional variance of stock returns. The squared innovation to returns is

less predictable than returns. Moreover, the coefficients are much smaller in magni-

tude than those for returns (Panel A), which implies the conditional variance has a

relatively small contribution in the movements in expected returns (i.e. left side of

equation (1.32)).
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Table 1.11: Conditional Mean and Variance of Stock Returns

The table reports the conditional mean and variance of excess returns on the CRSP
value-weighted portfolio, the small stock portfolio, the big stock portfolio, the high
book-to-market portfolio, and the low book-to-market portfolio. The conditional
mean (variance) is estimated from a regression of returns (squared innovation to
returns) onto the instruments. The instruments are lags of nondurable and durable
consumption growth, the log dividend-price ratio, the value spread, the yield spread,
and a constant. Estimation is by two-step GMM. HAC standard errors in parentheses.
Coefficients significant at the 5% level are in bold.

Instrument Market Size BE/ME
Small Big High Low

A. Conditional Mean
Nondurables 1.347 2.131 1.493 2.269 1.612

(0.601) (1.059) (0.625) (0.876) (0.883)
Durables -1.459 -1.661 -1.652 -1.841 -1.395

(0.666) (0.997) (0.656) (0.751) (0.966)
Dividend-Price 0.024 0.027 0.021 0.029 0.020

(0.013) (0.019) (0.013) (0.014) (0.018)
Value Spread 0.036 0.050 0.034 0.040 0.051

(0.015) (0.026) (0.016) (0.020) (0.024)
Yield Spread 0.531 0.643 0.567 0.567 0.571

(0.285) (0.449) (0.290) (0.361) (0.406)
B. Conditional Variance

Nondurables 0.193 -0.702 0.035 -0.471 -0.081
(0.076) (0.187) (0.069) (0.131) (0.148)

Durables -0.217 0.181 -0.210 -0.024 -0.060
(0.089) (0.169) (0.080) (0.106) (0.156)

Dividend-Price 0.002 -0.002 0.002 0.002 0.000
(0.002) (0.004) (0.002) (0.003) (0.003)

Value Spread 0.005 0.011 0.006 0.008 0.013
(0.002) (0.006) (0.002) (0.004) (0.005)

Yield Spread -0.056 -0.027 -0.038 -0.052 -0.013
(0.049) (0.084) (0.045) (0.056) (0.080)
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Table 1.12: Conditional Covariance of Stock Returns with Consumption Growth

The table reports the conditional covariance of excess returns with (A) nondurable
and (B) durable consumption growth. The conditional covariance, reported in per-
cent, is estimated from a regression of consumption growth times the innovation to
returns onto the instruments. See notes to Table 1.11.

Instrument Market Size BE/ME
Small Big High Low

A. Nondurable Consumption
Nondurables -0.482 -0.217 -0.363 0.074 -0.656

(0.310) (0.567) (0.317) (0.481) (0.483)
Durables -0.333 -0.423 -0.510 -0.740 -0.266

(0.312) (0.537) (0.310) (0.422) (0.481)
Dividend-Price 0.018 0.034 0.022 0.036 0.023

(0.007) (0.013) (0.008) (0.011) (0.011)
Value Spread 0.033 0.047 0.038 0.047 0.047

(0.012) (0.022) (0.012) (0.018) (0.019)
Yield Spread -0.110 -0.089 -0.137 -0.159 -0.082

(0.129) (0.190) (0.130) (0.161) (0.180)
B. Durable Consumption

Nondurables 0.899 0.912 0.867 0.876 1.046
(0.244) (0.511) (0.253) (0.405) (0.406)

Durables -0.532 -0.487 -0.526 -0.449 -0.503
(0.312) (0.514) (0.304) (0.371) (0.475)

Dividend-Price 0.002 -0.006 -0.002 -0.006 -0.003
(0.006) (0.010) (0.006) (0.008) (0.009)

Value Spread 0.000 0.001 -0.003 -0.004 0.002
(0.008) (0.014) (0.008) (0.010) (0.013)

Yield Spread 0.283 0.329 0.317 0.326 0.296
(0.112) (0.186) (0.114) (0.141) (0.166)
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Panel A of Table 1.12 reports estimates of regression model (1.36), where the

factor is nondurable consumption growth. The dividend-price ratio and the value

spread reliably predict the product of the innovation to returns with nondurable

consumption growth. This implies that the conditional covariance of returns with

nondurable consumption growth is high when the dividend-price ratio and the value

spread are high.

Panel B reports estimates of regression model (1.36), where the factor is durable

consumption growth. Nondurable consumption growth predicts the product of the

innovation to returns with durable consumption growth positively, while durable

consumption growth predicts it negatively. The yield spread predicts the product

positively. This implies that the conditional covariance of returns with durable con-

sumption growth is high when (1) nondurable consumption growth is high relative

to durable consumption growth or (2) the yield spread is high. In other words, the

conditional covariance of returns with durable consumption growth is counter-cyclical.

To summarize, Tables 1.11–1.12 have uncovered some interesting facts about the

predictability of stock returns. On the one hand, the dividend-price ratio and the

value spread predict returns because they predict nondurable consumption risk, that

is the product of the innovation to returns with nondurable consumption growth. On

the other hand, nondurable and durable consumption growth and the yield spread

predict returns because they predict durable consumption risk, that is the product of

the innovation to returns with durable consumption growth. This is consistent with

the implications of the conditional factor model (1.32); time variation in expected

returns must be accounted for by time variation in the conditional covariance of

returns with either nondurable or durable consumption growth.
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Figure 1.6: Time Variation in the Market Premium

The figure is a time series plot of expected excess returns on the CRSP value-weighted
portfolio. The sample period is 1951:1–2001:3, and the shaded regions are NBER
recessions.

Variance Decomposition of Returns

Figure 1.6 is a time series plot of the market premium (i.e. expected excess returns

on the market portfolio), implied by the estimates in Tables 1.11–1.12. The dark

line represents the total market premium, Et−1[rit] + Vart−1(rit)/2, and the light line

represents the part due to durables, b2Covt−1(∆dt, rit). The difference, of course, is

the premium due to nondurables, b1Covt−1(∆ct, rit). The plot reveals two interesting

facts. First, the two lines tend to overlap, which implies that most of the time

variation in the equity premium is driven by the time variation in durable consumption

risk. Second, the equity premium is strongly counter-cyclical, highest at business-

cycle troughs and lowest at business-cycle peaks. Similar plots for the premium on

the other four portfolios are reported in Figures 1.7–1.8.
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(b) Small Stock Premium
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(c) Big Stock Premium

Figure 1.7: Time Variation in the Size Premium

The figure is a time series plot of expected excess returns on (b) the small stock
portfolio and (c) the big stock portfolio. The size premium (a) is (b) minus (c). See
notes to Figure 1.6.
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(b) High Book−to−Market Premium
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(c) Low Book−to−Market Premium

Figure 1.8: Time Variation in the Value Premium

The figure is a time series plot of expected excess returns on (b) the high book-to-
market portfolio and (c) the low book-to-market portfolio. The value premium (a) is
(b) minus (c). See notes to Figure 1.6.
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Table 1.13: Variance Decomposition of Expected Stock Returns

The table reports the mean, the standard deviation, and the first-order autocorrela-
tion of expected excess returns (per quarter) on the CRSP value-weighted portfolio,
the small stock portfolio, the big stock portfolio, the high book-to-market portfolio,
and the low book-to-market portfolio. It also reports a decomposition of the variance
into the part due to nondurables premium, durables premium, and the covariance
between the two premia.

Return Mean Std Dev Autocorr % of Variance due to
(%) (%) Nondurables Durables Covariance

Market 1.712 1.584 0.659 33.154 97.539 -30.693
Small 2.490 1.891 0.623 47.415 85.011 -32.427
Big 1.901 1.660 0.661 39.602 94.816 -34.418
Small−Big 0.589 0.429 0.695 79.108 126.971 -106.079
High BE/ME 2.502 1.908 0.610 53.546 75.730 -29.276
Low BE/ME 1.948 1.775 0.632 44.657 96.767 -41.425
High−Low 0.554 0.628 0.825 128.087 24.691 -52.779

The plot of the market premium resembles the plot of the difference between

nondurable and durable consumption growth (Figure 1.3(b)). During a recession,

durable consumption falls sharply relative to nondurable consumption, causing the

marginal utility of consumption to rise sharply. This causes the market premium to

rise sharply at the business-cycle trough. As durable consumption rises relative to

nondurable consumption during the subsequent boom, marginal utility falls gradually,

and so does the market premium. Time variation in the market premium simply

reflects time variation in risk, measured by the marginal utility of consumption.

Table 1.13 reports the mean, the standard deviation, and the first-order autocor-

relation of expected excess returns on the five portfolios. It also reports a variance

decomposition of expected returns into the fraction due to nondurables premium,

durables premium, and two times the covariance between the two premia. A large
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fraction of the variation in expected returns is due to variation in the durables pre-

mium. For instance, the nondurables premium only accounts for 33% of the variance

in the market premium, while the durables premium accounts for 98%. (-31% is

accounted for by the covariance between the two premia.) This explains why the

CCAPM fails to explain the time variation in expected returns; it misses an impor-

tant component of the cyclical variation in expected returns by ignoring the durables

premium.

1.8 Riskfree Rate Puzzle

As noted in Section 1.7.2, the durable consumption model runs into a riskfree rate

volatility puzzle. To assess the magnitude of the problem, I compute the implied

riskfree rate using equation (1.31) and plot its time series in Figure 1.9(a). The

risk prices for nondurables and durables are the same as those used to generate the

implied market premium in Figure 1.6. I also use the same instruments to model the

conditional moments of consumption growth. The rate of time preference r = 0.

The expected riskfree rate has a mean 224% and fluctuates in the range of -200%

to 500% per quarter! Most of the variation in the riskfree rate is due to intertem-

poral substitution (i.e. predictable movements in the first moment of consumption

growth) rather than precautionary savings (i.e. predictable movements in the second

moments). The large volatility results from a combination of the large risk price

for durables and the high persistence of durable consumption growth. The expected

riskfree rate is essentially a magnified version of durable consumption growth, shown

in Figure 1.3(a).
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(a) EIS Inverse of Risk Aversion

Expected Riskfree Rate
Intertemporal Substitution
Precautionary Savings

1951 1956 1961 1966 1971 1976 1981 1986 1991 1996 2001
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

Year

P
er

ce
nt

 p
er

 Q
ua

rt
er

(b) EIS Unrestricted

Expected Riskfree Rate
Realized Riskfree Rate

Figure 1.9: Expected Riskfree Rate

The figure is a time series plot of the expected riskfree rate implied by the durable
consumption model when (a) the EIS is restricted to be the inverse of risk aversion
and (b) the EIS is unrestricted. See notes to Figure 1.6.
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1.8.1 OCE Preferences

In order to resolve the riskfree rate puzzle, I introduce preferences that allow for

separation of the EIS from risk aversion. This allows me to retain the large risk price

for durables, necessary for explaining expected stock returns, while getting rid of the

large implied volatility in the riskfree rate. The derivations of the equations in this

section are contained in Appendix A.3.

Household preferences are a generalization of ordinal certainty equivalent (OCE)

preferences (Selden 1978) to the two good case. OCE preferences have been used

in related empirical work by Hall (1985) and Attanasio and Weber (1989). The

household’s problem is the same as in Section 1.2, except his objective function (1.2)

is now
∞∑

t=0

βtE0[v
1−γ
t ]

1−σ
1−γ

1 − σ
, (1.41)

where vt = v(Ct, Dt). The parameter γ > 0 governs risk aversion, that is preferences

over uncertain future utility flow. The parameter σ > 0 governs intertemporal sub-

stitution, that is the willingness to substitute the certainty equivalent of utility flow

over time. In the special case γ = σ, the EIS 1/σ is the inverse of risk aversion γ,

and the objective function reduces to (1.2).

The household’s FOC results in an Euler equation

Et−1

[(
vt

vt−1

)1−γ
] γ−σ

1−γ

Et−1[MtRit] = 1. (1.42)

When γ = σ, this reduces to the Euler equation (1.8) for the durable consumption

model. A nice property of OCE preferences is that equation (1.9) still holds. In

other words, the equation that prices excess returns does not change, although gross

returns are now priced by equation (1.42). Intuitively, the gross return on an asset is
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determined by both intertemporal substitution and risk aversion. In comparing the

return of one asset relative to another, the part due to intertemporal substitution

cancels, leaving only the part due to risk aversion.

Suppose the intraperiod utility is Cobb-Douglas (i.e. ρ = 0). Define the func-

tions b1(x) = x + α(1 − x) and b2(x) = −α(1 − x). By a second-order log-linear

approximation of equation (1.42) for the riskfree rate,

r0t = r + b1(σ)Et−1[∆ct] + b2(σ)Et−1[∆dt]

−b1(γ) + b1(σ)(b1(γ) − 1)

2
Vart−1(∆ct) −

b2(γ)b2(σ)

2
Vart−1(∆dt)

−b1(σ)b2(γ)Covt−1(∆ct, ∆dt). (1.43)

Note that the part due to intertemporal substitution now depends on σ, rather than

γ. There are two special cases of interest. When γ = σ, this equation reduces to

the riskfree rate under the durable consumption model (i.e. equation (1.31)). When

σ = 1, b2(σ) = 0 and

r0t = r + Et−1[∆ct] +
1

2
Vart−1(∆ct) − Covt−1(∆ct, b1(γ)∆ct + b2(γ)∆dt). (1.44)

Note that the riskfree rate does not depend on Et−1[∆dt] in this case. An EIS close

to one should therefore get rid of the persistent variation in the riskfree rate caused

by durable consumption growth.

A problem with OCE preferences is dynamic inconsistency. Because the certainty

equivalent of future utility depends on today’s expectations, today’s consumption plan

will not be carried out when expectations are updated tomorrow. In an economy with

a single nondurable consumption good, Epstein and Zin (1989) remedied this problem

with recursive utility. It is not known whether Epstein-Zin utility can be extended to
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the case with two consumption goods, one of which is durable. A durable consumption

good prevents a clean separation of the intratemporal optimization problem from the

intertemporal problem.

Leaving these issues aside, OCE preferences are attractive because excess returns

can be priced with the same equation as the durable consumption model. Therefore,

all the empirical results in Sections 1.6–1.7 for excess stock returns continue to hold

under OCE preferences.

1.8.2 Time Variation in the Riskfree Rate

Figure 1.9(b) is a time series plot of the riskfree rate using equation (1.43). The rate

of time preference r = 0 as before, and σ = 1.14 (EIS equal to 0.88) is chosen to

minimize the squared difference between the left and right sides of equation (1.43).

The expected riskfree rate generated by the model is now reasonable, resolving

the riskfree rate volatility puzzle. Its mean is 0.26% per quarter, which is somewhat

lower than 0.47% for the realized rate (i.e. 90-day T-bill return minus inflation in the

price index for nondurable goods). The difference is primarily due to an unexpectedly

high real interest rate in the 1980’s. It is interesting that the expected riskfree rate,

generated using only consumption data, tracks some of the variation in the realized

rate.

1.9 Conclusion

The findings of this essay suggest that there is much empirical content in the the-

oretical paradigm of consumption-based asset pricing. The central insight of the

CCAPM is that the marginal utility of consumption is the relevant measure of risk

for an investor. This essay has shown the marginal utility of consumption, when
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suitably modeled, can explain the tradeoff between risk and return reflected in the

size premium, the value premium, and the time-varying equity premium.

The central ingredient is a non-separable utility function in nondurable and durable

consumption, where the elasticity of substitution between the goods is high relative

to the additively separable case. Small stocks and value stocks deliver low returns

when marginal utility rises, that is during recessions when durable consumption falls.

These stocks must therefore have high expected returns to reward the investor for

bearing risk. In addition, stocks deliver unexpectedly low returns when marginal

utility rises sharply, that is at business-cycle troughs when durable consumption falls

sharply relative to nondurable consumption. The equity premium must therefore be

high during recessions to reward the investor for bearing risk.

The mechanism through which the durable consumption model generates a counter-

cyclical equity premium is similar to that of the external habit-formation model

(Campbell and Cochrane 1999). In the Campbell-Cochrane model, the surplus con-

sumption ratio is strongly pro-cyclical and magnifies the counter-cyclicality of marginal

utility relative to the canonical CCAPM. In the durable consumption model, the ra-

tio of durable to nondurable consumption is strongly pro-cyclical and magnifies the

counter-cyclicality of marginal utility.

Although the durable consumption model can explain both the cross section of

expected stock returns and the time variation in the equity premium, it requires

rather high risk aversion to do so because of the low volatility of both nondurable

and durable consumption. The riskfree rate volatility puzzle caused by high risk

aversion can be resolved through preferences that separate the EIS from risk aversion.

However, one may still “reject” the model on the grounds that high risk aversion is a

priori unreasonable. The risk aversion implied by the Campbell-Cochrane model is

also high, and in that model, the riskfree rate volatility puzzle is avoided by having
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intertemporal substitution exactly offset precautionary savings. I agree with the view

that “high risk aversion is inescapable (or at least has not yet been escaped) in the

class of identical-agent models that are consistent with the equity premium facts...”

(Campbell and Cochrane 1999, p. 243)

Regardless of whether one believes in the representative household model, this

essay has uncovered some intriguing facts about stock returns and the business cycle,

which should guide future research.

1. Small stocks and value stocks have higher nondurable and durable consumption

betas than big stocks and growth stocks. The returns on small stocks and value

stocks are more pro-cyclical than those on big stocks and growth stocks.

2. The expected stock return is high (low) when nondurable consumption growth

is high (low) relative to durable consumption growth. The equity premium is

strongly counter-cyclical.

3. The conditional covariance of stock returns with durable consumption growth

is high (low) when nondurable consumption growth is high (low) relative to

durable consumption growth. Stock returns tend to be unexpectedly low (high)

during recessions (booms).
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Chapter 2

Estimating the Elasticity of

Intertemporal Substitution

When Instruments Are Weak1

2.1 Introduction

The elasticity of intertemporal substitution (EIS) in consumption is a parameter of

central importance in macroeconomics and finance. In a basic model of the effects of

monetary policy, the EIS is the parameter that relates current and expected future

real interest rates to the current level of aggregate demand in the “intertemporal

IS relation” (Woodford 2003, Chapter 4). In the consumption and portfolio choice

problem of an infinitely lived investor with Epstein and Zin (1989) preferences, the

EIS is the key parameter in the optimal consumption rule (Campbell and Viceira

1999).

1This chapter is forthcoming in The Review of Economics and Statistics 86:3 (August 2004) and
is published here with permission from the MIT Press. c©2004 by the President and Fellows of
Harvard College and the Massachusetts Institute of Technology.
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To estimate the EIS, denoted by ψ, one typically uses the regression equation

∆ct+1 = τi + ψri,t+1 + ξi,t+1, (2.1)

where ∆ct+1 is the consumption growth at time t+1, ri,t+1 is the real return on asset

i at t + 1, and τi is a constant. The error ξi,t+1, which is linear in the innovation to

consumption growth and asset return, is correlated with the regressor ri,t+1. However,

given a vector of instruments Zt uncorrelated with the error, ψ can be identified by

the moment restriction

E[Ztξi,t+1] = 0. (2.2)

Zt typically consists of economic variables known at time t, such as lagged consump-

tion growth and asset return. Equation (2.1) can be estimated by two stage least

squares (TSLS) if the error is homoskedastic, or by linear generalized method of

moments (GMM) if the error is heteroskedastic.

Regression equation (2.1) can be written in the reversed form as

ri,t+1 = µi +
1

ψ
∆ct+1 + ηi,t+1, (2.3)

where µi is a constant and ηi,t+1 is the error. The inverse of the EIS, which is also

the coefficient of relative risk aversion under power utility, is then identified by the

moment restriction

E[Ztηi,t+1] = 0. (2.4)

Moment restrictions (2.2) and (2.4) are equivalent up to a linear transformation.

Using equation (2.1) or (2.3), numerous papers have estimated the EIS with US

data (e.g. Hansen and Singleton (1983), Hall (1988), and Campbell and Mankiw
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(1989)) and international data (e.g. Campbell (2003)). The general empirical finding

is that the EIS estimated by equation (2.1) is small (Hall 1988), while its inverse

estimated by equation (2.3) is also small (Hansen and Singleton 1983). For instance,

Campbell (2003, Table 9) reports a 95% confidence interval of [-0.14,0.28] for ψ, using

quarterly US data (1947–1998) on nondurable consumption and T-bill returns. On

the other hand, he reports a 95% confidence interval of [-0.73,2.14] for 1/ψ.

Therefore, one rejects the null hypothesis ψ = 1 using equation (2.1), which in-

struments for T-bill return, but fails to reject ψ = 1 using equation (2.3), which

instruments for consumption growth. Whether ψ < 1 is of economic interest because

it has important implications on the relative magnitudes of income and substitu-

tion effects in the intertemporal consumption decision of an investor facing time-

varying expected returns. Campbell and Viceira (1999) show that when the EIS is

less (greater) than one, the investor’s optimal consumption-wealth ratio is increasing

(decreasing) in expected returns.

Although equations (2.1) and (2.3) correspond to the same moment restriction up

to a linear transformation, GMM is not invariant to such transformations. Therefore,

the choice of normalization for the moment restriction can affect point estimates and

confidence intervals. According to conventional first-order asymptotic theory, the

choice of normalization should be negligible in large samples, leading to the same

(at least approximately) inference of the EIS. In practice, however, equations (2.1)

and (2.3) give very different (even contradictory) confidence intervals for the EIS as

discussed above.

The leading explanation for this apparent failure of first-order asymptotics is weak

instruments. In order for a vector of instruments Zt to be valid, it must not only be

exogenous but relevant, that is correlated with the endogenous variable ri,t+1 in equa-

tion (2.1) or ∆ct+1 in equation (2.3). As Neely, Roy, and Whiteman (2001) and

71



Campbell (2003) note, weak instruments is a problem in estimating the EIS because

both consumption growth and asset returns are notoriously difficult to predict. Weak

instruments can cause estimators to be severely biased and the finite-sample distri-

bution of test statistics to depart sharply from the limiting distribution, leading to

large size distortions in hypothesis tests (see Nelson and Startz (1990), Staiger and

Stock (1997), or Stock, Wright, and Yogo (2002) for a recent survey).

The purpose of this essay is to estimate and make valid inference of the EIS for

the eleven developed countries in Campbell’s (2003) dataset, carefully accounting

for problems caused by weak instruments. The idea that weak instruments is a

problem in estimating the EIS is not new, and the paper that is closest to this is

Neely, Roy, and Whiteman (2001). Showing that weak instruments may account for

the discrepancy between small values of ψ estimated by equation (2.1) and small

values of 1/ψ estimated by equation (2.3), Neely, Roy, and Whiteman (2001, p. 403)

conclude that “prior beliefs grounded in economic theory seem to be necessary to

settle the consumption CAPM debate over small versus large risk aversion” because

of identification failure.2

Compared to Neely, Roy, and Whiteman (2001), this essay goes a step further

to estimate the EIS despite near identification failure. I am able to make progress

on the EIS debate due to recent methods that have been developed to handle weak

instruments. Stock and Yogo (2003) have developed a pretest, based on the first-stage

F -statistic, to formally test whether given instruments are weak. Some instrumen-

tal variables (IV) estimators, such as the limited information maximum likelihood

(LIML) estimator, provide more reliable point estimates and inferences with weak

instruments, compared to TSLS (Hausman, Hahn, and Kuersteiner 2001, Stock and

Yogo 2003). Kleibergen (2002) and Moreira (2001, 2003) have developed pivotal

2Neely, Roy, and Whiteman assume power utility, so the risk aversion is the inverse of the EIS.
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statistics to test coefficients in the structural equation, which result in tests with cor-

rect size regardless of the strength of identification. Using these methods, I conclude

that the EIS is small across the eleven developed countries, which agrees with Hall’s

(1988) finding for the US.

The rest of the essay is organized as follows. Section 2.2 reviews the assumptions

necessary to derive regression equations (2.1) and (2.3) from the Euler equation for

Epstein and Zin (1989) preferences. Section 2.3 outlines the relevant econometric

methods when instruments are weak. Section 2.4 applies these econometric meth-

ods to data from eleven developed countries and discusses the empirical findings.

Section 2.5 concludes.

2.2 Linearized Euler Equation

Let δ be the subjective discount factor, γ be the coefficient of relative risk aversion,

and define θ = (1−γ)/(1−1/ψ). The Epstein and Zin (1989, 1991) objective function

is defined recursively by

Ut = [(1 − δ)C
(1−γ)/θ
t + δ(EtU

1−γ
t+1 )1/θ]θ/(1−γ), (2.5)

where Ct is consumption at time t. In the special case γ = 1/ψ, (2.5) reduces to the

familiar time separable power utility model with period utility U(Ct) = C1−γ
t /(1 −

γ). The representative household maximizes objective function (2.5) subject to the

intertemporal budget constraint

Wt+1 = (1 + Rw,t+1)(Wt − Ct), (2.6)
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where Wt+1 is the household’s wealth and 1 + Rw,t+1 is the gross real return on the

portfolio of all invested wealth at t + 1. Epstein and Zin (1991) show that (2.5) and

(2.6) together imply an Euler equation of the form

Et

(
δ

(
Ct+1

Ct

)−1/ψ
)θ (

1

1 + Rw,t+1

)1−θ

(1 + Ri,t+1)

 = 1, (2.7)

where 1 + Ri,t+1 is the gross real return on asset i.

2.2.1 Conditional Homoskedasticity

Let lowercase letters denote the log of the corresponding uppercase variables (e.g.

ri,t+1 = log(1 + Ri,t+1)). Assuming that asset returns and consumption are ho-

moskedastic and jointly lognormal conditional on information at time t, the Euler

equation (2.7) can be linearized as

Etri,t+1 = µi +
1

ψ
Et∆ct+1, (2.8)

µf = − log δ +
θ − 1

2
Var(rw,t+1 − Etrw,t+1) −

θ

2ψ2
Var(∆ct+1 − Et∆ct+1),(2.9)

µi = µf −
1

2
Var(ri,t+1 − Etri,t+1) +

θ

ψ
Cov(ri,t+1 − Etri,t+1, ∆ct+1 − Et∆ct+1)

+(1 − θ)Cov(ri,t+1 − Etri,t+1, rw,t+1 − Etrw,t+1). (2.10)

(See Campbell (2003) or Campbell and Viceira (2002, Chapter 2) for a textbook

treatment.) Without the assumption of lognormality, equation (2.8) holds as a second-

order loglinear approximation of (2.7). For a conditionally riskfree asset, equation

(2.8) reduces to

rf,t+1 = µf +
1

ψ
Et∆ct+1. (2.11)
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Regression equation (2.3) is obtained from equation (2.8) by setting

ηi,t+1 = ri,t+1 − Etri,t+1 −
1

ψ
(∆ct+1 − Et∆ct+1).

The error ηi,t+1 is conditionally homoskedastic by the same assumption used to lin-

earize the Euler equation. It is straightforward to show that ηi,t+1 is serially un-

correlated and satisfies the moment restriction (2.4). The efficient two-step GMM

estimator is TSLS in this case. In order for the instruments to be relevant (i.e. not

weak), they must be correlated with consumption growth ∆ct+1.

Regression equation (2.1) is obtained by rearranging (2.3), which implies that

ξi,t+1 = ∆ct+1 − Et∆ct+1 − ψ(ri,t+1 − Etri,t+1).

Since moment restriction (2.2) is satisfied, ψ can be estimated by TSLS. In this

normalization, the instruments are weak if they are weakly correlated with asset

return ri,t+1.

2.2.2 Conditional Heteroskedasticity

If asset returns and consumption are conditionally heteroskedastic, Euler equation

(2.7) can still be linearized as equation (2.8). The only difference is that the variance

and covariance terms that appear in the intercept µi must be replaced by conditional

variances and covariances. In this section, I show that the EIS can still be identified

by the same moment restrictions.

To simplify the notation, consider the linearized Euler equation for the riskfree
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asset (2.11) in the special case of power utility (i.e. γ = 1/ψ and θ = 1),

rf,t+1 = µf,t + γEt∆ct+1, (2.12)

µf,t = − log δ − γ2

2
Vart(∆ct+1 − Et∆ct+1). (2.13)

The intercept µf,t is now subscripted by t to account for conditional heteroskedasticity

in consumption, which represents precautionary savings. As long as the vector of

instruments Zt is uncorrelated with the innovation to the conditional variance of

consumption, that is E[Zt(µf,t − µf )] = 0, the inverse of the EIS (the coefficient of

relative risk aversion in this case) is identified by moment restriction (2.4). In this

case, TSLS is consistent but is no longer the efficient two-step GMM estimator.

This suggests that even if instruments Zt are correlated with the conditional vari-

ance and covariance terms that appear in µi,t, a vector of twice lagged instruments

Zt−1 satisfies the moment restriction E[Zt−1ηi,t+1] = 0, where

ηi,t+1 = µi,t − µi + ri,t+1 − Etri,t+1 −
1

ψ
(∆ct+1 − Et∆ct+1).

In other words, the inverse of the EIS can still be identified by regression equation

(2.3) although inference must now account for conditional heteroskedasticity in the

error ηi,t+1. A similar point has been made by Attanasio and Low (2000) in the

context of estimating the linearized Euler equation on household data. They argue

that the coefficient of relative risk aversion can be identified with sufficiently long

time series data in response to Carroll’s (2001) criticism that it cannot be estimated

consistently on a cross section of households.
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2.2.3 Estimation of the Nonlinear Euler Equation

This essay focuses on estimation of the EIS based on the linearized Euler equation.

In this section, I briefly compare this approach to estimation based on the nonlinear

Euler equation.

Given a vector of instruments, the preference parameters δ, γ, and ψ can be

estimated by GMM through the nonlinear Euler equation (2.7). This is the approach

taken by Hansen and Singleton (1982) for the power utility case and by Epstein and

Zin (1991) for Epstein-Zin preferences. As noted by Epstein and Zin (1991), the

difficulty with this approach is that it requires knowledge of returns on the wealth

portfolio, which includes returns on human capital. Hence, Roll’s (1977) critique on

the testability of CAPM applies. In contrast, the EIS can be estimated from the

linearized Euler equation (2.8) without knowledge of returns on the wealth portfolio.

Aside from this practical advantage, the reason for focusing on the linearized

Euler equation is that much more is known about weak instruments in the linear

IV regression model. Many of the recent econometric methods that handle weak

instruments (e.g. Stock and Yogo (2003), Kleibergen (2002), and Moreira (2003))

apply to the linear IV model with conditional homoskedasticity. I therefore impose

the assumption of conditional homoskedasticity for most of the empirical work in

Section 2.4, although I also check that the results are robust to heteroskedasticity.

The main disadvantage of the linearized Euler equation is that the discount factor

δ cannot be identified since it enters additively in the intercept (2.10), along with

unknown second moments of innovations to consumption and asset returns (Attanasio

and Low 2000). Nevertheless, the study of weak instruments in the linear model

is interesting because of the large existing literature that uses this methodology,

starting with Hansen and Singleton (1983) and Hall (1988). For those interested
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in the nonlinear model, I refer to a related study by Stock and Wright (2000). They

develop GMM asymptotic theory under weak identification and apply it to estimation

of preference parameters through the nonlinear Euler equation.

2.3 Econometric Methods for Weak Instruments

Following the notation in Staiger and Stock (1997), the linear IV regression model is

y = Y β + Xγ + u, (2.14)

Y = ZΠ + XΦ + V, (2.15)

where (2.14) is the structural equation of interest and (2.15) is the reduced form for

the n endogenous regressors. y is a T ×1 vector of T observations, Y is a T ×n matrix

of endogenous regressors, X is a T ×K1 matrix of included exogenous regressors, and

Z is a T × K2 matrix of instruments excluded from the structural equation. All

matrices have full rank, and the order condition K2 ≥ n is satisfied. u and V are

T × 1 vector and T × n matrix of errors, respectively, whose rows are assumed to be

serially uncorrelated with mean zero and covariance matrix

E


 ut

Vt

 ( ut V ′
t

)

 = Σ =

 σuu Σ′
V u

ΣV u ΣV V

 . (2.16)

Let Z = [X,Z], where Z
′
t denotes its tth row. Then the identifying assumption is

E[Zt(ut, V
′
t )] = 0.

The reduced form for y is

y = ZΠβ + X(Φβ + γ) + v, (2.17)
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where v = u + V β. The rows of V = [v, V ] are serially uncorrelated with mean zero

and covariance matrix

E


 vt

Vt

 ( vt V ′
t

)

 = Ω = Σ +

 β′ΣV V β + 2β′ΣV u β′ΣV V

ΣV V β 0

 . (2.18)

2.3.1 k-Class Estimators

Let Y = [y, Y ] and X = [Y,X]. Define the matrices PX = X(X ′X)−1X ′ and MX =

I −PX . (Analogous notation is used for projection onto matrices other than X.) Let

the superscript ⊥ denote the residual from the projection onto X (e.g. Y ⊥ = MXY ).

The k-class estimator of β is

β̂(k) = [Y ⊥′(I − kMZ⊥)Y ⊥]−1[Y ⊥′(I − kMZ⊥)y⊥]. (2.19)

The three special cases of interest in this essay are

1. TSLS with k = 1;

2. LIML with k = k̂LIML, where k̂LIML is the smallest root of the determinantal

equation |Y ′
MXY − kY

′
MZY | = 0;

3. Fuller-k (Fuller 1977) with k = kLIML − 1/(T − K1 − K2).

The Wald statistic for testing the null hypothesis β = β0 is

W (k) =
(β̂(k) − β0)

′[Y ⊥′(I − kMZ⊥)Y ⊥](β̂(k) − β0)

nσ̂uu(k)
, (2.20)

where σ̂uu(k) = û(k)′û(k)/(T − K1 − n) and û(k) = y⊥ − Y ⊥β̂(k).

Under conventional first-order asymptotics, the three k-class estimators and the

corresponding Wald statistics have the same asymptotic distribution (see Amemiya
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(1985, pp. 236–238)). However, first-order asymptotics is a poor approximation

in finite samples when instruments are weak (Nelson and Startz 1990). Staiger and

Stock (1997) develop an alternative asymptotic framework, “weak-instrument asymp-

totics,” which accurately approximates the sampling distribution of estimators and

test statistics even when instruments are weak.

Under weak-instrument asymptotics, the three estimators and the corresponding

Wald statistics have nonstandard limiting distributions that differ from one another.

Both TSLS and Fuller-k are biased, but the bias of Fuller-k is less severe for given

population parameters. Similarly, the size distortion of the LIML Wald test is less

severe than that of the TSLS Wald test (Stock and Yogo 2003). Hence, Fuller-k and

LIML can be thought of as estimators that are more robust to weak instruments than

TSLS (see Stock, Wright, and Yogo (2002, Section 6)).

2.3.2 Test for Weak Instruments

Suppose there is only one endogenous regressor in the structural equation (i.e. n = 1).

Then the key population parameter that measures the relevance of the instruments

is the concentration parameter,

µ2 =
Π′Z⊥′Z⊥Π

ΣV V

. (2.21)

Following the discussion in Rothenberg (1984, Section 6), µ2 can be thought of as

the “sample size” in simultaneous equations models. When µ2 is large, the TSLS

estimator is approximately unbiased, and the distribution of the its t-statistic is ap-

proximately standard normal. When µ2 is small, the TSLS estimator can be badly

biased, and the distribution of the its t-statistic can be highly skewed (see Stock,

Wright, and Yogo (2002, Figure 1)).
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This suggests that one can test whether instruments are weak by testing whether

µ2 is sufficiently small to cause bias or size distortion. To test the null hypothesis that

instruments are weak, Stock and Yogo (2003) propose using the first-stage F -statistic,

F =
Π̂′Z⊥′Z⊥Π̂

K2Σ̂V V

, (2.22)

where Π̂ = [Z⊥′Z⊥]−1Z⊥′Y ⊥ and Σ̂V V = Y ′MZY/(T − K1 − K2). Note that the

F -statistic is the sample analog of the concentration parameter (2.21), scaled by K2.

The null hypotheses that I consider in this essay are:

1. The bias of TSLS as a fraction of OLS bias is greater than 10%. (10.27)

2. The actual size of the TSLS t-test at 5% significance can be greater than 10%.

(24.58)

3. The bias of Fuller-k as a fraction of OLS bias is greater than 10%. (6.37)

4. The actual size of the LIML t-test at 5% significance can be greater than 10%.

(5.44)

The numbers in parentheses are the critical values of the test at 5% significance when

K2 = 4, taken from Stock and Yogo (2003, Tables 1–4). For instance, to assure

that TSLS relative bias is no greater than 10%, the F -statistic must be greater than

10.27. That the critical value for TSLS is greater than the critical value for Fuller-k is

a reflection of the fact that the latter is more robust to weak instruments. Likewise,

LIML is less prone to size distortion than TSLS for the same level of instrument

relevance, which results in a lower critical value.
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2.3.3 Similar Tests

The pretest described in the last section can detect weak instruments, protecting the

researcher from biased estimates and misleading inferences. However, a researcher

may be interested in making valid inference of the structural parameter β despite

having weak instruments. In this section, I outline methods fully robust to weak

instruments that accomplish this task.

Moreira (2001, 2003) has characterized the family of similar tests in the IV regres-

sion model when instruments are fixed (i.e. Z is nonrandom), the reduced-form errors

V t are independently and identically distributed normal, and the reduced-form co-

variance matrix Ω is known. Under these assumptions, he showed that there is a pair

of independent sufficient statistics, S and T , for the unknown parameters β and Π.

Under the null hypothesis β = β0, S is pivotal (i.e. its distribution does not depend

on Π), and T is sufficient for nuisance parameter Π. Hence, any nonpivotal statistic

φ(S, T , β0) becomes a pivotal statistic conditional on T = τ . Let c(τ, β0, α) be the

upper α-quantile of the null distribution of φ(S, τ, β0). The test that rejects the null

if φ(S, τ, β0) > c(τ, β0, α) is similar at the level α (see Moreira (2003, Theorem 1)).

In the general IV regression model (i.e. stochastic regressors, non-Gaussian er-

rors, and unknown Ω), Moreira’s exact finite-sample results hold asymptotically under

weak-instrument asymptotics (Moreira 2003, Theorem 2). This result is not surpris-

ing since weak-instrument asymptotics corresponds to the finite-sample distribution

theory for the simultaneous equations model with fixed regressors, Gaussian errors,

and known reduced-form covariance matrix. Consequently, the family of similar tests

forms a basis for fully robust inference in the presence of weak instruments.3

To characterize these tests, define the vectors a0 = (β0, 1)′ and b0 = (1,−β0)
′ and

3For simplicity, I use the terminology “similar test” instead of “asymptotically similar test,”
hopefully without confusion.
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the statistics

S =
(Z⊥′Z⊥)−1/2Z⊥′Y

⊥
b0

(b′0Ω̂b0)1/2
, (2.23)

T =
(Z⊥′Z⊥)−1/2Z⊥′Y

⊥
Ω̂−1a0

(a′
0Ω̂

−1a0)1/2
, (2.24)

where Ω̂ = Y
′
MZY /(T − K1 − K2) is a consistent estimator of Ω. In this essay, I

consider three Gaussian similar tests:

1. The Anderson-Rubin (AR) test (Anderson and Rubin 1949) based on the statis-

tic

AR(β0) =
S ′S
K2

, (2.25)

which is asymptotically distributed χ2
K2

/K2 under the null (Staiger and Stock

1997, Theorem 5).

2. The Lagrange multiplier (LM) test (Kleibergen 2002) based on the statistic

LM(β0) =
(S ′T )2

T ′T , (2.26)

which is asymptotically distributed χ2
1 under the null (Kleibergen 2002, Theo-

rem 1).

3. The conditional likelihood ratio (LR) test (Moreira 2003) based on the statistic

LR(β0) =
1

2
(S ′S − T ′T +

√
(S ′S + T ′T )2 − 4[(S ′S)(T ′T ) − (S ′T )2]), (2.27)

whose critical values can be computed as a function of K2 and T ′T by Monte

Carlo simulation.
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It is well known that the AR test is invariant to linear transformations of the

GMM moment restriction. In the context of moment restrictions (2.2) and (2.4),

the AR test rejects the null hypothesis ψ = ψ0 based on (2.2) if and only if it rejects

1/ψ = 1/ψ0 based on (2.4). It can be readily verified that the LM and the conditional

LR tests share this invariance property. In contrast, two-step GMM is not invariant

to linear transformations of the moment restriction, which results in contradictory

inference about the EIS depending on whether one uses moment restriction (2.2) or

(2.4).

These similar tests can be inverted to construct confidence regions for β. For

instance, one can construct a (1−α)100% confidence region based on the AR test as

{β0 ∈ B|AR(β0) < χ2
K2,α/K2},

where B is the parameter space for β and χ2
K2,α is the upper α-quantile of the χ2

K2

distribution. If the parameter space is unrestricted, B is the set of reals; if β is

restricted to be positive, which may be the case for the EIS, B is the set of positive

reals. In general, these confidence regions can consist of disjoint intervals. By taking

the minimum and maximum values of β in the confidence region, one obtains a

confidence interval that has coverage of at least (1 − α)100%.

2.3.4 Power of Similar Tests

Because more powerful tests lead to tighter confidence intervals, one would like to

use the most powerful similar test to construct confidence intervals that are robust to

weak instruments. Unfortunately, there is no uniformly most powerful test (Moreira

2001), so the three similar tests have relative power advantages in different regions of

the parameter space. In this section, I discuss their power properties.
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A natural way to evaluate the power of similar tests is to consider their asymp-

totic power under weak-instrument asymptotics. Asymptotically, the power functions

depend on the scaled concentration parameter µ2/K2 and the degree of endogeneity

ρ = ΣV u/(ΣV V σuu)
1/2. In an earlier version of this essay, I reported the power func-

tions, which have since been published in Stock, Wright, and Yogo (2002, Figure

2). To avoid redundancy, I refer to their figures in the following discussion.4 Ap-

pendix A.4 details the asymptotic results used to plot the power functions, which

were omitted from Stock, Wright, and Yogo (2002) to save space.

Stock, Wright, and Yogo plot the power functions for two levels of instrument

relevance µ2/K2 = 1, 5 and two levels of endogeneity ρ = 0.5, 0.99. When instruments

are very weak (i.e. µ2/K2 = 1), all three similar tests have poor power in the sense

that the power is far less than one even at distant alternatives. As a consequence,

confidence intervals based on similar tests can be unbounded when instruments are

very weak. When ρ = 0.5, the AR and conditional LR tests have better power than

the LM test. When ρ = 0.99, the LM and conditional LR tests have better power than

the AR test. When instruments are moderately weak (i.e. µ2/K2 = 5), the similar

tests have much better power; their power approaches one for distant alternatives.

Among the three similar tests, the conditional LR test has the best power properties;

its power function comes close to the power envelope for similar tests at both values

of ρ. This suggests that the conditional LR test should usually result in confidence

intervals that are tightest among the three similar tests.

4Figure 2 in Stock, Wright, and Yogo (2002) is for K2 = 5 instruments, whereas K2 = 4 in the
empirical application of this essay. However, this is not a substantive difference since the power
functions for K2 = 4 and K2 = 5 are essentially the same.
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2.3.5 Heteroskedasticity and Simultaneous Estimation

In this section, I discuss econometric methods for the more general GMM setting. This

generalization allows for conditional heteroskedasticity and simultaneous estimation.

For instance, if the linearized Euler equation (2.8) holds for both the interest rate and

stock return, GMM allows for simultaneous estimation of the EIS using both moment

restrictions. The cost of going to the more general setup is that methods designed

to handle weak instruments are much less developed. Generalizations of the test for

weak instruments or similar tests to GMM are topics of ongoing research.

To be concrete with notation, suppose there are two K2 × 1 vectors of linear

moment restrictions, which is the relevant case for this essay. Let y1, y2, Y1, and

Y2 be T × 1 vectors of T observations on jointly endogenous variables. As before,

Z is a T × K2 matrix of instruments, and superscript ⊥ denotes the residual from

projection onto the included exogenous regressors X. To simplify notation, let X

include a column of ones so that the residuals from the projection have mean zero.

Define the 2K2 × 1 vector

φt(β) =

 Z⊥
t (y⊥

1t − Y ⊥
1t β)

Z⊥
t (y⊥

2t − Y ⊥
2t β)

 . (2.28)

The moment restriction is E[φt(β0)] = 0.

Define the heteroskedasticity robust weighting matrix

V (β) = T−1

T∑
t=1

φt(β)φt(β)′ (2.29)
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and the objective function

S(β, β) =

[
T−1/2

T∑
t=1

φt(β)

]′

V (β)−1

[
T−1/2

T∑
t=1

φt(β)

]
. (2.30)

The efficient two-step GMM estimator β̂2 minimizes S(β, β̂1) for some consistent first-

step estimator β̂1. For example, the first-step estimator can be obtained by minimizing

(2.30) using the weighting matrix V (β) = I2 ⊗ (Z⊥′Z⊥). Since the objective function

is quadratic in this case, the two-step estimator has the closed form

β̂2 =


 Z⊥′Y ⊥

1

Z⊥′Y ⊥
2


′

V (β̂1)
−1

 Z⊥′Y ⊥
1

Z⊥′Y ⊥
2




−1 
 Z⊥′Y ⊥

1

Z⊥′Y ⊥
2


′

V (β̂1)
−1

 Z⊥′y⊥
1

Z⊥′y⊥
2


 .

(2.31)

An alternative to two-step GMM is the continuous updating estimator (CUE),

which minimizes the objective function S(β, β). In a Monte Carlo experiment de-

signed to simulate estimation of the linearized Euler equation, Hansen, Heaton, and

Yaron (1996) find that CUE is less biased and its confidence intervals have better

coverage rates than two-step GMM. The intuition for this result is that CUE is a

generalization of LIML to GMM, just as two-step GMM is a generalization of TSLS.

In the GMM setting, the analog of weak instruments is weak identification (Stock

and Wright 2000), which, loosely speaking, occurs if E[φt(β)] ≈ 0 even when β 
= β0.

Confidence intervals for β with the correct coverage can be constructed by inverting

the objective function (2.30) evaluated at β0. By Stock and Wright (2000, Theorem

2), S(β0, β0) is asymptotically distributed χ2
2K2

. This test, which I refer to as the

S-test, is a generalization of the AR test to GMM.
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2.4 Empirical Results

2.4.1 Data

The dataset that I use is from Campbell (2003). It consists of quarterly data on

equity markets at an aggregate level and macroeconomic variables for eleven devel-

oped countries: Australia (AUL), Canada (CAN), France (FR), Germany (GER),

Italy (ITA), Japan (JAP), Netherlands (NTH), Sweden (SWD), Switzerland (SWT),

the United Kingdom (UK), and the United States (USA). In addition, a longer time

series is available at annual frequency for Sweden, the UK, and the US. The primary

sources of international data are Morgan Stanley Capital International and Interna-

tional Financial Statistics of the International Monetary Fund. The sample periods

vary by country and frequency, which are reported in Table 2.1. With exception of

the US, quarterly data is only available starting in 1970. For the quarterly US series,

I report the results for both the full sample, which starts in 1947, and a truncated

sample that starts in 1970. For a full description of the dataset, see Campbell (2003)

and the accompanying data appendix Campbell (1998).

For each country, I estimate the EIS using two asset returns: the real interest

rate, denoted by rf , and the real aggregate stock return, denoted by re. The real

stock return is constructed as log of the gross stock return deflated by the consumer

price index. The real interest rate is constructed in the same way, using an available

proxy for the short-term interest rate. Real consumption growth is the first difference

in log real consumption per capita. For all quarterly series except for the US, the

consumption measure is total consumption rather than nondurables and services due

to data availability. The timing convention used for consumption is “beginning of the

period,” following Campbell (2003). In other words, I assume that the consumption

data for a given time period is the flow measured at the beginning of the period rather
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than at the end.

2.4.2 Test for Weak Instruments

The coefficients of interest are the EIS ψ, estimated by equation (2.1), and its inverse

1/ψ, estimated by equation (2.3). The instruments that I use for the endogenous

regressor ∆ct+1 in equation (2.3) and ri,t+1 in equation (2.1) are the nominal interest

rate, inflation, consumption growth, and log dividend-price ratio.5 All instruments

are lagged twice to avoid problems with time aggregation in consumption data (Hall

1988). As discussed in Section 2.2, this also assures that instruments are exogenous

even if consumption or asset returns are conditionally heteroskedastic.

Assuming that the error is conditionally homoskedastic, equations (2.1) and (2.3)

can be estimated by TSLS. In Table 2.1, I report the first-stage F -statistic for each

of the possible endogenous regressors (consumption growth, interest rate, and stock

return), which is the relevant statistic to test for weak instruments. Next to the

F -statistic, I report the p-values of the test. A p-value less than 0.05 means that the

test would reject the null hypothesis of weak instruments at the 5% significance level.

As explained in Section 2.3, the p-value depends on the type of estimator (TSLS,

Fuller-k, or LIML) used for estimation or inference.

At the quarterly frequency, consumption growth and stock return both have low

predictability as evidenced by low F -statistics, so the test fails to reject the null of

weak instruments. Hence, a researcher should suspect that the TSLS estimator is

biased and the TSLS t-test is size distorted. In fact, instruments are so weak in

this case that estimation or inference based on Fuller-k or LIML are also suspect.

On the other hand, the interest rate appears to be more predictable for all countries.

5Campbell (2003) uses the real interest rate, instead of the nominal interest rate and inflation,
for a total of three instruments. For many countries, the nominal interest rate appears to contain
important information about future real asset returns.
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Table 2.1: Test for Weak Instruments

The table reports the first-stage F -statistic from a regression of the endogenous vari-
able onto the instruments. The endogenous variables are consumption growth (∆c),
real interest rate (rf ), and real stock return (re). The instruments are twice lagged
nominal interest rate, inflation, consumption growth, and log dividend-price ratio.
The table also reports the p-value of the test for weak instruments. The null hy-
potheses are: (1) TSLS relative bias is greater than 10%, (2) the size of 5% TSLS
t-test can be greater than 10%, (3) Fuller-k relative bias is greater than 10%, and (4)
the size of 5% LIML t-test can be greater than 10%.

p-value
Country Sample Period Variable F TSLS Bias TSLS Size Fuller-k LIML
USA 1947.3–1998.4 ∆c 2.93 0.93 1.00 0.53 0.37

rf 15.53 0.00 0.66 0.00 0.00
re 2.88 0.93 1.00 0.54 0.39

AUL 1970.3–1998.4 ∆c 1.79 0.99 1.00 0.81 0.69
rf 21.81 0.00 0.14 0.00 0.00
re 1.82 0.99 1.00 0.80 0.68

CAN 1970.3–1999.1 ∆c 3.03 0.92 1.00 0.50 0.35
rf 15.37 0.00 0.67 0.00 0.00
re 2.51 0.96 1.00 0.64 0.48

FR 1970.3–1998.3 ∆c 0.17 1.00 1.00 1.00 1.00
rf 38.43 0.00 0.00 0.00 0.00
re 3.09 0.91 1.00 0.49 0.34

GER 1979.1–1998.3 ∆c 0.83 1.00 1.00 0.97 0.93
rf 17.66 0.00 0.45 0.00 0.00
re 0.69 1.00 1.00 0.98 0.95

ITA 1971.4–1998.1 ∆c 0.73 1.00 1.00 0.98 0.95
rf 19.01 0.00 0.33 0.00 0.00
re 1.10 1.00 1.00 0.94 0.88

JAP 1970.3–1998.4 ∆c 1.18 1.00 1.00 0.93 0.86
rf 8.64 0.14 0.99 0.01 0.00
re 3.49 0.87 1.00 0.40 0.25

NTH 1977.3–1998.4 ∆c 0.89 1.00 1.00 0.96 0.92
rf 12.05 0.01 0.91 0.00 0.00
re 0.73 1.00 1.00 0.98 0.95

(continued on the next page)
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p-value
Country Sample period Variable F TSLS Bias TSLS Size Fuller-k LIML
SWD 1970.3–1999.2 ∆c 0.48 1.00 1.00 0.99 0.98

rf 17.08 0.00 0.51 0.00 0.00
re 2.24 0.97 1.00 0.70 0.56

SWT 1976.2–1998.4 ∆c 0.97 1.00 1.00 0.95 0.90
rf 8.55 0.14 0.99 0.01 0.00
re 0.11 1.00 1.00 1.00 1.00

UK 1970.3–1999.1 ∆c 2.52 0.96 1.00 0.63 0.48
rf 17.04 0.00 0.51 0.00 0.00
re 2.62 0.95 1.00 0.61 0.45

USA 1970.3–1998.4 ∆c 3.53 0.86 1.00 0.39 0.25
rf 11.92 0.02 0.92 0.00 0.00
re 2.16 0.97 1.00 0.72 0.58

SWD 1921–1994 ∆c 1.02 1.00 1.00 0.95 0.89
rf 5.50 0.55 1.00 0.10 0.05
re 1.67 0.99 1.00 0.84 0.72

UK 1921–1994 ∆c 1.93 0.98 1.00 0.78 0.65
rf 4.87 0.66 1.00 0.16 0.08
re 4.18 0.77 1.00 0.26 0.15

USA 1891–1995 ∆c 1.55 0.99 1.00 0.86 0.76
rf 2.87 0.93 1.00 0.54 0.39
re 1.00 1.00 1.00 0.95 0.90
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The F -statistic is large enough that the Fuller-k estimator is approximately unbiased.

In addition, the LIML t-test leads to approximately correct inference, although the

TSLS t-test may be size distorted.

For the annual series, none of the regressors appear to be sufficiently predictable

to avoid problems with weak instruments. The only possible exceptions are the UK

and the US, where the instruments are somewhat relevant in predicting the interest

rate. The LIML t-test should lead to approximately correct inference since the test

for weak instruments rejects at the 10% level.

2.4.3 Estimates of the EIS Using the Interest Rate

In the first three columns of Table 2.2, I report the point estimate and standard

error of 1/ψ with the interest rate as the dependent variable in equation (2.3). I

report results using TSLS, Fuller-k, and LIML. The first fact to note is that the three

estimators give very different results. Under conventional first-order asymptotics, the

three estimators have the same asymptotic distribution. Therefore, the fact that the

three estimators give very different results is indirect evidence for weak instruments.

In general, the magnitude of both the coefficient and standard error increases from

TSLS to Fuller-k and from Fuller-k to LIML. The 95% confidence intervals for 1/ψ

based on these estimators include rather large values of the EIS. In particular, one

cannot reject the null hypothesis ψ = 1, except for Canada and Switzerland.

In the last three columns of Table 2.2, I report estimates of the EIS using equation

(2.1) with the interest rate as the endogenous regressor. In contrast to inference

based on equation (2.3), which requires that the instruments predict consumption

growth, weak instruments is not a problem because the interest rate is sufficiently

predictable, as documented in Table 2.1. Consequently, the three estimators give very
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Table 2.2: Estimates of the EIS Using the Interest Rate

The inverse of the EIS is estimated from rf,t+1 = µf + (1/ψ)∆ct+1 + ηf,t+1, and the
EIS is estimated from ∆ct+1 = τf +ψrf,t+1 + ξf,t+1. The instruments are twice lagged
nominal interest rate, inflation, consumption growth, and log dividend-price ratio.
Standard error in parentheses.

1/ψ ψ
Country Sample Period TSLS Fuller-k LIML TSLS Fuller-k LIML
USA 1947.3–1998.4 0.68 3.30 34.11 0.06 0.03 0.03

(0.48) (3.20) (112.50) (0.09) (0.10) (0.10)
AUL 1970.3–1998.4 0.50 2.37 30.03 0.05 0.04 0.03

(0.48) (2.45) (107.71) (0.11) (0.12) (0.12)
CAN 1970.3–1999.1 -1.04 -2.40 -2.98 -0.30 -0.33 -0.34

(0.39) (1.13) (1.54) (0.16) (0.17) (0.17)
FR 1970.3–1998.3 -3.12 -1.83 -12.38 -0.08 -0.08 -0.08

(3.75) (1.72) (29.61) (0.19) (0.19) (0.19)
GER 1979.1–1998.3 -1.05 -1.38 -2.29 -0.42 -0.43 -0.44

(0.62) (0.90) (1.87) (0.35) (0.35) (0.36)
ITA 1971.4–1998.1 -3.34 -5.82 -14.81 -0.07 -0.07 -0.07

(1.98) (4.47) (18.55) (0.08) (0.08) (0.08)
JAP 1970.3–1998.4 -0.18 -0.86 -21.56 -0.04 -0.04 -0.05

(0.43) (1.23) (106.53) (0.21) (0.23) (0.23)
NTH 1977.3–1998.4 -0.53 -1.41 -6.94 -0.15 -0.15 -0.14

(0.41) (1.33) (13.96) (0.28) (0.29) (0.29)
SWD 1970.3–1999.2 -0.10 -0.21 -399.86 0.00 0.00 0.00

(1.10) (1.54) (16075.06) (0.10) (0.10) (0.10)
SWT 1976.2–1998.4 -1.56 -1.51 -2.00 -0.49 -0.49 -0.50

(0.83) (0.79) (1.18) (0.29) (0.29) (0.29)
UK 1970.3–1999.1 1.06 3.76 6.21 0.17 0.16 0.16

(0.45) (2.42) (5.17) (0.13) (0.13) (0.13)
USA 1970.3–1998.4 0.53 2.19 47.66 0.06 0.02 0.02

(0.50) (2.60) (249.47) (0.09) (0.11) (0.11)
SWD 1921–1994 1.17 3.30 17.77 0.06 0.06 0.06

(1.13) (3.34) (38.67) (0.11) (0.12) (0.12)
UK 1921–1994 2.40 2.99 3.52 0.26 0.27 0.28

(1.01) (1.33) (1.65) (0.12) (0.13) (0.13)
USA 1891–1995 -0.38 -1.17 -39.71 -0.03 -0.03 -0.03

(1.12) (2.90) (257.54) (0.11) (0.15) (0.16)
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similar coefficients and standard errors. The point estimates of ψ are small, although

sometimes negative. The 95% confidence intervals based on these estimators reject

large values of the EIS, in particular one.

To summarize the results in Table 2.2, one would conclude the EIS is small and

significantly less than one while its inverse is not significantly different from one. The

hypothesis ψ = 1 is of economic interest because with Epstein-Zin preferences, an

investor’s optimal consumption choice is a constant fraction of wealth when the EIS

is equal to one. Moreover, in the special case of power utility where the EIS is equal to

the inverse of risk aversion, γ = 1/ψ = 1 leads to myopic portfolio choice (see Camp-

bell and Viceira (2002, Chapter 2)). This apparent empirical puzzle, emphasized by

Neely, Roy, and Whiteman (2001), can be accounted for by weak instruments. Re-

gression equation (2.3) leads to biased estimates and confidence intervals with poor

coverage because the instruments cannot predict consumption growth adequately to

identify 1/ψ. On the other hand, estimation by equation (2.1) leads to valid inference

since instruments are not weak for the interest rate.

The sensitivity of inference to the particular normalization of the moment re-

striction is an unattractive property of k-class estimators.6 In contrast, confidence

intervals based on the similar tests (AR, LM, and conditional LR) are invariant to this

normalization. Moreover, since these methods are fully robust to weak instruments,

there is no need for a pretest to make sure that the instruments are relevant.

In Table 2.3, I report the 95% confidence intervals for the EIS constructed from

the similar tests. Of the three similar tests, the conditional LR test tends to give the

tightest confidence intervals, consistent with the fact that it has the best power prop-

erties. Focusing on the quarterly series and the conditional LR confidence interval,

the EIS is less than 0.5 across all eleven countries. For the annual series, the EIS is

6The point estimate of LIML is invariant to normalization, but its confidence interval is not.
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Table 2.3: Weak Instrument Robust Confidence Intervals for the EIS Using the In-
terest Rate

The table reports 95% confidence intervals for the EIS, constructed from AR, LM, and
conditional LR tests. ∅ indicates an empty confidence interval. The instruments are
twice lagged nominal interest rate, inflation, consumption growth, and log dividend-
price ratio.

Country Sample Period AR LM Cond LR
USA 1947.3–1998.4 ∅ [-0.21,0.23] [-0.19,0.22]
AUL 1970.3–1998.4 [-0.16,0.21] [-0.22,13.74] [-0.22,0.27]
CAN 1970.3–1999.1 [-0.54,-0.14] [-0.73,14.15] [-0.71,0.00]
FR 1970.3–1998.3 [-0.68,0.53] [-0.47,0.31] [-0.48,0.33]
GER 1979.1–1998.3 [-1.57,0.54] [-1.21,0.26] [-1.23,0.28]
ITA 1971.4–1998.1 [-0.29,0.18] [-0.24,0.11] [-0.24,0.12]
JAP 1970.3–1998.4 [-0.60,0.49] [-∞,∞] [-0.56,0.45]
NTH 1977.3–1998.4 [-0.91,0.64] [-∞,∞] [-0.76,0.48]
SWD 1970.3–1999.2 [-0.30,0.29] [-∞,∞] [-0.22,0.21]
SWT 1976.2–1998.4 [-1.69,0.37] [-1.19,0.07] [-1.22,0.09]
UK 1970.3–1999.1 [0.04,0.28] [-∞,∞] [-0.12,0.43]
USA 1970.3–1998.4 ∅ [-∞,∞] [-0.23,0.23]
SWD 1921–1994 [-0.30,0.40] [-∞,∞] [-0.25,0.35]
UK 1921–1994 [-0.05,0.88] [0.01,0.70] [0.01,0.70]
USA 1891–1995 [-0.49,0.46] [-∞,∞] [-∞,∞]

similarly small for Sweden and the UK. There appears to be identification failure for

the annual US series as evidenced by the uninformative confidence intervals [−∞,∞]

for both the LM and the conditional LR tests, although the AR test gives small

estimates of the EIS. In summary, the weak instrument robust confidence intervals

indicate that the EIS is small and not significantly different from zero for the eleven

developed countries.
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2.4.4 Estimates of the EIS Using the Stock Return

In Tables 2.4 and 2.5, I report the same set of results as Tables 2.2 and 2.3 using

the stock return instead of the interest rate. As demonstrated in Table 2.1, both

consumption growth and stock return are difficult to predict, so either normalization

of the moment restriction, (2.2) or (2.4), runs into problems with weak instruments.

This is evidenced by the fact that most of the weak instrument robust confidence

intervals in Table 2.5 are uninformative. For few of the countries (Canada, France,

and Japan at quarterly frequency and the UK at annual frequency), the confidence

intervals are informative. Note that these are precisely the series for which the first-

stage F -statistics for stock return were relatively large in Table 2.1, ranging from 2.51

to 4.18. The confidence intervals indicate that the EIS is small, agreeing with the

results for the interest rate in Table 2.3.

In Tables 2.3 and 2.5, I have reported the unconstrained confidence intervals.

Constrained confidence intervals that restrict the EIS to be nonnegative can usually

be obtained by truncating the unconstrained confidence intervals at zero. Although

the truncated confidence interval has the correct coverage rate provided that ψ ≥ 0,

it may be conservative when identification is sufficiently weak so that the confidence

region is disjoint. In other words, the truncated confidence interval may not coincide

with the actual constrained confidence interval. In Table 2.5, this occurs only for the

quarterly (1970.3-1998.4) US series, where the actual constrained confidence intervals

are [0.05,∞] and [0.02,∞] for the AR and conditional LR tests, respectively, since

these tests reject ψ = 0.
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Table 2.4: Estimates of the EIS Using the Stock Return

The inverse of the EIS is estimated from re,t+1 = µe + (1/ψ)∆ct+1 + ηe,t+1, and the
EIS is estimated from ∆ct+1 = τe + ψre,t+1 + ξe,t+1. The instruments are twice lagged
nominal interest rate, inflation, consumption growth, and log dividend-price ratio.
Standard error in parentheses.

1/ψ ψ
Country Sample Period TSLS Fuller-k LIML TSLS Fuller-k LIML
USA 1947.3–1998.4 -1.33 -10.04 -14.18 -0.01 -0.05 -0.07

(4.48) (9.63) (12.68) (0.02) (0.05) (0.06)
AUL 1970.3–1998.4 6.63 9.19 11.24 0.05 0.07 0.09

(4.55) (6.15) (7.57) (0.04) (0.05) (0.06)
CAN 1970.3–1999.1 7.86 7.46 7.99 0.12 0.11 0.13

(3.12) (2.96) (3.17) (0.05) (0.05) (0.05)
FR 1970.3–1998.3 -19.92 -11.10 -50.48 -0.02 -0.02 -0.02

(24.66) (11.32) (97.01) (0.04) (0.04) (0.04)
GER 1979.1–1998.3 -1.63 -2.83 -5.83 -0.03 -0.05 -0.17

(4.91) (6.52) (10.51) (0.07) (0.10) (0.31)
ITA 1971.4–1998.1 3.25 8.48 40.70 0.01 0.01 0.02

(9.94) (16.68) (82.89) (0.03) (0.04) (0.05)
JAP 1970.3–1998.4 10.16 12.75 17.20 0.05 0.05 0.06

(5.73) (7.52) (11.13) (0.03) (0.04) (0.04)
NTH 1977.3–1998.4 1.29 2.18 4.20 0.03 0.07 0.24

(3.76) (5.15) (8.06) (0.08) (0.13) (0.46)
SWD 1970.3–1999.2 -8.57 -13.35 -64.89 -0.01 -0.01 -0.02

(11.19) (16.60) (127.62) (0.03) (0.03) (0.03)
SWT 1976.2–1998.4 -0.35 -0.40 -0.29 -0.05 -0.03 -3.45

(4.10) (3.82) (4.35) (0.19) (0.12) (51.80)
UK 1970.3–1999.1 -0.68 -5.54 -9.24 -0.01 -0.07 -0.11

(2.76) (6.51) (10.10) (0.04) (0.08) (0.12)
USA 1970.3–1998.4 6.92 7.77 8.05 0.03 0.08 0.12

(4.86) (6.61) (7.11) (0.02) (0.05) (0.11)
SWD 1921–1994 -1.75 -5.37 -12.94 -0.03 -0.05 -0.08

(3.57) (6.79) (16.63) (0.06) (0.08) (0.10)
UK 1921–1994 5.28 13.95 29.64 0.04 0.03 0.03

(3.05) (10.62) (33.96) (0.03) (0.04) (0.04)
USA 1891–1995 0.47 -1.06 -2.47 0.02 -0.08 -0.41

(2.27) (3.33) (4.46) (0.08) (0.18) (0.73)
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Table 2.5: Weak Instrument Robust Confidence Intervals for the EIS Using the Stock
Return

See notes to Table 2.3.

Country Sample Period AR LM Cond LR
USA 1947.3–1998.4 [-0.21,-0.02] [-∞,∞] [-∞,∞]
AUL 1970.3–1998.4 [-∞,∞] [-∞,∞] [-∞,∞]
CAN 1970.3–1999.1 [0.02,4.03] [0.05,0.35] [0.04,0.41]
FR 1970.3–1998.3 [-0.28,0.20] [-∞,∞] [-0.16,0.11]
GER 1979.1–1998.3 [-∞,∞] [-∞,∞] [-∞,∞]
ITA 1971.4–1998.1 [-∞,∞] [-∞,∞] [-∞,∞]
JAP 1970.3–1998.4 [-0.05,0.32] [-1.01,0.20] [-0.02,0.21]
NTH 1977.3–1998.4 [-∞,∞] [-∞,∞] [-∞,∞]
SWD 1970.3–1999.2 [-∞,∞] [-∞,∞] [-∞,∞]
SWT 1976.2–1998.4 [-∞,∞] [-∞,∞] [-∞,∞]
UK 1970.3–1999.1 [-0.51,-0.02] [-∞,∞] [-∞,∞]
USA 1970.3–1998.4 [-∞,∞] [-∞,∞] [-∞,∞]
SWD 1921–1994 [-∞,∞] [-∞,∞] [-∞,∞]
UK 1921–1994 [-0.04,0.10] [-∞,∞] [-0.10,0.14]
USA 1891–1995 [-∞,∞] [-∞,∞] [-∞,∞]
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2.4.5 Heteroskedasticity and Simultaneous Estimation

In the first two columns of Table 2.6, I report GMM and CUE estimates of the

EIS using moment restriction (2.2) for the interest rate. These estimates are het-

eroskedasticity robust versions of the estimates by TSLS and LIML, reported in Ta-

ble 2.2. Comparing GMM and TSLS, the point estimates and standard errors are

quite similar, so heteroskedasticity does not appear to be a dominant feature of the

data. Likewise, the LIML and CUE estimates are quite similar. In the third col-

umn, I report weak instrument robust confidence intervals computed by inverting the

S-test. These are heteroskedasticity robust versions of the AR confidence intervals

reported in Table 2.3. In general, these confidence intervals are comparable to those

reported in Table 2.3, indicating that the EIS is small and less than one. The only

exceptions are the US, which contains only negative values in the confidence interval,

and Germany, whose confidence interval cannot exclude one.

The last three columns of Table 2.6 report the same set of results using the mo-

ment restriction (2.2) for both the interest rate and the stock return. With four

instruments and two assets, the moment restriction has dimension eight. Note that

GMM gives point estimates and standard errors that are very small. This appears to

be a consequence of weak identification from the low correlation between the instru-

ments and the stock return. The CUE, which is more robust to weak instruments

than GMM, gives estimates that are similar to those obtained using just the interest

rate. Likewise, the weak instrument robust confidence intervals based on the S-test

are similar to those obtained using just the interest rate. The confidence intervals

are actually slightly wider for many of the series. This is not surprising in light of

Table 2.5, which showed that the moment restriction implied by the stock return

contains little information that is useful for identifying the EIS.
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Table 2.6: Heteroskedasticity Robust Estimates of the EIS

The table reports the EIS estimated by two-step GMM and CUE with standard
error in parentheses. The 95% confidence interval is constructed from the S-test. ∅
indicates an empty confidence interval. The instruments are twice lagged nominal
interest rate, inflation, consumption growth, and log dividend-price ratio.

Interest Rate Interest Rate & Stock Return
Country Sample Period GMM CUE 95% CI GMM CUE 95% CI
USA 1947.3–1998.4 0.05 -0.11 [-0.14,-0.08] 0.00 -0.36 ∅

(0.09) (0.11) (0.00) (0.09)
AUL 1970.3–1998.4 0.09 0.08 [-0.17,0.30] 0.01 0.12 [-0.12,0.35]

(0.12) (0.12) (0.00) (0.04)
CAN 1970.3–1999.1 -0.34 -0.33 [-0.77,0.11] 0.02 -0.19 [-0.71,0.34]

(0.17) (0.17) (0.01) (0.06)
FR 1970.3–1998.3 -0.12 -0.12 [-0.57,0.36] 0.00 -0.16 [-0.53,0.22]

(0.14) (0.14) (0.00) (0.05)
GER 1979.1–1998.3 -0.44 -0.48 [-1.95,1.63] 0.00 -0.55 [-2.06,1.90]

(0.43) (0.43) (0.00) (0.20)
ITA 1971.4–1998.1 -0.08 -0.07 [-0.34,0.20] 0.00 -0.09 [-0.46,0.32]

(0.08) (0.08) (0.00) (0.05)
JAP 1970.3–1998.4 -0.18 -0.21 [-0.93,0.39] 0.00 -0.25 [-0.81,0.24]

(0.21) (0.21) (0.00) (0.08)
NTH 1977.3–1998.4 -0.25 -0.28 [-0.57,0.09] 0.00 -0.25 [-0.59,0.33]

(0.20) (0.20) (0.00) (0.09)
SWD 1970.3–1999.2 0.01 0.00 [-0.28,0.28] 0.00 -0.02 [-0.38,0.33]

(0.09) (0.09) (0.00) (0.01)
SWT 1976.2–1998.4 -0.39 -0.41 [-1.42,0.50] -0.22 -0.44 [-2.38,1.13]

(0.25) (0.25) (0.21) (0.24)
UK 1970.3–1999.1 0.22 0.28 [-0.45,0.51] 0.00 0.17 [-1.04,0.65]

(0.12) (0.12) (0.00) (0.07)
USA 1970.3–1998.4 0.02 -0.09 [-0.14,-0.02] 0.01 -0.05 ∅

(0.08) (0.09) (0.00) (0.02)
SWD 1921–1994 0.00 -0.09 [-0.51,0.51] 0.00 -0.07 [-0.61,0.74]

(0.10) (0.10) (0.00) (0.04)
UK 1921–1994 0.25 0.27 [0.01,0.64] 0.03 0.39 [-0.05,0.82]

(0.09) (0.09) (0.01) (0.08)
USA 1891–1995 -0.02 -0.01 [-0.21,0.15] 0.00 0.00 ∅

(0.06) (0.06) (0.00) (0.00)
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For the US, the model is entirely rejected as indicated by empty confidence in-

tervals. One potential explanation of this result is that the Euler equation for stock

return does not hold for the representative consumer because of limited participation

in asset markets. Vissing-Jørgensen (2002) has found some evidence for this theory

using the Consumer Expenditure Survey.

2.4.6 Implications for the Equity Premium Puzzle

In the power utility model, the coefficient of relative risk aversion is equal to the

inverse of the EIS. In that case, the small estimates of the EIS reported in this essay

is evidence for large values of risk aversion. For instance, the confidence intervals

in Table 2.3 indicate that the EIS is in the range [0,0.5] across the eleven countries,

which implies that risk aversion is in the range [2,∞]. While this is consistent with

evidence from the large literature on the equity premium puzzle (Mehra and Prescott

1985), I hesitate to draw conclusions about risk aversion based on the estimates of

the EIS.

2.5 Conclusion

The econometric lesson to take away from this essay is that weak instruments are rele-

vant in practice and that conventional t-tests can lead to misleading inference. There

are now various methods available for handling weak instruments, from the simple

pretest based on the first-stage F -statistic to fully robust confidence intervals based

on similar tests. These methods are not necessarily a “cure” for weak instruments

since the resulting confidence intervals are often uninformative when identification is

poor, but they prevent the researcher from making erroneous inferences.

The economic lesson to take away from this essay is that the EIS is small and
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not significantly different from zero. In particular, the EIS appears to be less than

one, which implies that an investor’s optimal consumption-wealth ratio is increasing

in expected returns. In my preferred estimates, reported in Table 2.3, the upper end

of the 95% confidence interval for the EIS is never greater than 0.5 across eleven

developed countries. For the US, the value is about 0.2, which remarkably agrees

with Hall (1988, p. 350): “My overall conclusion... is that the evidence points in the

direction of a low value for the intertemporal elasticity. The value may even be zero

and is probably not above .2.”

102



Chapter 3

Efficient Tests of

Stock Return Predictability1

3.1 Introduction

Numerous studies in the last two decades have asked whether stock returns can be

predicted by financial variables such as the dividend-price ratio, the earnings-price

ratio, and various measures of the interest rate.2 The econometric method used

in a typical study is an OLS regression of stock returns onto the lag of the financial

variable. The main finding of such regressions is that the t-statistic is typically greater

than two and sometimes greater than three. Using conventional critical values for

the t-test, one would conclude that there is strong evidence for the predictability of

returns.

This statistical inference of course relies on first-order asymptotic distribution

1This chapter is coauthored by John Y. Campbell.
2See, for example, Keim and Stambaugh (1986), Campbell (1987), Campbell and Shiller (1988b),

Fama and French (1988, 1989), and Hodrick (1992). The focus of these papers, as well as this one, is
classical hypothesis testing. Other approaches include out-of-sample forecasting (Goyal and Welch
2003) and Bayesian inference (Kothari and Shanken 1997, Stambaugh 1999).
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theory, which implies that the t-statistic is approximately standard normal in large

samples. However, both simulation and analytical studies have shown that the large-

sample theory provides a poor approximation to the actual finite-sample distribution

of test statistics when the predictor variable is persistent and its innovations are

highly correlated with returns (see Mankiw and Shapiro (1986a), Elliott and Stock

(1994), and Stambaugh (1999)).

To be concrete, suppose the log dividend-price ratio is used to predict returns.

Even if we were to know on prior grounds that the dividend-price ratio is stationary,

a time series plot (or more formally a unit root test) shows that it is highly persis-

tent, much like a nonstationary process. Since first-order asymptotics fails when the

regressor is nonstationary, it provides a poor approximation in finite samples when

the regressor is persistent. Elliott and Stock (1994, Table 1) provide Monte Carlo

evidence which suggests that the size distortion of the one-sided t-test is approxi-

mately 20 percentage points for plausible parameter values and sample size in the

dividend-price ratio regression.3 They propose an alternative asymptotic framework

in which the regressor is modeled as having a local-to-unit root, which provides an

accurate approximation to the finite-sample distribution.

These econometric problems have led some recent papers to reexamine (and even

cast serious doubt on) the evidence for predictability using tests that have the cor-

rect size even if the predictor variable is highly persistent or contains a unit root.

Torous, Valkanov, and Yan (2001) develop a test procedure, extending the work of

Richardson and Stock (1989) and Cavanagh, Elliott, and Stock (1995), and find ev-

idence for predictability at short horizons but not at long horizons. By testing the

stationarity of long-horizon returns, Lanne (2002) concludes that stock returns cannot

3We report their result for the one-sided t-test at the 10% level when the sample size is 100, the
regressor follows an AR(1) with an autoregressive coefficient of 0.975, and the correlation between
the innovations to the dependent variable and the regressor is -0.9.
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be predicted by a highly persistent predictor variable. Building on the finite-sample

theory of Stambaugh (1999), Lewellen (2003) finds some evidence for predictability

with valuation ratios.

A difficulty with understanding the rather large literature on predictability is the

sheer variety of test procedures that have been proposed, which have led to different

conclusions about the predictability of returns. The first contribution of this essay

is to provide an understanding of the various test procedures and their empirical

implications within the unifying framework of statistical optimality theory. When

the degree of persistence of the predictor variable is known, there is a uniformly most

powerful (UMP) test conditional on an ancillary statistic. Although the degree of

persistence is not known in practice, this provides a useful benchmark for thinking

about the relative power advantages of the various test procedures. In particular,

Lewellen’s (2003) test is UMP when the predictor variable contains a unit root.

Based on the infeasible UMP test, our second contribution is to propose a new

test procedure that is computationally simple (i.e. can be implemented with standard

regression output) and has good power (i.e. more powerful than the Bonferroni t-test

of Cavanagh, Elliott, and Stock (1995)). Our test is asymptotically valid under fairly

general assumptions about the dynamics of the predictor variable (i.e. a finite-order

autoregression with the largest root less than, equal to, or even greater than one)

and the distribution of the innovations (i.e. even heteroskedastic). The intuition

for our approach is as follows. A regression of stock returns onto a lagged financial

variable has low power because stock returns are extremely noisy. If we can eliminate

some of this noise, we can increase the power of the test. When the innovations to

returns and the predictor variable are correlated, we can subtract off the part of the

innovation to the predictor variable that is correlated with returns to obtain a less

noisy dependent variable for our regression. Of course, this procedure requires us
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to measure the innovation to the predictor variable. When the predictor variable is

highly persistent, it is possible to do so in a way that retains power advantages over

the conventional regression.

Although tests derived under local-to-unity asymptotics (e.g. Cavanagh, Elliott,

and Stock (1995) or the one proposed in this essay) always lead to correct inference,

they can be somewhat more difficult to implement than the conventional t-test. A

researcher may therefore be interested in knowing when the conventional t-test leads

to correct inference. Our third contribution is to develop a simple pretest based on

the confidence interval for the largest autoregressive root of the predictor variable. If

the confidence interval indicates that the predictor variable is sufficiently stationary,

for a given level of correlation between the innovations to returns and the predictor

variable, one can proceed with inference based on the t-test with conventional critical

values.

Our final contribution is empirical. We apply our methods to annual, quarterly,

and monthly US data, looking first at the dividend-price and the smoothed earnings-

price ratios. Using the pretest, we find that these valuation ratios are sufficiently

persistent for the conventional t-test to be misleading. Using our test that is robust

to the persistence problem, we find that the earnings-price ratio reliably predicts

returns at all frequencies in the full sample since 1926. The dividend-price ratio also

predicts returns at annual frequency, but we cannot reject the null hypothesis at

quarterly and monthly frequencies.

In the sub-sample since 1952, we find that the dividend-price ratio predicts returns

at all frequencies if its largest autoregressive root is less than or equal to one. However,

since statistical tests do not reject an explosive root for the dividend-price ratio, we

have evidence for return predictability only if we are willing to rule out an explosive

root based on prior knowledge. This reconciles the “contradictory” findings by Torous,
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Valkanov, and Yan (2001, Table 3), who report that the dividend-price ratio does not

predict monthly returns in the postwar sample, and Lewellen (2003, Table 2), who

reports strong evidence for predictability.

Finally, we consider the short-term nominal interest rate and the long-short yield

spread as predictor variables in the period since 1952. Our pretest indicates that

the conventional t-test is valid for these interest rate variables since their innovations

have low correlation with returns. Using either the conventional t-test or our more

generally valid test procedure, we find strong evidence that these variables predict

returns.

The rest of the essay is organized as follows. In Section 3.2, we derive the UMP

test of predictability when the degree of persistence of the predictor variable is known.

We then compare its power to that of the conventional t-test under first-order asymp-

totics. Although first-order asymptotics is not applicable for persistent predictor vari-

ables, the calculations provide intuition for the UMP test in a familiar framework. In

Section 3.3, we briefly review local-to-unity asymptotics in the context of predictive

regressions (in order to provide a self-contained treatment), then compare the power

of various tests of predictability. We find that a feasible version of the UMP test has

good power. We also introduce the pretest for determining when the conventional

t-test leads to correct inference. In Section 3.4, we apply our test procedure to US

equity data and reexamine the empirical evidence for predictability. We reinterpret

previous empirical studies within our unifying framework. Section 3.5 concludes. Ap-

pendix A.6 contains tables necessary for implementing the econometric methods in

this essay.
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3.2 Predictive Regressions

3.2.1 The Regression Model

Let rt denote the excess stock return in period t, and let xt−1 denote a variable

observed at t− 1 which may have the ability to predict rt. For instance, xt−1 may be

the log dividend-price ratio at t − 1. The regression model that we consider is

rt = βxt−1 + ut, (3.1)

xt = ρxt−1 + et, (3.2)

for t = 1, . . . , T with x0 = 0. β is the unknown coefficient of interest. We say that

the variable xt−1 has the ability to predict returns if β 
= 0. For simplicity, we assume

that both rt and xt have mean zero, so the usual intercept terms do not appear in

equations (3.1) and (3.2). In addition, we assume that (ut, et)
′ is independently and

identically distributed (i.i.d.) normal with mean zero and covariance matrix

Σ =

 1 δ

δ 1

 . (3.3)

We further assume that the correlation δ ≤ 0 between the innovations is known.

(The negativity of δ is without loss of generality since the sign of β is unrestricted;

redefining the predictor variable as −xt flips the signs of both β and δ.) We will

later relax these assumptions to a more realistic model. For now, this simple model

captures the essence of the problem.

In equation (3.2), ρ is the unknown degree of persistence in the variable xt. If

|ρ| < 1 and fixed, xt is integrated of order zero, denoted as I(0). If ρ = 1, xt
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is integrated of order one, denoted as I(1). Since β and ρ are the only unknown

parameters in the model, (two times) the joint log likelihood is given by

L(β, ρ) = − 1

1 − δ2

T∑
t=1

[(rt−βxt−1)
2−2δ(rt−βxt−1)(xt−ρxt−1)+(xt−ρxt−1)

2], (3.4)

up to an additive constant.

The focus of this essay is the null hypothesis β = β0. We consider two types of

alternative hypotheses. The first is the simple alternative β = β1, and the second

is the one-sided (composite) alternative β > β0. The hypothesis testing problem is

complicated by the fact that ρ is an unknown nuisance parameter.

3.2.2 Likelihood Ratio Test

One way to test the hypothesis of interest in the presence of the nuisance parameter

ρ is through the likelihood ratio test (LRT). Let β̂ be the OLS estimator of β, and

let

t(β0) =
β̂ − β0

(
∑T

t=1 x2
t−1)

−1/2
(3.5)

be the associated t-statistic. The LRT rejects the null if

max
β,ρ

L(β, ρ) − max
ρ

L(β0, ρ) = t(β0)
2 > C, (3.6)

for some constant C. (With a slight abuse of notation, we use C to denote a generic

constant throughout the essay.) In other words, the LRT corresponds to the t-test.

Note that we would obtain the same test (3.6) starting from the marginal likeli-

hood L(β) = −
∑T

t=1(rt − βxt−1)
2. The LRT can thus be interpreted as a test that

ignores information contained in equation (3.2) of the regression model. Although the

LRT is not derived from statistical optimality theory, it has desirable large-sample
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properties when xt is I(0) (see Cox and Hinkley (1974, Chapter 9)). For instance,

the t-statistic is asymptotically pivotal, that is, its asymptotic distribution does not

depend on the nuisance parameter ρ. The t-test is therefore a solution to the hypoth-

esis testing problem when xt is I(0) and ρ is unknown, provided that the large-sample

approximation is sufficiently accurate.

3.2.3 Optimal Test When ρ is Known

The problem with the nuisance parameter can also be resolved if ρ were known a

priori. Since β is then the only unknown parameter in the likelihood function (3.4),

the Neyman-Pearson Lemma implies that the most powerful test against the simple

alternative rejects the null if

(1 − δ2)(L(β1, ρ) − L(β0, ρ)) = 2(β1 − β0)
T∑

t=1

xt−1[rt − δ(xt − ρxt−1)]

−(β2
1 − β2

0)
T∑

t=1

x2
t−1 > C. (3.7)

Since the optimal test statistic is a weighted sum of two minimal sufficient statistics

with the weights depending on the alternative β1, there is no UMP test.

However, the second statistic
∑T

t=1 x2
t−1 is ancillary (i.e. its distribution does not

depend on β). Hence, it is natural to restrict ourselves to tests that condition on the

ancillary statistic. The optimal conditional test rejects the null if

Q(β0, ρ) =

∑T
t=1 xt−1[rt − β0xt−1 − δ(xt − ρxt−1)]

(1 − δ2)1/2(
∑T

t=1 x2
t−1)

1/2
> C. (3.8)

Since the test takes the same form for all β1 > β0, it is UMP against one-sided

alternatives when ρ is known. For simplicity, we will refer to this (infeasible) test as
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the Q-test.

When β0 = 0, Q(β0, ρ) is the t-statistic that results from regressing rt − δ(xt −

ρxt−1) onto xt−1. It collapses to the conventional t-statistic (3.5) when δ = 0. Since

et = xt − ρxt−1, knowledge of ρ allows us to subtract off the part of innovation to

returns that is correlated with the innovation to the predictor variable, resulting in a

more powerful test. If we let ρ̂ denote the OLS estimator of ρ, then the Q-statistic

can be written as

Q(β0, ρ) =
(β̂ − β0) − δ(ρ̂ − ρ)

(1 − δ2)1/2(
∑T

t=1 x2
t−1)

−1/2
. (3.9)

Drawing on the work of Stambaugh (1999), Lewellen (2003) motivates the statistic

by interpreting the term δ(ρ̂ − ρ) as the “finite-sample bias” of the OLS estimator.

Assuming that ρ ≤ 1, Lewellen tests the predictability of returns using the statistic

Q(β0, 1).

3.2.4 Power under First-Order Asymptotics

We now derive the power functions of the t-test and the Q-test under first-order

asymptotics to illustrate the power gains that would result from incorporating knowl-

edge of the persistence parameter ρ. When xt is I(0), the OLS estimator β̂ is
√

T -

consistent. Hence, any reasonable test, such as the conventional t-test, rejects alter-

natives that are a fixed distance from the null with probability one as the sample

size becomes arbitrarily large. In practice, however, we have a finite sample and are

interested in the relative efficiency of test procedures. A natural way to evaluate the

power of tests in finite samples is to consider their ability to reject local alternatives.4

4See Lehmann (1999, Chapter 3) for a textbook treatment of local alternatives and relative
efficiency.
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Formally, we consider a sequence of alternatives of the form β = β0 + b/
√

T for some

fixed constant b.

Let Φ(z) denote one minus the standard normal cumulative distribution func-

tion, and let zα denote the upper α-quantile of that distribution. Under first-order

asymptotics, the probability that the t-test rejects a local alternative b is

πt(b) = Φ(zα − |b|σx), (3.10)

where σ2
x = E[x2

t ] = 1/(1 − ρ2). Similarly, the power function of the Q-test is

πQ(b) = Φ

(
zα − |b|σx

(1 − δ2)1/2

)
. (3.11)

Since the Q-test is UMP against one-sided alternatives conditional on the ancillary

statistic T−1
∑T

t=1 x2
t−1, πQ(b) is the power envelope for conditional tests when ρ is

known. Moreover, it is asymptotically the power envelope for all (including uncondi-

tional) tests since the ancillary statistic has a degenerate asymptotic distribution.

Figure 3.1 shows the power functions for various combinations of ρ (0.99 and 0.75)

and δ (-0.95 and -0.75). These values are chosen to correspond to the relevant region

of the parameter space when the predictor variable is a valuation ratio (i.e. the log

dividend-price ratio or the log earnings-price ratio). As expected, the power of the

Q-test dominates that of the t-test. A comparison of (3.10) and (3.11) shows that the

power gain arises from δ2 
= 0 and is increasing in the degree of correlation. Intuitively,

when ρ is known, the innovation et = xt−ρxt−1 is known as well. Then by subtracting

off the portion of the innovation ut that is correlated with et (i.e. δet), the Q-test

is able to gain power through the reduction in noise. When the predictor variable is

a valuation ratio, the power gain from using the Q-test is especially large since the
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Figure 3.1: Local Asymptotic Power under First-Order Asymptotics

This figure plots the power of the Q-test and the t-test when the predictor variable is
an AR(1). The null hypothesis is β = β0 against the local alternatives b =

√
T (β −

β0) > 0. ρ = 0.99, 0.75 is the autoregressive root of the predictor variable, and δ =
−0.95,−0.75 is the correlation between the innovations to returns and the predictor
variable.
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innovations to returns and the valuation ratio are highly correlated through the stock

price. In practice, the Q-test is infeasible because ρ is unknown, so unfortunately, the

large power gains over the t-test cannot be realized.

3.2.5 Generalizing the Regression Model

The regression model (3.1)–(3.2) in which the Q-test (3.8) is UMP, conditional on an

ancillary statistic, is restrictive. In this section, we show that a generalization of the

Q-test is UMP invariant, conditional on an ancillary statistic, in a more realistic and

empirically relevant model.

Consider the regression model

rt = α + βxt−1 + ut, (3.12)

xt = γ + ρxt−1 + et, (3.13)

for t = 1, . . . , T . The model now includes intercept terms assumed away in the sim-

plified model (3.1)–(3.2), account for the mean of returns and the predictor variable.

Their magnitudes depend on the units in which the variables are measured. For in-

stance, there is an arbitrary scaling factor involved in computing the dividend-price

ratio, which results in an arbitrary constant shifting the level of the log dividend-price

ratio. Since we do not want inference to depend on the units in which the variables

are measured, it is natural to restrict ourselves to tests that are invariant to trans-

lations in α and γ (see Lehmann (1986, Chapter 6)). That is, we only consider test

statistics whose values do not change with additive shifts in rt and xt.

Now suppose ρ is known and the following distributional assumptions hold.

Assumption 1 (Normality). wt = (ut, et)
′ is independently distributed N(0, Σ),
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where

Σ =

 σ2
u σue

σue σ2
e


is known. x0 is fixed and known.

Let xµ
t−1 = xt−1 − T−1

∑T
t=1 xt−1 be the de-meaned predictor variable. By the

same argument as that in Section 3.2.3, the test based on the statistic

Q(β0, ρ) =

∑T
t=1 xµ

t−1[rt − β0xt−1 − σue

σ2
e
(xt − ρxt−1)]

σu(1 − δ2)1/2(
∑T

t=1 xµ2
t−1)

1/2
. (3.14)

is UMP conditional on the ancillary statistic
∑T

t=1 xµ2
t−1. In other words, the statistic

(3.14) is a generalization of (3.8) to the model (3.12)–(3.13). The asymptotic power

function for the Q-test is given by (3.11), when the variances are normalized as

σ2
u = σ2

e = 1. Moreover, it corresponds to the power envelope for tests that use

knowledge of the autoregressive root ρ.

3.3 Inference with a Persistent Regressor

Figure 3.2 is a time series plot of the log dividend-price ratio for the CRSP

NYSE/AMEX value-weighted index and the log smoothed earnings-price ratio for

the S&P 500 index at quarterly frequency. Following Campbell and Shiller (1988b),

earnings are smoothed by taking a backwards moving average over ten years. Both

valuation ratios are persistent and even appear to be nonstationary, especially toward

the end of the sample period. The 95% confidence intervals for ρ are [0.957, 1.007] and

[0.939, 1.000] for the dividend-price ratio and the earnings-price ratio, respectively.

The persistence of financial variables typically used to predict returns has impor-

tant implications for inference about predictability. Even if the predictor variable is
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Figure 3.2: Time Series Plot of the Valuation Ratios

This figure plots the log dividend-price ratio for the CRSP value-weighted index and
the log earnings-price ratio for the S&P 500. Earnings are smoothed by taking a
ten-year moving average. The sample period is 1926:4–2002:4.
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I(0), first-order asymptotics can be a poor approximation in finite samples when ρ

is close to one because of the discontinuity in the asymptotic distribution at ρ = 1.

Inference based on first-order asymptotics may therefore be invalid due to size distor-

tions. The solution is to base inference on more accurate approximations to the actual

(unknown) sampling distribution of test statistics. There are two main approaches

that have been used in the literature.

The first approach is the exact finite-sample theory under the assumption of nor-

mality (i.e. Assumption 1). This is the approach taken by Evans and Savin (1981,

1984) for autoregression and Stambaugh (1999) for predictive regressions. The second

approach is local-to-unity asymptotics, which has been applied successfully to ap-

proximate the finite-sample behavior of persistent time series in the unit root testing

literature. (See Stock (1994) for a survey and references.) Local-to-unity asymptotics

has been applied to the present context of predictive regressions by Elliott and Stock

(1994), who derived the asymptotic distribution of the t-statistic. This has been ex-

tended to long-horizon t-tests by Torous, Valkanov, and Yan (2001). The advantage

of local-to-unity asymptotics, over the exact Gaussian theory, is that it allows for a

wide variety of distributions for the innovations, including short-run dynamics and

heteroskedasticity. Hence, this is the approach that we follow in this essay.

3.3.1 Local-to-Unity Asymptotics

The AR(1) model for the predictor variable (3.13) is restrictive since it does not allow

for short-run dynamics. Let L be the lag operator. We generalize the model as

xt = γ + ρxt−1 + vt, (3.15)

b(L)vt = et, (3.16)
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where b(L) =
∑p−1

i=0 biL
i with b0 = 1 and b(1) 
= 0. All the roots of b(L) are assumed

to be fixed and less than one in absolute value. Equations (3.15) and (3.16) together

imply that

∆xt = τ + θxt−1 +

p−1∑
i=1

ψi∆xt−i + et. (3.17)

Hence, the dynamics of the predictor variable is captured by an AR(p), which is

written here in the augmented Dickey-Fuller form.

To apply the asymptotic theory, we assume that the sequence of innovations sat-

isfies the following fairly weak distributional assumptions.

Assumption 2 (Martingale Difference Sequence). Let Ft = {ws|s ≤ t} be the

filtration generated by the process wt = (ut, et)
′. Then

1. E[wt|Ft−1] = 0,

2. E[wtw
′
t] = Σ,

3. supt E[u4
t ] < ∞, supt E[e4

t ] < ∞, and E[x2
0] < ∞.

In other words, wt is a martingale difference sequence with finite fourth moments.

The assumption allows the sequence of innovations to be conditionally heteroskedastic

as long as it is covariance stationary (i.e. unconditionally homoskedastic). Assump-

tion 1 is a special case when the innovations are i.i.d. normal and the covariance

matrix Σ is known.

Local-to-unity asymptotics is an asymptotic framework where the largest autore-

gressive root is modeled as ρ = 1+c/T with c a fixed constant. Within this framework,

the asymptotic distribution theory is not discontinuous when xt is I(1) (i.e. c = 0).

This device also allows xt to be stationary but nearly integrated (i.e. c < 0) or even

explosive (i.e. c > 0). For the rest of the essay, we assume that the true processes for
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excess returns and the predictor variable are (3.12) and (3.15), respectively, where

c = T (ρ − 1) is fixed as T becomes arbitrarily large. Without loss of generality, we

continue to assume that δ = σue/(σuσe) ≤ 0.

An important feature of the nearly integrated case is that sample moments (e.g.

mean and variance) of the process xt are not well defined. However, when appro-

priately scaled, these objects converge to functionals of a diffusion process. Let

(Wu(s),We(s))
′ be a two-dimensional Weiner process with covariance matrix (3.3).

Let Jc(s) be the diffusion process defined by the stochastic differential equation

dJc(s) = cJc(s)ds + dWe(s) with initial condition Jc(0) = 0. Let Jµ
c (s) = Jc(s) −∫

Jc(r)dr, where integration is over [0, 1] unless otherwise noted. Let ⇒ denote weak

convergence in the space D[0, 1] of cadlag functions (see Billingsley (1999, Chapter

3)). Collecting results from Phillips (1987, Lemma 1) and Cavanagh, Elliott, and

Stock (1995), we have the following useful lemma.

Lemma 1 (Weak Convergence). Suppose Assumption 2 holds. The following

limits hold jointly.

1. T−3/2
∑T

t=1 xµ
t ⇒ ω

∫
Jµ

c (s)ds,

2. T−2
∑T

t=1 xµ2
t−1 ⇒ ω2

∫
Jµ

c (s)2ds,

3. T−1
∑T

t=1 xµ
t−1vt ⇒ ω2

∫
Jµ

c (s)dWe(s) + 1
2
(ω2 − σ2

v),

4. T−1
∑T

t=1 xµ
t−1ut ⇒ σuω

∫
Jµ

c (s)dWu(s),

where ω = σe/b(1) and σ2
v = E[v2

t ].

Under first-order asymptotics, the t-statistic from regression (3.12) has a standard

normal asymptotic distribution. Under local-to-unity asymptotics, the t-statistic has

the null distribution

t(β0) ⇒ δ
τc

κc

+ (1 − δ2)1/2Z, (3.18)
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where κc = (
∫

Jµ
c (s)2ds)1/2, τc =

∫
Jµ

c (s)dWe(s), and Z is a standard normal random

variable independent of (We(s), Jc(s)) (see Elliott and Stock (1994)). Note that the

t-statistic is no longer asymptotically pivotal. That is, its asymptotic distribution

depends on an unknown nuisance parameter c through the random variable τc/κc,

which makes the test infeasible.

When the predictor variable is an AR(1) (i.e. model (3.13)), the Q-statistic (3.14)

has a standard normal asymptotic distribution under the null. Under the more general

model (3.15) which allows for higher-order autocorrelation, the statistic (3.14) is not

asymptotically pivotal. However, a suitably modified statistic

Q(β0, ρ) =

∑T
t=1 xµ

t−1[rt − β0xt−1 − σue

σeω
(xt − ρxt−1)] + T

2
σue

σeω
(ω2 − σ2

v)

σu(1 − δ2)1/2(
∑T

t=1 xµ2
t−1)

1/2
(3.19)

has a standard normal asymptotic distribution (see Appendix A.5 for details). In the

absence of short-run dynamics (i.e. b(1) = 1 so ω2 = σ2
v = σ2

e), the Q-statistic reduces

to (3.14). The correction term involving (ω2 − σ2
v) is analogous to the correction of

the Dickey-Fuller (1981) test by Phillips and Perron (1988).

Although the Q-statistic is asymptotically pivotal, the test is infeasible since it

requires knowledge of ρ (or equivalently c) to compute the test statistic. Even if ρ

were known, the statistic (3.19) also requires knowledge of the nuisance parameters

Σ, ω2, and σ2
v . However, a feasible version of the statistic that replaces these nuisance

parameters with consistent estimators has the same asymptotic distribution. There-

fore, there is no loss of generality in assuming knowledge of these parameters for the

purposes of asymptotic theory.
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3.3.2 Relation to First-Order Asymptotics and a Simple

Pretest

In this section, we first discuss the relationship between first-order and local-to-unity

asymptotics. We then develop a simple pretest to determine whether inference based

on first-order asymptotics is reliable.

In general, the asymptotic distribution of the t-statistic (3.18) is nonstandard

because of its dependence on τc/κc. However, the t-statistic is standard normal in the

special case δ = 0. The t-statistic should therefore be approximately normal when

δ ≈ 0. Likewise, the t-statistic should be approximately normal when c � 0 because

first-order asymptotics is a satisfactory approximation when the predictor variable is

stationary. Formally, Phillips (1987, Theorem 2) shows that τc/κc ⇒ Z̃ as c → −∞,

where Z̃ is a standard normal random variable independent of Z.

Figure 3.3 is a plot of the actual size of the nominal 5% one-sided t-test as a

function of c and δ. In other words, we plot

p(c, δ; α) = Pr

(
δ
τc

κc

+ (1 − δ2)1/2Z > zα

)
, (3.20)

where α = 0.05. The t-test that uses conventional critical values has approximately

the correct size when δ is small in absolute value or c is large in absolute value.5

The size distortion of the t-test peaks when δ = −1 and c ≈ 1. The size distortion

arises from the fact that the distribution of τc/κc is skewed to the left, which causes

the distribution of the t-statistic to be skewed to the right when δ < 0. This causes

a right-tailed t-test that uses conventional critical values to over-reject, and a left-

tailed test to under-reject. When the predictor variable is a valuation ratio (e.g.

5The fact that the t-statistic is approximately normal for c � 0 corresponds to asymptotic results
for explosive AR(1) with Gaussian errors. See Phillips (1987) for a discussion.
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Figure 3.3: Asymptotic Size of the One-Sided t-test at 5% Significance

This figure plots the actual size of the nominal 5% t-test when the largest autore-
gressive root of the predictor variable is ρ = 1 + c/T . The null hypothesis is β = β0

against the one-sided alternative β > β0. δ is the correlation between the innovations
to returns and the predictor variable. The dark shade indicates regions where the
size is greater than 7.5%.
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the dividend-price ratio), δ ≈ −1 and the hypothesis of interest is β = 0 against

the alternative β > 0. Thus we may worry that the evidence for predictability is a

consequence of size distortion.

In Table 3.1, we tabulate the values of c ∈ (cmin, cmax) for which the size of the

right-tailed t-test exceeds 7.5%, for selected values of δ. For instance, when δ = −0.95,

the nominal 5% t-test has actual size greater than 7.5% if c ∈ (−79.318, 8.326).

The table can be used to construct a pretest to determine whether inference based

on the conventional t-test is sufficiently reliable. Suppose a researcher is willing to

tolerate an actual size of up to 7.5% for a nominal 5% test of predictability. Let

Θ = {c, δ|p(c, δ; 0.05) > 0.075}. Then the goal is to test

H0 : {c, δ} ∈ Θ

H1 : {c, δ} 
∈ Θ.

To test this hypothesis, we first construct a 100(1 − α1)% confidence interval for

c, denoted as Cc(α1). We then estimate δ using the residuals from regressions (3.12)

and (3.17). We reject null hypothesis if Cc(α1)
⋂

(cmin, cmax) = ∅, where (cmin, cmax) is

taken from Table 3.1 using the estimated correlation δ̂. That is, we reject the null if

the confidence interval for c lies strictly below (or above) the region of the parameter

space (cmin, cmax) where size distortion is large. As emphasized by Elliott and Stock

(1994), the rejection of the unit root hypothesis c = 0 is not sufficient to assure that

the size distortion is acceptably small. Asymptotically, this pretest has size α1.

Since there is no UMP test for an autoregressive unit root (see Elliott, Rothen-

berg, and Stock (1996)), there is no uniformly most accurate confidence interval for

c. However, as discussed in Elliott and Stock (2001), a relatively accurate confidence

interval can be constructed by using a relatively efficient unit root test. In our em-
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Table 3.1: Parameters Leading to Size Distortion of the One-Sided t-test

This table reports the regions of the parameter space where the actual size of the
nominal 5% t-test is greater than 7.5%. The null hypothesis is β = β0 against the
alternative β > β0. For a given δ, the size of the t-test is greater than 7.5% if
c ∈ (cmin, cmax). Size is less than 7.5% for all c if δ ≤ −0.125.

δ cmin cmax δ cmin cmax

-1.000 -83.088 8.537 -0.550 -28.527 6.301
-0.975 -81.259 8.516 -0.525 -27.255 6.175
-0.950 -79.318 8.326 -0.500 -25.942 6.028
-0.925 -76.404 8.173 -0.475 -23.013 5.868
-0.900 -69.788 7.977 -0.450 -19.515 5.646
-0.875 -68.460 7.930 -0.425 -17.701 5.435
-0.850 -63.277 7.856 -0.400 -14.809 5.277
-0.825 -59.563 7.766 -0.375 -13.436 5.111
-0.800 -58.806 7.683 -0.350 -11.884 4.898
-0.775 -57.618 7.585 -0.325 -10.457 4.682
-0.750 -51.399 7.514 -0.300 -8.630 4.412
-0.725 -50.764 7.406 -0.275 -6.824 4.184
-0.700 -42.267 7.131 -0.250 -5.395 3.934
-0.675 -41.515 6.929 -0.225 -4.431 3.656
-0.650 -40.720 6.820 -0.200 -3.248 3.306
-0.625 -36.148 6.697 -0.175 -1.952 2.800
-0.600 -33.899 6.557 -0.150 -0.614 2.136
-0.575 -31.478 6.419 -0.125 — —
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pirical application, we therefore construct the confidence interval for c by applying

Stock’s (1991) method of confidence belts to the DF-GLS test (Elliott, Rothenberg,

and Stock 1996). A lookup table for the confidence interval for c, given the value of

the DF-GLS statistic, is provided in Appendix A.6.

3.3.3 Feasible Tests of Predictability

As discussed in Section 3.3.1, both the t-test and the Q-test are infeasible since the

procedures depend on an unknown nuisance parameter c, which cannot be estimated

consistently. Intuitively, the degree of persistence, controlled by the parameter c,

influences the distribution of test statistics that depend on the persistent predictor

variable. This must be accounted for by adjusting either the critical values of the test

(e.g. t-test) or the value of the test statistic itself (e.g. Q-test). Cavanagh, Elliott,

and Stock (1995) discuss several (sup-bound, Bonferroni, and Scheffe-type) methods

of making tests that depend on c feasible. Here, we will discuss the Bonferroni

method.

To construct a Bonferroni confidence interval, we first construct a 100(1 − α1)%

confidence interval for ρ, denoted as Cρ(α1). (We parameterize the degree of persis-

tence by ρ rather than c since this is the more natural choice in the following.) Then

for each value of ρ in the confidence interval, we construct a 100(1−α2)% confidence

interval for β given ρ, denoted as Cβ|ρ(α2). A confidence interval that does not depend

on ρ can be obtained by

Cβ(α) =
⋃

ρ∈Cρ(α1)

Cβ|ρ(α2).

By Bonferroni’s inequality, this confidence interval has coverage of at least 100(1 −

α)%, where α = α1 + α2.

This approach is conservative in the sense that the actual coverage rate of Cβ(α)
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can be greater than 100(1 − α)%. This can be seen from the equality

Pr(β 
∈ Cβ(α)) = Pr(β 
∈ Cβ(α)|ρ ∈ Cρ(α1)) Pr(ρ ∈ Cρ(α1))

+ Pr(β 
∈ Cβ(α)|ρ 
∈ Cρ(α1)) Pr(ρ 
∈ Cρ(α1)).

Since Pr(β 
∈ Cβ(α)|ρ 
∈ Cρ(α1)) is unknown, the Bonferroni method bounds it by one

as the worst case. In addition, the inequality Pr(β 
∈ Cβ(α)|ρ ∈ Cρ(α1)) ≤ α2 is strict

unless the conditional confidence intervals Cβ|ρ(α2) do not depend on ρ. Because

these worst case conditions are unlikely to hold in practice, the inequality

Pr(β 
∈ Cβ(α)) ≤ α2(1 − α1) + α1 ≤ α

is likely to be strict, resulting in a conservative confidence interval.

To implement the Bonferroni confidence interval in practice, Cavanagh, Elliott,

and Stock suggest inverting the augmented Dickey-Fuller t-statistic to first construct

Cρ(α1). They then suggest inverting the conventional t-statistic for testing β, using

the appropriate critical values based on its asymptotic distribution (3.18). The two

t-statistics are correlated, which tends to increase the coverage rate of the confidence

interval. Cavanagh, Elliott, and Stock suggest adjusting α1 and α2 to achieve an

exact test of the desired significance level. Torous, Valkanov, and Yan (2001) have

applied this method to test predictability in US data.

A natural question that arises is whether there is a more efficient method of

constructing the Bonferroni confidence interval. Since there is no UMP test for an

autoregressive unit root, there is no uniformly most accurate confidence interval for

ρ. However, the DF-GLS test is more powerful than the augmented Dickey-Fuller

test. Hence, we invert the DF-GLS statistic to obtain a tighter confidence interval
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for ρ.

In addition, we know that the Q-test is a more powerful test of β given ρ than the

t-test. In fact, it is UMP conditional on an ancillary statistic when ρ is known. We can

therefore obtain a more accurate confidence interval Cβ|ρ(α2) by inverting the Q-test.

Because the statistic (3.19) is asymptotically normal under the null, an equal-tailed

α2-level confidence interval is simply Cβ|ρ(α2) = [β(ρ, α2), β(ρ, α2)], where

β̂(ρ) =

∑T
t=1 xµ

t−1[rt − σue

σeω
(xt − ρxt−1)] + T

2
σue

σeω
(ω2 − σ2

v)∑T
t=1 xµ2

t−1

, (3.21)

β(ρ, α2) = β̂(ρ) − zα2/2σu

(
1 − δ2∑T
t=1 xµ2

t−1

)1/2

, (3.22)

β(ρ, α2) = β̂(ρ) + zα2/2σu

(
1 − δ2∑T
t=1 xµ2

t−1

)1/2

. (3.23)

Let Cρ(α1) = [ρ(α1), ρ(α1)] denote the confidence interval for ρ, where α1 = Pr(ρ <

ρ(α1)), α1 = Pr(ρ > ρ(α1)), and α1 = α1 + α1. Then the Bonferroni confidence

interval is given by

Cβ(α) = [β(ρ(α1), α2), β(ρ(α1), α2)]. (3.24)

Hence, we have a closed-form expression for the confidence interval of β that is easy

to compute.

As discussed above, the Bonferroni confidence interval can be quite conservative.

As suggested by Cavanagh, Elliott, and Stock, the significance levels α1 and α2 can

be adjusted to achieve a test of desired significance level α̃ ≤ α. To do so, we first fix

α2. Then for each δ, we numerically search over a grid for c to find the α1 such that

Pr(β(ρ(α1), α2) > β) ≤ α̃/2, (3.25)
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with equality at some c. We then repeat the same procedure for α1 and

Pr(β(ρ(α1), α2) < β) ≤ α̃/2. (3.26)

In Table 3.2, we report the values of α1 and α1 for selected values of δ when

α̃ = α2 = 0.10, computed over the grid c ∈ [−50, 5]. The table can be used to

construct a 10% Bonferroni confidence interval for β (equivalently, a 5% one-sided

Q-test for predictability). Note that α1 and α1 are increasing in δ, so the Bonferroni

inequality has more slack and the unadjusted Bonferroni test is more conservative

the smaller is δ in absolute value. In order to implement the Bonferroni test using

Table 3.2, one needs the confidence belts for the DF-GLS statistic. In Campbell

(2003, Tables 2–11), we provide lookup tables which report the appropriate confidence

interval for c, Cc(α1) = [c(α1), c(α1)], given the values of the DF-GLS statistic and δ.

Then the confidence interval Cρ(α1) = 1+Cc(α1)/T for ρ results in a 10% Bonferroni

confidence interval for β.

Our computational results indicate that in general the inequalities (3.25) and

(3.26) are close equalities when c is large and more slack when c is small. For For

right-tailed tests, the probability (3.25) can be small as 4.0% for some values of c and

δ. For left-tailed tests, the probability (3.26) can be as small as 1.2%. This suggests

that even the adjusted Bonferroni Q-test is conservative (i.e. undersized) when c < 5.

The assumption that the predictor variable is never explosive (i.e. c ≤ 0) allows us

to further tighten the Bonferroni confidence interval. In our judgment, however, the

magnitude of the resulting power gain is not sufficient to justify the loss of robustness

against explosive roots.
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Table 3.2: Significance Level of the DF-GLS Confidence Interval for the Bonferroni
Q-test

This table reports the significance level of the confidence interval for the largest
autoregressive root ρ, computed by inverting the DF-GLS test, which sets the size
of the one-sided Bonferroni Q-test to 5%. Using the notation (3.24), the confidence
interval Cρ(α1) = [ρ(α1), ρ(α1)] for ρ results in a 90% Bonferroni confidence interval
Cβ(0.1) for β when α2 = 0.1.

δ α1 α1 δ α1 α1

-0.999 0.050 0.055 -0.500 0.080 0.280
-0.975 0.055 0.080 -0.475 0.085 0.285
-0.950 0.055 0.100 -0.450 0.085 0.295
-0.925 0.055 0.115 -0.425 0.090 0.310
-0.900 0.060 0.130 -0.400 0.090 0.320
-0.875 0.060 0.140 -0.375 0.095 0.330
-0.850 0.060 0.150 -0.350 0.100 0.345
-0.825 0.060 0.160 -0.325 0.100 0.355
-0.800 0.065 0.170 -0.300 0.105 0.360
-0.775 0.065 0.180 -0.275 0.110 0.370
-0.750 0.065 0.190 -0.250 0.115 0.375
-0.725 0.065 0.195 -0.225 0.125 0.380
-0.700 0.070 0.205 -0.200 0.130 0.390
-0.675 0.070 0.215 -0.175 0.140 0.395
-0.650 0.070 0.225 -0.150 0.150 0.400
-0.625 0.075 0.230 -0.125 0.160 0.405
-0.600 0.075 0.240 -0.100 0.175 0.415
-0.575 0.075 0.250 -0.075 0.190 0.420
-0.550 0.080 0.260 -0.050 0.215 0.425
-0.525 0.080 0.270 -0.025 0.250 0.435
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3.3.4 Power under Local-to-Unity Asymptotics

Infeasible Tests

In this section, we first examine the power of the t-test and Q-test under local-to-unity

asymptotics. Although these tests assume knowledge of c and are thus infeasible,

their power provide benchmarks for assessing the power of feasible tests. When the

predictor variable contains a local-to-unit root, OLS estimators β̂ and ρ̂ are consistent

at the rate T , rather than
√

T . We therefore consider a sequence of alternatives of

the form β = β0 + b/T for some fixed constant b. Details on the computation of the

power functions are in Appendix A.5.

Figure 3.4 plots the power functions for the t-test (using the appropriate critical

value that depends on c) and the Q-test. Under local-to-unity asymptotics, power

functions are not symmetric in b. We only report the power for right-tailed tests (i.e.

b > 0) since this is the region where the conventional t-test is size distorted (recall

the discussion in Section 3.3.2). The results, however, are qualitatively similar for

left-tailed tests. We consider various combinations of c (-2 and -20) and δ (-0.95 and

-0.75), which are in the relevant region of the parameter space when the predictor

variable is a valuation ratio. The nuisance parameters are normalized as σ2
u = ω2 = 1.

As expected, the power function for the Q-test dominates that for the t-test. The

difference is especially large when δ = −0.95. When the correlation between the

innovations is large, there are large power gains from subtracting off the part of the

innovation to returns that is correlated with the innovation to the predictor variable.

These results confirm analogous calculations under first-order asymptotics, reported

in Figure 3.1.

To assess the importance of the power gain, we compute the Pitman efficiency,

which is the ratio of the sample sizes at which two tests achieve the same level of
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Figure 3.4: Local Asymptotic Power under Local-to-Unity Asymptotics

This figure plots the power of the infeasible Q-test and t-test that assume knowledge
of the local-to-unity parameter, the Bonferroni Q-test and t-test, and the sup-bound
Q-test. The null hypothesis is β = β0 against the local alternatives b = T (β−β0) > 0.
c = −2,−20 is the local-to-unity parameter, and δ = −0.95,−0.75 is the correlation
between the innovations to returns and the predictor variable.
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power (e.g. 50%) along a sequence of local alternatives. Consider the case c = −2

and δ = −0.95. To compute the Pitman efficiency of the t-test relative to the Q-test,

note first that the t-test achieves 50% power when b = 4.8. On the other hand, the

Q-test achieves 50% power when b = 1.8. Following the discussion in Stock (1994,

p. 2775), the Pitman efficiency of the t-test relative to the Q-test is 4.8/1.8 ≈ 2.7.

This means that to achieve 50% power, the t-test asymptotically requires 170% more

observations than the Q-test.

As was the case under first-order asymptotics, the power function for the Q-test

corresponds to the Gaussian power envelope for conditional tests under model (3.13)

and Assumption 1. Unlike the case for first-order asymptotics, however, the power

function does not correspond to the power envelope for all (including unconditional)

tests. This is because the ancillary statistic T−2
∑T

t=1 xµ2
t−1 has a non-degenerate

asymptotic distribution under local-to-unity asymptotics (see Lemma 1). The optimal

test statistic is therefore a weighted sum of two statistics, where the weights depend on

the alternative b. Consequently, there is no UMP test against a one-sided alternative.

Although not reported in Figure 3.4, our calculations show that the power of the

Q-test comes very close (essentially tangent) to the power envelope.

When the innovations are not normal, there are in principle tests that more effi-

cient than the Q-test. However, the Q-test is asymptotically more efficient than the

t-test even if the innovations are non-normal (i.e. Assumption 2). This illustrates

the fact that the Gaussian likelihood function and the Neyman-Pearson Lemma are

useful tools for deriving efficient tests even if the error distribution is unknown.

Feasible Tests

We now analyze the power properties of several feasible tests that have been proposed.

Figure 3.4 reports the power of the Bonferroni t-test (Cavanagh, Elliott, and Stock
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1995) and the Bonferroni Q-test described in the last section.6

In all cases considered, the Bonferroni Q-test dominates the Bonferroni t-test. In

fact, the power of the Bonferroni Q-test comes very close to that of the infeasible t-

test. The power gains of the Bonferroni Q-test over the Bonferroni t-test are larger the

closer is c to zero and the larger is δ in absolute value. When c = −2 and δ = −0.95,

the Pitman efficiency is 1.2, which means that the Bonferroni t-test requires 20%

more observations than the Bonferroni Q-test to achieve 50% power.

In addition to the Bonferroni tests, we also consider the power of Lewellen’s (2003)

test which is the Q-test that assumes ρ = 1. In our notation (3.24), Lewellen’s

confidence interval corresponds to [β(1, α2), β(1, α2)]. This test can be interpreted as

a sup-bound Q-test, provided that the parameter space is restricted to c ∈ (−∞, 0],

since Q(β0, ρ) is decreasing in ρ when δ < 0. By construction, the sup-bound Q-test

is the most powerful test when c = 0. When c = −2 and δ = −0.95, the sup-bound

Q-test is undersized when b is small and has good power when b � 0. When c = −2

and δ = −0.75, the power of the sup-bound Q-test is close to that of the Bonferroni

Q-test. When c = −20, the sup-bound Q-test has very poor power. In some sense,

the comparison of the sup-bound Q-test with the Bonferroni tests is unfair because

the size of the sup-bound test is greater than 5% when the true autoregressive root

is explosive (i.e. c > 0), while the Bonferroni tests have the correct size even in the

presence of explosive roots.

Against left-sided local alternatives (i.e. b < 0), the sup-bound t-test, which is

the t-test that uses conventional critical values, has correct albeit conservative size.

(Recall from Section 3.3.2 that the left-tailed t-test is undersized.) Although we

do not report the power functions, our computations indicate the Bonferroni tests

6The numerical procedure described in Section 3.3.3 for the Bonferroni Q-test is also applied
to the Bonferroni t-test. The significance levels α1 and α1 used in constructing the Dickey-Fuller
confidence interval for ρ are chosen to result in a 5% one-sided test for β, uniformly in c ∈ [−50, 5].
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(based on either the t-test or the Q-test) are less undersized than the sup-bound

t-test. Hence, the Bonferroni tests have better power, especially when the predictor

variable is persistent (i.e. c = −2). The two Bonferroni tests have similar power

although the t-test version has better power when the degree of persistence is low

(i.e. c = −20).

As revealed by Figure 3.4, all the feasible tests considered here are biased.7 That

is, the power of the test can be less than the size, for alternatives b sufficiently close

to zero. Recently, there has been progress in the development of unbiased tests for

predictive regressions (see Jansson and Moreira (2003) and Polk, Thompson, and

Vuolteenaho (2003)). Whether unbiasedness is a desirable property in constructing

powerful tests of predictability remains to be seen.

We conclude that the Bonferroni Q-test has important power advantages over the

other feasible tests. Against right-sided alternatives, it has better power than the

Bonferroni t-test, especially when the predictor variable is highly persistent, and it

has much better power than the sup-bound Q-test when the predictor variable is less

persistent.

3.4 Predictability of Stock Returns

In this section, we implement our test of predictability in US equity data. We then

relate our findings to previous empirical results in the literature.

3.4.1 Data

We use four different series of stock returns, dividend-price ratio, and earnings-price

ratio. The first is annual S&P 500 index data (1871–2002) from Global Financial Data

7See Lehmann (1986, Chapter 4) for a textbook treatment of unbiasedness for hypothesis testing.
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since 1926 and Shiller (2000) before then. (The latter is available from the author’s

webpage.) The other three series are annual, quarterly, and monthly NYSE/AMEX

value-weighted index data (1926–2002) from the Center for Research in Security Prices

(CRSP).

Following Campbell and Shiller (1988b), the dividend-price ratio is computed as

dividends over the past year divided by the current price, and the earnings-price ratio

is computed as a moving average of earnings over the past ten years divided by the

current price. Since earnings data are not available for the CRSP series, we instead

use the corresponding earnings-price ratio from S&P 500. Earnings are available at

quarterly frequency since 1935, and annual frequency before then. Shiller (2000)

constructs monthly earnings by linear extrapolation. We instead assign quarterly

earnings to each month of the quarter since 1935 and annual earnings to each month

of the year before then.

To compute excess returns of stocks over a riskfree return, we use the 1-month

T-bill rate for the monthly series and the 3-month T-bill rate for the quarterly series.

For the annual series, the riskfree return is the return from rolling over the 3-month

T-bill every quarter. Since 1926, the T-bill rates are from the CRSP Indices database.

For our longer S&P 500 series, we augment this with US Commercial Paper Rates

(New York City) from Macaulay (1938), available through NBER’s webpage.

For the three CRSP series, we consider the sub-sample 1952–2002 in addition to

the full sample. This allows us to add two additional predictor variables, the 3-month

T-bill rate and the long-short yield spread. Following Fama and French (1989), the

long yield used in computing the yield spread is Moody’s Seasoned Aaa Corporate

Bond Yield. The short rate used is the 1-month T-bill rate. Although data are

available before 1952, the nature of the interest rate is very different then due to

the Fed’s policy of pegging the interest rate. Following the usual convention, excess
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returns and the predictor variables are all in logs.

3.4.2 Persistence of Predictor Variables

In Table 3.3, we report the 95% confidence interval for the autoregressive root ρ (and

the corresponding c) for the log dividend-price ratio (d − p), the log earnings-price

ratio (e − p), the 3-month T-bill rate (r3), and the long-short yield spread (y − r1).

The confidence interval is computed by the method described in Section 3.3.2. The

autoregressive lag length p ∈ [1, p] for the predictor variable is estimated by the Bayes

Information Criterion (BIC). We set the maximum lag length p to 4 for annual, 6

for quarterly, and 8 for monthly data. The estimated lag lengths are reported in the

fourth column of Table 3.3.

All of the series are highly persistent, often containing a unit root in the confidence

interval. An interesting feature of the confidence intervals for the valuation ratios

(d − p and e − p) is that they are sensitive to whether the sample period includes

data after 1994. The confidence interval for the sample through 1994 (Panel B) is

always less than that for the full sample through 2002 (Panel A). The source of this

difference can be explained by Figure 3.2, which is a time series plot of the valuation

ratios at quarterly frequency. Around 1994, these valuation ratios begin to drift down

to historical lows, making the processes look more nonstationary. The least persistent

series is the yield spread, whose confidence interval never contains a unit root.

The high persistence of these predictor variables suggests that first-order asymp-

totics, which implies that the t-statistic is approximately normal in large samples,

may be misleading. As discussed in Section 3.3.2, whether conventional inference

based on the t-test is reliable also depends on the correlation δ between the innova-

tions to excess returns and the predictor variable. Hence, we report point estimates
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of δ in the fifth column of Table 3.3. As expected, the correlations for the valuation

ratios are negative and large. This is because movements in stock returns and these

valuation ratios mostly come from movements in the stock price. The large magni-

tude of δ suggests that inference based on the conventional t-test leads to large size

distortions. More formally, we fail to reject the null hypothesis that the size distor-

tion is greater than 2.5% using the pretest described in Section 3.3.2. For the interest

rate variables (r3 and y − r1), δ is much smaller. For these predictor variables, the

pretest rejects the null hypothesis, which suggests that the conventional t-test leads

to approximately correct inference.

3.4.3 Testing the Predictability of Returns

In this section, we construct valid confidence intervals for β to test the predictability

of returns. Based on the power analysis in Section 3.3.4, our preferred test is the

Bonferroni Q-test.

Summary of the Methodology

Our methodology and empirical findings can most easily be explained by the following

graphical method, which can be implemented as a series of OLS regressions.

1. Run the regression (3.12) to obtain the standard error for β̂, denoted as SE(β̂).

Run the regression (3.17) to obtain the coefficients ψ̂i (i = 1, . . . , p − 1). Using

the OLS residuals ût and êt, compute σ̂2
u = (T − 2)−1

∑T
t=1 û2

t , σ̂2
e = (T −

2)−1
∑T

t=1 ê2
t , σ̂ue = (T − 2)−1

∑T
t=1 ûtêt, δ̂ = σ̂ue/(σ̂uσ̂e), and ω̂2 = σ̂2

e/(1 −∑p−1
i=1 ψ̂i)

2.

2. Run the regression (3.15) to obtain the standard error for ρ̂, denoted as SE(ρ̂).

Using the OLS residuals v̂t, compute σ̂2
v = (T − 2)−1

∑T
t=1 v̂2

t .
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3. Compute the DF-GLS statistic as follows. Regress (x0, x1 − ρGLSx0, . . . , xT −

ρGLSxT−1)
′ onto (1, 1 − ρGLS, . . . , 1 − ρGLS)′, where ρGLS = 1 − 7/T , to obtain

the coefficient µGLS. Let xt = xt − µGLS. Run the regression (3.17) using xt

without the intercept. The t-statistic for θ is the DF-GLS statistic.

4. Given the value of the DF-GLS statistic and δ̂, use the lookup tables in Campbell

(2003) to find the appropriate confidence interval [c, c] for c. The confidence

interval for ρ is [ρ, ρ] = [1 + c/T, 1 + c/T ].

5. For each ρ ∈ [ρ, ρ], compute an equal-tailed 90% confidence interval for β given

ρ as follows. Run the regression (3.12) with rt− (σ̂ue/(σ̂eω̂))(xt−ρxt−1) instead

of rt. Let β̂(ρ) denote the coefficient on xt−1. The confidence interval for β

given ρ is [β(ρ), β(ρ)], where

β(ρ) = β̂(ρ) +
T − 2

2

σ̂ue

σ̂eω̂

(
ω̂2

σ̂2
v

− 1

)
SE(ρ̂)2 − z0.05(1 − δ̂2)1/2SE(β̂),

β(ρ) = β̂(ρ) +
T − 2

2

σ̂ue

σ̂eω̂

(
ω̂2

σ̂2
v

− 1

)
SE(ρ̂)2 + z0.05(1 − δ̂2)1/2SE(β̂).

6. Plot [β(ρ), β(ρ)] against ρ for all ρ ∈ [ρ, ρ].

In step 1, the autoregressive lag length p can be estimated consistently by BIC.

When the predictor variable is an AR(1) (i.e. p = 1), regressions (3.15) and (3.17) are

equivalent, so step 2 can be eliminated. In addition, the formulas in step 5 simplify

since ω̂2 = σ̂2
v = σ̂2

e in that case. In practice, we only need to compute the confidence

interval [β(ρ), β(ρ)] at the end points of [ρ, ρ] since β(ρ) and β(ρ) are linear in ρ. The

90% Bonferroni confidence interval [β(ρ), β(ρ)] corresponds to a 10% two-sided test

or a 5% one-sided test for predictability.

In reporting our confidence interval for β, we will scale it by σ̂e/σ̂u. In other

words, we report the confidence interval for β̃ = (σe/σu)β instead of β. Although this
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normalization does not affect inference, it is a more natural way to report the empirical

results for two reasons. First, β̃ has a natural interpretation as the coefficient in (3.12)

when the innovations in (3.12) and (3.17) are normalized to have unit variance. This

is in the spirit of the simple regression model (3.1)–(3.2), which assumed unit variance

in innovations. Second, by the equality

β̃ =
σ(Et−1rt − Et−2rt)

σ(rt − Et−1rt)
,

β̃ can be interpreted as the standard deviation of the change in expected returns

relative to the standard deviation of the innovation to returns. To simplify notation,

we will use β to denote β̃ throughout the rest of the essay.

Empirical Findings

In Figure 3.5, we plot the Bonferroni confidence interval, using the annual and quar-

terly CRSP series (1926–2002), when the predictor variable is the dividend-price ratio

or the earnings-price ratio. The thick lines represent the confidence interval based

on the Bonferroni Q-test, and the thin lines represent the confidence interval based

on the Bonferroni t-test. Because of the asymmetry in the null distribution of the

t-statistic, the confidence interval for ρ used for the right-tailed Bonferroni t-test dif-

fers from that used for the left-tailed test. This explains why the length of the lower

bound of the interval, corresponding to the right-tailed test, can differ from the upper

bound, corresponding to the left-tailed test. The application of the Bonferroni Q-test

is new, but the Bonferroni t-test has been applied previously by Torous, Valkanov,

and Yan (2001). We report the latter for the purpose of comparison.

For the annual dividend-price ratio in Panel A, the Bonferroni confidence interval

for β based on the Q-test lies strictly above zero. Hence, we can reject the null β = 0
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Figure 3.5: Bonferroni Confidence Interval for the Valuation Ratios

This figure plots the 90% confidence interval for β over the confidence interval for ρ.
The significance level for ρ is chosen to result in a 90% Bonferroni confidence interval
for β. The thick (thin) line is the confidence interval for β computed by inverting
the Q-test (t-test). Returns are for annual and quarterly CRSP value-weighted index
(1926–2002). The predictor variables are the log dividend-price ratio and the log
earnings-price ratio.
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against the alternative β > 0 at the 5% level. The Bonferroni confidence interval

based on the t-test, however, includes β = 0. Hence, we cannot reject the null of

no predictability using the Bonferroni t-test. This can be interpreted in light of the

power comparisons in Figure 3.4. From Table 3.3, δ̂ = −0.721 and the confidence

interval for c is [−7.343, 3.781]. In this region of the parameter space, the Bonferroni

Q-test is more powerful than the Bonferroni t-test against right-sided alternatives,

resulting in a tighter confidence interval.

For the quarterly dividend-price ratio in Panel C, the evidence for predictability is

weaker. In the relevant range of the confidence interval for ρ, the confidence interval

for β contains zero for both the Bonferroni Q-test and t-test, although the confidence

interval is again tighter for the Q-test. Using the Bonferroni Q-test, the confidence

interval for β lies above zero when ρ ≤ 0.988. This means that if the true ρ is less

than 0.988, we can reject the null hypothesis β = 0 against the alternative β > 0 at

the 5% level. On the other hand, if ρ > 0.988, the confidence interval includes β = 0,

so we cannot reject the null. Since there is uncertainty over the true value of ρ, we

cannot reject the null of no predictability.

In Panel B, we test for predictability in annual data using the earnings-price

ratio as the predictor variable. We find that stock returns are predictable with the

Bonferroni Q-test, but not with the Bonferroni t-test. In Panel D, we obtain the

same results at the quarterly frequency. Again, the Bonferroni Q-test gives tighter

confidence intervals due to better power, which is empirically relevant for detecting

predictability.

In Figure 3.6, we repeat the same exercise as Figure 3.5, using the quarterly CRSP

series in the sub-sample 1952–2002. We report the plots for all four of our predictor

variables: A) the dividend-price ratio, B) the earnings-price ratio, C) the T-bill rate,

and D) the yield spread.
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Figure 3.6: Bonferroni Confidence Interval for the Sample from 1952

This figure plots the 90% confidence interval for β over the confidence interval for ρ.
The significance level for ρ is chosen to result in a 90% Bonferroni confidence interval
for β. The thick (thin) line is the confidence interval for β computed by inverting the
Q-test (t-test). Returns are for quarterly CRSP value-weighted index (1952–2002).
The predictor variables are the log dividend-price ratio, the log earnings-price ratio,
the 3-month T-bill rate, and the long-short yield spread.
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For the dividend-price ratio, we find evidence for predictability if ρ ≤ 1.004. This

means that if we are willing to rule out explosive roots, confining attention to the

area of the figure to the left of the vertical line at ρ = 1, we can conclude that returns

are predictable with the dividend-price ratio. The confidence interval for ρ, however,

includes explosive roots, so we cannot impose ρ ≤ 1 without using prior information

about the behavior of the dividend-price ratio.

The earnings-price ratio is a less successful predictor variable in this sub-sample.

We find that ρ must be less than 0.997 before we can conclude that the earnings-price

ratio predicts returns. Taking account of the uncertainty in the true value of ρ, we

cannot reject the null hypothesis β = 0. The weaker evidence for predictability in

the period since 1952 is partly due to the fact that the valuation ratios appear more

persistent when restricted to this sub-sample. The confidence intervals therefore

contain rather large values of ρ that were excluded in Figure 3.5.

For the T-bill rate, the Bonferroni confidence interval for β lies strictly below zero

for both the Q-test and the t-test over the entire confidence interval for ρ. For the

yield spread, the evidence for predictability is similarly strong, with the confidence

interval strictly above zero over the entire range of ρ. The power advantage of the

Bonferroni Q-test over the Bonferroni t-test is small when δ is small in absolute value,

so these tests result in very similar confidence intervals.

In Table 3.4, we report the complete set of results in tabular form. In the fifth

column of the table, we report the 90% Bonferroni confidence intervals for β using

the t-test. In the sixth column, we report the 90% Bonferroni confidence interval

using the Q-test. In terms of Figures 3.5–3.6, we simply report the minimum and

maximum values of β for each of the tests.

Focusing first on the full-sample results in Panel A, the Bonferroni Q-test rejects

the null of no predictability for the earnings-price ratio (e− p) at all frequencies. For
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Table 3.4: Tests of Predictability

This table reports statistics used to infer the predictability of returns. Returns are
for annual S&P 500 and annual, quarterly, and monthly CRSP value-weighted index.
(See Table 3.3 for the sample periods and the number of observations.) The predictor
variables are the log dividend-price ratio (d− p), the log earnings-price ratio (e− p),
the 3-month T-bill rate (r3), and the long-short yield spread (y − r1). The third

and fourth columns report the t-statistic and the point estimate β̂ from an OLS
regression of returns onto the predictor variable. The next two columns report the
90% Bonferroni confidence intervals for β using the t-test and Q-test, respectively.
The final column reports the lower bound of the confidence interval for β based on
the Q-test at ρ = 1.

Series Variable t-stat β̂ 90% CI: β Low CI β
t-test Q-test (ρ = 1)

A. Full Sample
S&P 500 d − p 1.977 0.093 [-0.040,0.136] [-0.032,0.115] -0.017

e − p 2.772 0.131 [-0.002,0.190] [0.043,0.224] -0.023
Annual d − p 2.534 0.125 [-0.007,0.178] [0.014,0.188] 0.020

e − p 2.770 0.169 [-0.009,0.240] [0.042,0.277] 0.002
Quarterly d − p 2.060 0.034 [-0.014,0.052] [-0.009,0.044] -0.010

e − p 2.908 0.049 [-0.001,0.068] [0.010,0.066] 0.002
Monthly d − p 1.706 0.009 [-0.006,0.014] [-0.005,0.010] -0.005

e − p 2.662 0.014 [-0.001,0.019] [0.002,0.018] 0.001
B. Sample through 1994

S&P 500 d − p 2.243 0.141 [-0.035,0.218] [-0.048,0.183] -0.080
e − p 3.331 0.196 [0.063,0.273] [0.094,0.326] -0.029

Annual d − p 2.993 0.212 [0.025,0.304] [0.056,0.332] 0.011
e − p 3.409 0.279 [0.048,0.380] [0.126,0.448] 0.012

Quarterly d − p 2.304 0.053 [-0.004,0.083] [-0.006,0.076] -0.027
e − p 3.506 0.079 [0.018,0.107] [0.027,0.109] 0.005

Monthly d − p 1.790 0.013 [-0.004,0.022] [-0.007,0.017] -0.013
e − p 3.185 0.022 [0.002,0.030] [0.005,0.028] 0.000

(continued on the next page)
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Series Variable t-stat β̂ 90% CI: β Low CI β
t-test Q-test (ρ = 1)

C. Sample from 1952
Annual d − p 2.289 0.124 [-0.023,0.178] [-0.007,0.183] 0.020

e − p 1.733 0.114 [-0.078,0.178] [-0.031,0.229] -0.025
r3 -1.143 -0.095 [-0.229,0.045] [-0.231,0.042] —
y − r1 1.124 0.136 [-0.087,0.324] [-0.075,0.359] -0.156

Quarterly d − p 2.236 0.036 [-0.011,0.051] [-0.010,0.030] 0.005
e − p 1.777 0.029 [-0.019,0.044] [-0.012,0.042] -0.003
r3 -1.766 -0.042 [-0.084,-0.004] [-0.084,-0.004] -0.086
y − r1 1.991 0.090 [0.009,0.162] [0.006,0.158] -0.002

Monthly d − p 2.259 0.012 [-0.004,0.017] [-0.004,0.010] 0.001
e − p 1.754 0.009 [-0.006,0.014] [-0.004,0.012] -0.001
r3 -2.431 -0.017 [-0.030,-0.006] [-0.030,-0.006] -0.030
y − r1 2.963 0.047 [0.020,0.072] [0.020,0.072] 0.016

the dividend-price ratio (d− p), we fail to reject the null except for the annual CRSP

series. Using the Bonferroni t-test, we always fail to reject the null due to its poor

power relative to the Bonferroni Q-test.

In the sub-sample through 1994, reported in Panel B, the results are qualitatively

similar. In particular, the Bonferroni Q-test finds predictability with the earnings-

price ratio at all frequencies. Interestingly, the Bonferroni t-test also finds predictabil-

ity in this sub-sample, although the confidence intervals are still wider than those of

the Bonferroni Q-test. In this sub-sample, the evidence for predictability is sufficiently

strong that a relatively inefficient test can also find predictability.

In Panel C, we report the results for the sub-sample since 1952. In this sub-

sample, we cannot reject the null hypothesis for the valuation ratios (d−p and e−p).

For the T-bill rate and the yield spread (r3 and y − r1), however, we reject the null

hypothesis except at annual frequency.

As we have seen in Figure 3.6, the weak evidence for predictability in this sub-

sample arises from the fact that the confidence intervals for ρ contain explosive roots.
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If we could obtain tighter confidence intervals for ρ that exclude these values, the

lower bound of the confidence intervals for β would rise, strengthening the evidence

for predictability. In the last column of Table 3.4, we report the lower bound of the

confidence interval for β at ρ = 1. This corresponds to Lewellen’s (2003) sup-bound

Q-test, which restricts the parameter space to ρ ≤ 1. In terms of Figures 3.5–3.6, this

is equivalent to discarding the region of the plots where ρ > 1. Under this restriction,

the lower bound of the confidence interval for the dividend-price ratio lies above zero

at all frequencies. The dividend-price ratio therefore predicts returns in the sub-

sample since 1952 provided that its autoregressive root is not explosive, consistent

with Lewellen’s findings.

To summarize the empirical results, we find reliable evidence for predictability

with the earnings-price ratio, the T-bill rate, and the yield spread. The evidence for

predictability with the dividend-price ratio is weaker, and we do not find unambiguous

evidence for predictability using our Bonferroni Q-test. The Bonferroni Q-test gives

tighter confidence intervals than the Bonferroni t-test due to better power. The power

gain is empirically important in the full sample through 2002.

3.4.4 Connection to Previous Empirical Findings

The empirical literature on the predictability of returns is rather large, and in this

section, we attempt to interpret the main findings in light of our analysis in the last

section.

t-test

The earliest and the most intuitive approach to testing predictability is to run the

predictive regression and to compute the t-statistic. One would then reject the null
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hypothesis β = 0 against the alternative β > 0 at the 5% level if the t-statistic

is greater than 1.645. In the third column of Table 3.4, we report the t-statistics

from the predictive regressions. Using the conventional critical value, the t-statistics

are mostly “significant”, often greater than two and sometimes greater than three.

Comparing the full sample through 2002 (Panel A) and the sub-sample through 1994

(Panel B), the evidence for predictability appears to have weakened in the last eight

years. In the late 1990’s, stock returns were high when the valuation ratios were at

historical lows. Hence, the evidence for predictability “went in the wrong direction”.

However, one may worry about statistical inference that is so sensitive to an

addition of 8 observations to a sample of 115 (for S&P 500) or an addition of 32 data

points to a sample of 273 (for quarterly CRSP). In fact, this sensitivity is evidence

for the failure of first-order asymptotics. Intuitively, when a predictor variable is

persistent, its sample moments can change dramatically with an addition of a few

data points. Since the t-statistic measures the covariance of excess returns with the

lagged predictor variable, its value is sensitive to persistent deviations in the predictor

variable from the mean. This is what happened in the late 1990’s when valuation

ratios reached historical lows. Tests that are derived from local-to-unity asymptotics

take this persistence into account and hence lead to correct inference.

Using the Bonferroni Q-test, which is robust to the persistence problem, we find

that the earnings-price ratio predicts returns in both the full sample and the sub-

sample through 1994. There appears to be some empirical content in the claim that

the evidence for predictability has weakened, with the Bonferroni confidence interval

based on the Q-test shifting toward zero. Using the Bonferroni confidence interval

based on the t-test, we reject the null of no predictability in the sub-sample through

1994, but not in the full sample. The “weakened” evidence for predictability in the

recent years puts a premium on the efficiency of test procedures.
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As additional evidence for the failure of first-order asymptotics, we report the

OLS point estimates of β in the fourth column of Table 3.4. As equations (3.22)–

(3.23) show, the point estimate β̂ does not necessarily lie in the center of the robust

confidence interval for β. Indeed, β̂ for the valuation ratios are usually closer to the

upper bound of the Bonferroni confidence interval based on the Q-test, and in a few

cases (dividend-price ratio in Panel C), β̂ falls strictly above the confidence interval.

This is a consequence of the upward finite-sample bias of the OLS estimator arising

from the persistence of these predictor variables (see Stambaugh (1999) and Lewellen

(2003)).

One way to interpret the t-test based on the conventional critical value (1.645

for a 5% one-sided test) is the Bayesian interpretation. Suppose δ = −0.9, which is

a reasonable value for the valuation ratios. As reported in Table 3.1, the unknown

persistence parameter c must be less than -70 for the size distortion of the t-test to

be less than 2.5%. Hence, if a researcher has prior information that c < −70, he

can proceed with the t-test using the critical value 1.645. Our empirical findings

in Figures 3.5–3.6 confirm that there is strong evidence for predictability with the

valuation ratios when ρ � 1. The problem with such inference is that the lower

bound of the confidence interval for c is much greater than −70, so it is hard to

reconcile the prior belief in a low c with the observed persistence of the valuation

ratios.

For the interest rate variables, the correlation δ is sufficiently small that conven-

tional inference based on the t-test leads to approximately correct inference. This is

confirmed in Panel C of Table 3.4, where inference based on the conventional t-test

agrees with that based on the Bonferroni Q-test.
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Long-Horizon Tests

Some authors, notably Fama and French (1988) and Campbell and Shiller (1988b),

have explored the behavior of stock returns at lower frequencies by regressing long-

horizon returns onto financial variables. In annual data, the dividend-price ratio has

a smaller autoregressive root than it does in monthly data and is less persistent in

that sense. Over several years, the ratio has an even smaller autoregressive root.

Unfortunately, this does not eliminate the statistical problem caused by persistence

because the effective sample size shrinks as one increases the horizon of the regression.

Recently, a number of authors have pointed out that the finite-sample distribution

of the long-horizon regression coefficient and its associated t-statistic can be quite dif-

ferent from the asymptotic distribution due to persistence in the regressor and overlap

in the returns data. (See Hodrick (1992), Nelson and Kim (1993), Ang and Bekaert

(2001) for computational results and Valkanov (2003) and Torous, Valkanov, and Yan

(2001) for analytical results.) Accounting for these problems, Torous, Valkanov, and

Yan (2001) find no evidence for predictability at long horizons using many of the

popular predictor variables. In fact, they find no evidence for predictability at any

horizon or time period, except at quarterly and annual frequencies in 1952–1994.

Long-horizon regressions can also be understood as a way to reduce the noise in

stock returns, because under the alternative hypothesis that returns are predictable,

the variance of the return increases less than proportionally with the investment

horizon (see Campbell, Lo, and MacKinlay (1997, Chapter 7) and Campbell (2001)).

The procedures developed in this essay and in Lewellen (2003) have the important

advantage that they reduce noise not only under the alternative, but also under

the null. Thus they increase power against local alternatives, while long-horizon

regression tests do not.
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Other Tests

In this section, we discuss three recent papers that have taken the issue of persistence

seriously to develop tests that have the correct size even if the predictor variable is

highly persistent or I(1).

Lewellen (2003) proposes to test the predictability of returns by computing the

Q-statistic evaluated at β0 = 0 and ρ = 1 (i.e. Q(0, 1)). His test procedure rejects

β = 0 against the one-sided alternative β > 0 at the α-level if Q(0, 1) > zα. Since

the null distribution of Q(0, 1) is standard normal under local-to-unity asymptotics,

Lewellen’s test procedure has correct size as long as ρ = 1. If ρ 
= 1, this procedure

does not in general have the correct size. However, Lewellen’s procedure is a valid

(although conservative) one-sided test as long as δ ≤ 0 and ρ ≤ 1. As we have shown

in Panel C of Table 3.4, the 5% one-sided test using the monthly dividend-price ratio

rejects when ρ = 1, confirming Lewellen’s empirical findings.

Based on finance theory, it is reasonable to assume that the dividend-price ratio

is mean reverting, at least in the very long run. However, we may not necessarily

want to impose Lewellen’s parametric assumption that the dividend-price ratio is an

AR(1) with ρ ≤ 1. In the absence of knowledge of the true data-generating process,

the purpose of the parametric model (3.15)–(3.16) is to provide a flexible framework

to approximate the dynamics of the predictor variable in finite samples. Allowing

for the possibility that ρ > 1 can be an important part of that flexibility, especially

in light of the recent behavior of the dividend-price ratio. In addition, we allow for

possible short-run dynamics in the predictor variable by considering an AR(p), which

Lewellen rules out by imposing a strict AR(1).

Another issue that arises with Lewellen’s test is that of power. As shown in

Figure 3.4, the test can have poor power when the predictor variable is stationary
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(i.e. ρ < 1). For instance, the annual earnings-price ratio for the S&P 500 index

has 95% confidence interval [0.768,0.965] for ρ. As reported in Panel A of Table 3.4,

the lower bound of the confidence interval for β using the Bonferroni Q-test is 0.043,

rejecting the null of no predictability. However, the Q-test at ρ = 1 results in a lower

bound of -0.023, failing to reject the null. Therefore, the poor power of Lewellen’s

procedure leads to the false conclusion that the earning-price ratio does not predict

returns at annual frequency. Similarly, Lewellen’s procedure always leads to wider

confidence intervals than the Bonferroni Q-test in the sub-sample through 1994, when

the valuation ratios are less persistent.

Torous, Valkanov, and Yan (2001) develop a test of predictability that is con-

ceptually similar to ours, constructing Bonferroni confidence intervals for β. One

difference from our approach is that they construct the confidence interval for ρ us-

ing the augmented Dickey-Fuller test, rather than the more powerful DF-GLS test

of Elliott, Rothenberg, and Stock (1996). The second difference is that they use the

long-horizon t-test, instead of the more powerful Q-test, for constructing the confi-

dence interval of β given ρ. Their choice of the long-horizon t-test is motivated by

their objective of highlighting the pitfalls of long-horizon regressions.

A key insight in Torous, Valkanov, and Yan (2001) is that the evidence for the

predictability of returns depends critically on the unknown degree of persistence of

the predictor variable. Because we cannot estimate the degree of persistence con-

sistently, the evidence for predictability can be ambiguous. This point is illustrated

in Figures 3.5–3.6, where we find that the dividend-price ratio predicts returns if its

autoregressive root ρ is sufficiently small. In this essay, we have confirmed their find-

ing that the evidence for predictability by the dividend-price ratio is weak once its

persistence has been properly accounted for.

A different approach to dealing with the problem of persistence is to ignore the
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data on predictor variables and to base inference solely on the returns data. Under the

null that returns are not predictable by a persistent predictor variable, returns should

behave like a stationary process. Under the alternative of predictability, returns

should have a unit or a near-unit root. Using this approach, Lanne (2002) fails to

reject the null of no predictability. However, his test is conservative in the sense that it

has poor power when the predictor variable is persistent but not close enough to being

integrated.8 Lanne’s empirical finding agrees with ours and those of Torous, Valkanov,

and Yan (2001). From Figures 3.5–3.6, we see that the valuation ratios predict returns

provided that their degree of persistence is sufficiently small. In addition, we find

evidence for predictability with the yield spread, which has a relatively small degree

of persistence compared to the valuation ratios. Lanne’s test would fail to detect

predictability by less persistent variables like the yield spread.

3.5 Conclusion

The hypothesis that stock returns are predictable at long horizons has been called

a “new fact in finance” (Cochrane 1999). That the predictability of stock returns is

now widely accepted by financial economists is remarkable given the long tradition of

the “random walk” model of stock prices. In this essay, we have shown that there is

indeed evidence for predictability, but it is more challenging to detect than previous

studies may have suggested. Most popular and economically sensible candidates for

predictor variables (such as the dividend-price ratio, earnings-price ratio, or measures

of the interest rate) are highly persistent. When the predictor variable is persistent,

the distribution of the t-statistic can be nonstandard, which can lead to over-rejection

8In fact, Campbell, Lo, and MacKinlay (1997, Chapter 7) construct an example in which re-
turns are univariate white noise but are predictable using a stationary variable with an arbitrary
autoregressive coefficient.
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of the null hypothesis using conventional critical values.

In this essay, we have developed a pretest to determine when the conventional

t-test leads to misleading inferences. Using the pretest, we find that the t-test leads

to correct inference for the short-term interest rate and the long-short yield spread.

Persistence is not a problem for these interest rate variables because their innovations

have sufficiently low correlation with the innovations to stock returns. Using the t-

test with conventional critical values, we find that these interest rate variables predict

returns in the post-1952 sample.

For the dividend-price ratio and the smoothed earnings-price ratio, persistence is

an issue since their innovations are highly correlated with the innovations to stock

returns. Using our pretest, we find that the conventional t-test can lead to misleading

inferences for these valuation ratios. In this essay, we have developed an efficient test

of predictability that leads to correct inference regardless of the degree of persistence

of the predictor variable. Over the full sample, our test reveals that the earnings-

price ratio reliably predicts returns at various frequencies (annual to monthly), while

the dividend-price ratio predicts returns only at annual frequency. In the post-1952

sample, the evidence for predictability is weaker, but the dividend-price ratio predicts

returns if we can rule out explosive autoregressive roots.

Taken together, these results suggest that there is a predictable component in stock

returns, but one that is difficult to detect without careful use of efficient statistical

tests.
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Appendix

A.1 Estimation of Linear Factor Models

A.1.1 Cross-Sectional Regression

An intuitive way to estimate the linear factor model

E[Rit − R0t] = b′Σfi (A.1)

is by a cross-sectional regression. The idea is to first estimate the covariance between

the factors and the return on asset i as

µ̂f =
1

T

T∑
t=1

ft, (A.2)

Σ̂fi =
1

T

T∑
t=1

(ft − µ̂f )(Rit − R0t). (A.3)

Then estimate the factor risk prices b by the cross-sectional regression

1

T

T∑
t=1

[Rit − R0t] = b′Σ̂fi. (A.4)
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To relate this estimator to the GMM estimator based on the moments

1

T

T∑
t=1

 e1(zt, θ)

e2(zt, θ)

 =
1

T

T∑
t=1

 Rt − R0tι − (Rt − R0tι)(ft − µf )
′b

ft − µf

 , (A.5)

consider the class of weighting matrices

W (κ) =

 IN 0

0 κIF

 , (A.6)

where κ > 0 is a constant. As κ → ∞, the GMM estimator approaches the cross-

sectional regression. To see this explicitly, note that T−1
∑T

t=1 e2(zt, θ) = 0 results in

the estimator (A.2) for the factor mean. Substituting µ̂f for µf in T−1
∑T

t=1 e1(zt, θ)

and minimizing with respect to b is equivalent to running the cross-sectional regression

(A.4).

Of course, setting the second moment T−1
∑T

t=1 e2(zt, θ) = 0 requires the weighting

matrix W (∞). However, since this weighting matrix is degenerate, the resulting one-

step estimator need not be consistent, and consequently, its finite sample bias can be

large. Moreover, the resulting two-step estimator need not be efficient. Intuitively,

the cross-sectional regression puts too little weight on valuable information about the

factor mean and risk prices contained in the first moment T−1
∑T

t=1 e1(zt, θ).

A.1.2 First-Stage Estimates of Consumption-Based Models

I now examine how the choice of the weighting matrix affects first-stage estimates

of consumption-based linear factor models. Although formal tests of linear factor

models are based on efficient second-stage estimates, first-stage measures of fit (e.g.

mean absolute pricing error and R2) have a long tradition in the finance literature.

157



I examine two cases of the weighting matrix (A.6), κ = N/F and κ = 100, 000.

In estimating linear factor models, the number of test assets N is typically an order

of magnitude greater than the number of factors F . Thus, the identity matrix (i.e.

κ = 1) tends to put too little weight on T−1
∑T

t=1 e2(zt, θ), allowing for too much

“freedom” in the estimated factor mean. The weighting matrix κ = N/F has the

intuitive appeal of putting equal weight on the N moments used to identify the factor

risk prices and the F moments used to identify the factor means. The weighting

matrix κ = 100, 000 is deliberately chosen to force GMM to set the factor mean equal

to the sample mean (A.2) up to the first three decimal places. This is in the spirit of

the cross-sectional regression (A.4), which corresponds to the degenerate weighting

matrix W (∞).

Table A.1 reports first-stage estimates of the CCAPM and the durable consump-

tion model. Comparing the estimates for the CCAPM, both the estimated risk price

and the factor mean are smaller when κ = N/F . For κ = 100, 000, the estimated risk

price for nondurable consumption is 159, which appears to be biased upward compared

to an efficient estimate of 106 (Table 1.2). The difference in measures of fit for the

two weighting matrices is rather dramatic. The R2 is 38% for κ = N/F , compared to

-18% for κ = 100, 000. Treating the sample mean of nondurable consumption growth

as the population mean apparently results in a poor fit of the CCAPM through poor

(implied) estimates of nondurable consumption betas.

The results are similar for the durable consumption model. For κ = 100, 000, the

estimated risk price for nondurable consumption is 175, which appears to be biased

upward compared to an efficient estimate of 122 (Table 1.2). The estimated risk

price for durable consumption is 41, which appears to be biased severely downward,

compared to an efficient estimate of 197 (Table 1.2). For κ = N/F , the GMM

estimate for the mean of durable consumption growth, 0.63%, is somewhat smaller
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Table A.1: First-Stage GMM Estimates

The table reports the estimated factor risk prices and the factor means for the
CCAPM and the durable consumption model. The test assets are the 25 Fama-
French portfolios sorted by size and book-to-market equity. Estimation is by GMM,
using the weighting matrix (A.6) with κ = N/F or κ = 100, 000. HAC standard
errors in parentheses.

Factor Parameter CCAPM Durable Model
κ = N/F κ = 100, 000 κ = N/F κ = 100, 000

Nondurables Risk Price 117.316 159.447 112.944 174.513
(106.520) (143.823) (63.735) (81.402)

Mean (%) 0.276 0.513 0.343 0.513
(0.592) (0.068) (0.086) (0.068)

Durables Risk Price 187.536 41.498
(118.033) (126.655)

Mean (%) 0.632 0.915
(0.151) (0.158)

MAE (%) 0.329 0.467 0.198 0.456
R2 0.382 -0.180 0.770 -0.172
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than the sample mean 0.92%. However, the estimate is within two standard errors

of the sample mean. Again, the difference in measures of fit for the two weighting

matrices is dramatic. The R2 is 77% for κ = N/F , but -17% for κ = 100, 000.

This illustrates the pitfalls of treating the sample factor mean as the population

mean in estimating consumption-based linear factor models. The cross-sectional re-

gression, which is equivalent to using a degenerate weighting matrix, results in poor

estimates and inferences of the model.

A.2 Portfolios Sorted by Consumption Betas

A.2.1 Portfolio Formation

The portfolios are formed using returns on ordinary common equity, traded in NYSE,

AMEX, or Nasdaq, in the CRSP Monthly Stock database. In June of each year

t, nondurable and durable consumption betas are computed for each stock using

quarterly returns from January of t − 5 through December of t − 1. Stocks with

return data missing in any quarter are dropped from the sample. Then 25 portfolios

are formed by independently sorting stocks into quintiles based on the nondurable and

durable consumption betas. The value-weighted portfolio returns are then tracked

from July of t through June of t + 1.

A.2.2 Test of Linear Factor Models

Table A.2 reports estimates of the durable consumption model using the portfolios

sorted by consumption betas. Without the intratemporal FOC, the point estimate

of the risk price for nondurable consumption is 108. The estimate of the risk price

for durable consumption is 98, which is significantly different from zero, implying a
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Table A.2: Estimation of Linear Factor Models with Portfolios Sorted by Consump-
tion Betas

The test assets are 25 portfolios formed by independently sorting stocks into quintiles
based on nondurable and durable consumption betas. See notes to Table 1.2.

Factor Price CAPM Fama-French CCAPM Durable Model
Without FOC With FOC

Market 2.118 3.760
(0.541) (0.930)

SMB -4.257
(1.748)

HML 0.639
(1.970)

Nondurables 98.052 107.784 129.480
(16.142) (7.447) (7.236)

Durables 98.116 119.716
(13.410) (17.995)

γ 205.901 249.196
(16.731) (24.725)

α (if ρ = 0) 0.479 0.482
(0.035) (0.026)

MAE (%) 0.336 0.295 0.362 0.247 0.279
R2 -0.795 -0.299 -0.852 0.136 -0.187
J-test 24.562 16.724 24.143 17.640 32.586

(0.430) (0.778) (0.453) (0.777) (0.113)

rejection of the CCAPM. The R2 is 14%, and the J-test fails to reject the model. The

results are similar when the intratemporal FOC is imposed, although the first-stage

measures of fit are somewhat worse.
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A.3 OCE Preferences

A.3.1 Derivation of the Euler Equation

Let Bt = (B0t, . . . , BNt)
′. The current-period value function is

Kt−1(Wt−1, Dt−2) = max
Ct−1,Et−1,Bt−1

v1−σ
t−1

1 − σ
+ βJt−1(Wt, Dt−1), (A.7)

where the continuation value function is

Js(Wt, Dt−1) = max
Ct,Et,Bt

Es[v
1−γ
t ]

1−σ
1−γ

1 − σ
+ βJs(Wt+1, Dt). (A.8)

The FOC with respect to Bi,t−1 is

−v−σ
t−1vC,t−1 + β

∂Jt−1(Wt, Dt−1)

∂Bi,t−1

= 0. (A.9)

Differentiating the continuation value function with respect to Bi,t−1,

∂Jt−1(Wt, Dt−1)

∂Bi,t−1

= Et−1[v
1−γ
t ]

γ−σ
1−γ Et−1[v

−γ
t vC,tRit]. (A.10)

Combining equations (A.9) and (A.10) results in equation (1.42).

A.3.2 Log-Linear Approximation for the Riskfree Rate

Taking the log of both sides of equation (1.42) for the riskfree asset i = 0,

γ − σ

1 − σ
log Et−1

[(
vt

vt−1

)1−γ
]

+ log Et−1[MtR0t] = 0. (A.11)
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Combining the second-order log-linear approximation

log Et−1

[(
vt

vt−1

)1−γ
]

≈ (1 − γ)Et−1[(1 − α)∆ct + α∆dt]

+
(1 − γ)2

2
Vart−1((1 − α)∆ct + α∆dt) (A.12)

with equation (1.31) results in equation (1.43).

A.4 Weak-Instrument Asymptotic Distribution of

Similar Tests

This appendix derives the asymptotic distributions of similar tests under

weak-instrument asymptotics (Staiger and Stock 1997). The asymptotic represen-

tations can then be used to plot the power functions for the similar tests that appear

in Stock, Wright, and Yogo (2002, Figures 2–3). Let
p→ denote convergence in proba-

bility and
d→ denote convergence in distribution. Following Staiger and Stock, I make

the following assumptions.

Assumption 3 (Local-to-Zero). Π = C/
√

T , where C is a fixed K2 × 1 vector.

Assumption 4 (Moment Conditions). The following limits hold jointly:

1. (u′u/T, V ′u/T, V ′V/T )
p→ (σuu, ΣV u, ΣV V );

2. Z
′
Z/T

p→ Q =

 QXX QXZ

QZX QZZ

;

3. (X ′u/
√

T , Z ′u/
√

T ,X ′V/
√

T , Z ′V/
√

T )
d→ (ΨXu, ΨZu, ΨXV , ΨZV ), where

Ψ = (Ψ′
Xu, Ψ

′
Zu, Ψ

′
XV , Ψ′

ZV )′ ∼ N(0, Σ ⊗ Q).
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As noted by Staiger and Stock, Assumption 4 can be derived from weak primitive

assumptions that are reasonable in the present context of estimating the linearized

Euler equation. Let Υ = QZZ − QZXQ−1
XXQXZ and λ = Υ1/2CΣ

−1/2
V V . Define the

vector  zu

zV

 =

 Υ−1/2(ΨZu − QZXQ−1
XXΨXu)σ

−1/2
uu

Υ−1/2(ΨZV − QZXQ−1
XXΨXV )Σ

−1/2
V V


∼ N

0,

 1 ρ

ρ 1

 ⊗ IK2

 . (A.13)

Under Assumptions 3 and 4, Staiger and Stock (1997, Theorem 1(e)) show that F
d→

(λ+zV )′(λ+zV )/K2. In other words, the first-stage F -statistic is asymptotically Op(1)

under weak-instrument asymptotics. In contrast, the F -statistic becomes arbitrarily

large under the conventional first-order asymptotics with fixed Π.

The following lemma derives the weak instrument asymptotic distributions of the

statistics S and T (see (2.23) and (2.24)).

Lemma 2. Suppose that Assumptions 3 and 4 hold. Let ∆ = σ
−1/2
uu Σ

1/2
V V (β0 − β) and

S1(s) = 1 − 2ρs + s2 for any scalar s. Then

S d→ S∗ =
zu − (λ + zV )∆

S1(∆)1/2

∼ N

(
−λ∆

S1(∆)1/2
, IK2

)
, (A.14)

T d→ T ∗ =
(λ + zV ) + zu∆ − ρ[zu + (λ + zV )∆)]

(1 − ρ2)1/2S1(∆)1/2

∼ N

(
λ(1 − ρ∆)

(1 − ρ2)1/2S1(∆)1/2
, IK2

)
, (A.15)

where S∗ and T ∗ are independent.
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Proof. Applying Staiger and Stock (1997, Lemma A1), Ω̂
p→ Ω and

(Z⊥′Z⊥)−1/2Z⊥′Y
⊥ d→ w′, where

w = σ1/2
uu

 zu + σ
−1/2
uu Σ

1/2
V V β(λ + zV )

σ
−1/2
uu Σ

1/2
V V (λ + zV )

 .

This then implies that

S d→ S∗ =
w′b0

(b′0Ωb0)1/2
, (A.16)

T d→ T ∗ =
w′Ω−1a0

(a′
0Ω

−1a0)1/2
. (A.17)

Establishing the equivalence of these expressions to those that appear in the statement

of the lemma requires the intermediate steps b′0Ωb0 = σuuS1(∆), a′
0Ω

−1a0 = [(1 −

ρ2)ΣV V ]−1S1(∆), and

Ω−1a0 =
1

(1 − ρ2)ΣV V

 σ
−1/2
uu Σ

1/2
V V (∆ − ρ)

1 − ρ∆ − σ
−1/2
uu Σ

1/2
V V β(∆ − ρ)

 .

Note that S is asymptotically pivotal and independent of T under the null hy-

pothesis (i.e. ∆ = 0). A straightforward application of Lemma 2 to the AR statistic

(2.25) results in

AR(β0)
d→ S∗′S∗

K2

∼
χ2

K2
(∆λ′λ∆/S1(∆))

K2

, (A.18)

which was shown by Staiger and Stock (1997, Theorem 5). The asymptotic distribu-

tions of the LM and LR statistics can similarly be obtained by application of Lemma 2

to (2.26) and (2.27), respectively.
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Note that the asymptotic distributions of AR, LM, and LR statistics are com-

pletely determined by the matrix [S∗, T ∗]′[S∗, T ∗], which has a noncentral Wishart

distribution W2(K2, I2, Λ) (see Phillips (1983)) with noncentrality matrix

Λ = λ′λ

 ∆
2

S1(∆)

−∆(1−ρ∆)

(1−ρ2)1/2S1(∆)

−∆(1−ρ∆)

(1−ρ2)1/2S1(∆)

(1−ρ∆)2

(1−ρ2)S1(∆)

 . (A.19)

Hence, the asymptotic distributions only depend on the number of instruments K2,

the concentration parameter λ′λ, the degree of simultaneity ρ, and ∆. The parameter

∆ has a natural interpretation as the distance between the null hypothesis β0 and the

true value β when the IV regression model, (2.14) and (2.15), is normalized to have

unit variance.

A.5 Asymptotic Distribution of Test Statistics un-

der the Local Alternative

In this appendix, we derive the asymptotic distribution of the t-statistic and the Q-

statistic under the local alternative β = β0 + b/T . These asymptotic representations

are used to compute the power functions of the various test procedures in Section 3.3.4.

The t-statistic can be written as

t(β0) =
b(T−2

∑T
t=1 xµ2

t−1)
1/2

σu

+
T−1

∑T
t=1 xµ

t−1ut

σu(T−2
∑T

t=1 xµ2
t−1)

1/2
.

By Lemma 1 (see also Cavanagh, Elliott, and Stock (1995)),

t(β0) ⇒
bωκc

σu

+ δ
τc

κc

+ (1 − δ2)1/2Z, (A.20)
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where Z is a standard normal random variable independent of (We(s), Jc(s)).

Let ρ̃ = 1 + c̃/T and define the statistic

Q(β0, ρ̃) =

∑T
t=1 xµ

t−1[rt − β0xt−1 − σue

σeω
(xt − ρ̃xt−1)] + T

2
σue

σeω
(ω2 − σ2

v)

σu(1 − δ2)1/2(
∑T

t=1 xµ2
t−1)

1/2
. (A.21)

The three types of Q-test considered in Section 3.3.4 correspond to special cases of

this test statistic.

1. Infeasible Q-test: ρ̃ = ρ = 1 + c/T .

2. Bonferroni Q-test: ρ̃ = ρ = 1 + c/T , where c depends on the DF-GLS statistic

and δ.

3. Sup-bound Q-test: ρ̃ = 1.

The statistic (A.21) can be written as

Q(β0, ρ̃) =
b(T−2

∑T
t=1 xµ2

t−1)
1/2

σu(1 − δ2)1/2
+

δ(c̃ − c)(T−2
∑T

t=1 xµ2
t−1)

1/2

ω(1 − δ2)1/2

+
T−1

∑T
t=1 xµ

t−1(ut − σue

σeω
vt) + 1

2
σue

σeω
(ω2 − σ2

v)

σu(1 − δ2)1/2(T−2
∑T

t=1 xµ2
t−1)

1/2
.

By Lemma 1,

Q(β0, ρ) ⇒ bωκc

σu(1 − δ2)1/2
+

δ(c̃ − c)κc

(1 − δ2)1/2
+ Z. (A.22)

The power function for the right-tailed test (i.e. b > 0) is therefore given by

πQ(b) = E

[
Φ

(
zα − bωκc

σu(1 − δ2)1/2
− δ(c̃ − c)κc

(1 − δ2)1/2

)]
, (A.23)

where the expectation is taken over the distribution of (We(s), Jc(s)).

Following Stock (1991, Appendix B), the limiting distributions (A.20) and (A.22)

are approximated by Monte Carlo simulation. We generate 20,000 realizations of the
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Gaussian AR(1) (i.e. model (3.2)) with T = 500, ρ = 1 + c/T , and x0 = 0. The

distribution of κc is approximated by (T−2
∑T

t=1 xµ2
t−1)

1/2, and τc is approximated by

T−1
∑T

t=1 xµ
t−1et.

A.6 Tables for Implementing the Test for Predictabil-

ity

This appendix contains tables necessary for implementing the econometric methods

in Chapter 3.

Table A.3 reports equal-tailed 95%, 90%, and 80% confidence intervals for c,

based on the DF-GLS statistic. The corresponding confidence interval for ρ (the

largest autoregressive root of the predictor variable) can be computed as [ρ, ρ] =

[1 + c/T, 1 + c/T ].

Tables A.4–A.13 are lookup tables necessary for implementing the Bonferroni Q-

test. Given the value of the DF-GLS statistic and the estimate of δ (correlation

between the innovations to returns and the predictor variable), the tables report the

appropriate confidence interval for c. The confidence interval [ρ, ρ] = [1+c/T, 1+c/T ]

for ρ results in a 10% Bonferroni confidence interval for β (i.e. 5% one-sided test for

predictability). See Section 3.4.3 for details on the implementation of the method.
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Table A.3: Confidence Interval for c Based on the DF-GLS Statistic
DF-GLS 95% 90% 80%

c c c c c c
1.0 -0.627 4.992 -0.282 4.260 0.106 3.462
0.9 -0.753 4.954 -0.395 4.222 0.021 3.418
0.8 -0.892 4.916 -0.509 4.177 -0.084 3.373
0.7 -1.036 4.879 -0.639 4.132 -0.196 3.328
0.6 -1.196 4.841 -0.771 4.088 -0.314 3.284
0.5 -1.371 4.803 -0.919 4.043 -0.439 3.238
0.4 -1.560 4.765 -1.080 3.999 -0.577 3.188
0.3 -1.763 4.723 -1.255 3.948 -0.729 3.139
0.2 -2.005 4.678 -1.440 3.896 -0.887 3.089
0.1 -2.221 4.632 -1.653 3.845 -1.053 3.040
0.0 -2.534 4.587 -1.894 3.794 -1.239 2.986

-0.1 -2.819 4.542 -2.142 3.741 -1.451 2.914
-0.2 -3.116 4.495 -2.430 3.675 -1.692 2.841
-0.3 -3.463 4.436 -2.732 3.609 -1.970 2.769
-0.4 -3.876 4.376 -3.051 3.543 -2.248 2.683
-0.5 -4.289 4.316 -3.442 3.470 -2.587 2.593
-0.6 -4.758 4.256 -3.870 3.385 -2.944 2.502
-0.7 -5.293 4.166 -4.332 3.299 -3.374 2.375
-0.8 -5.779 4.072 -4.861 3.199 -3.840 2.246
-0.9 -6.415 3.967 -5.423 3.080 -4.369 2.062
-1.0 -7.122 3.827 -6.031 2.935 -4.940 1.884
-1.1 -7.836 3.683 -6.720 2.738 -5.559 1.695
-1.2 -8.528 3.532 -7.450 2.541 -6.239 1.437
-1.3 -9.362 3.352 -8.209 2.270 -6.961 1.133
-1.4 -10.199 3.132 -9.048 2.000 -7.761 0.795
-1.5 -11.147 2.870 -9.895 1.762 -8.493 0.429
-1.6 -12.102 2.583 -10.801 1.384 -9.368 0.035
-1.7 -13.124 2.203 -11.733 1.018 -10.236 -0.412
-1.8 -14.155 1.884 -12.721 0.598 -11.184 -0.823
-1.9 -15.242 1.492 -13.732 0.152 -12.142 -1.348

(continued on the next page)
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DF-GLS 95% 90% 80%
c c c c c c

-2.0 -16.365 1.087 -14.833 -0.312 -13.158 -1.887
-2.1 -17.574 0.594 -15.966 -0.793 -14.191 -2.465
-2.2 -18.783 0.104 -17.135 -1.377 -15.298 -3.075
-2.3 -19.991 -0.413 -18.319 -1.981 -16.427 -3.742
-2.4 -21.328 -1.020 -19.541 -2.598 -17.593 -4.420
-2.5 -22.704 -1.510 -20.838 -3.242 -18.818 -5.118
-2.6 -24.112 -2.243 -22.188 -3.970 -20.076 -5.924
-2.7 -25.457 -2.846 -23.586 -4.711 -21.357 -6.690
-2.8 -26.912 -3.609 -24.961 -5.410 -22.695 -7.544
-2.9 -28.436 -4.304 -26.359 -6.214 -24.090 -8.420
-3.0 -29.943 -5.118 -27.860 -7.041 -25.472 -9.247
-3.1 -31.536 -5.936 -29.298 -8.066 -26.894 -10.253
-3.2 -33.097 -6.837 -30.832 -8.836 -28.342 -11.226
-3.3 -34.717 -7.833 -32.450 -9.830 -29.799 -12.225
-3.4 -36.430 -8.621 -34.036 -10.826 -31.332 -13.331
-3.5 -38.121 -9.597 -35.669 -11.803 -32.926 -14.434
-3.6 -39.948 -10.627 -37.388 -12.916 -34.559 -15.535
-3.7 -41.707 -11.626 -39.168 -14.057 -36.197 -16.676
-3.8 -43.497 -12.720 -40.906 -15.110 -37.834 -17.847
-3.9 -45.364 -13.870 -42.639 -16.190 -39.660 -19.036
-4.0 -47.207 -14.964 -44.481 -17.412 -41.379 -20.263
-4.1 -49.147 -16.058 -46.362 -18.624 -43.127 -21.640
-4.2 -51.119 -17.293 -48.211 -19.827 -44.920 -22.950
-4.3 -53.097 -18.514 -50.144 -21.166 -46.779 -24.251
-4.4 -55.107 -19.717 -52.078 -22.513 -48.674 -25.623
-4.5 -57.120 -21.067 -54.094 -23.837 -50.534 -27.018
-4.6 -59.173 -22.422 -56.039 -25.237 -52.521 -28.458
-4.7 -61.304 -23.698 -58.063 -26.666 -54.518 -29.985
-4.8 -63.574 -25.123 -60.181 -28.113 -56.448 -31.511
-4.9 -65.635 -26.584 -62.272 -29.528 -58.491 -33.053
-5.0 -67.777 -28.030 -64.454 -31.057 -60.606 -34.615
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Table A.4: Confidence Interval for c in the Bonferroni Q-test: δ ∈ (−1.0,−0.9)

DF-GLS δ = −0.999 δ = −0.975 δ = −0.950 δ = −0.925
c c c c c c c c

1.0 -0.282 4.148 -0.228 3.720 -0.228 3.462 -0.228 3.294
0.9 -0.395 4.106 -0.340 3.676 -0.340 3.418 -0.340 3.254
0.8 -0.509 4.063 -0.455 3.632 -0.455 3.373 -0.455 3.211
0.7 -0.639 4.021 -0.580 3.588 -0.580 3.328 -0.580 3.168
0.6 -0.771 3.977 -0.712 3.544 -0.712 3.284 -0.712 3.124
0.5 -0.919 3.931 -0.855 3.500 -0.855 3.238 -0.855 3.080
0.4 -1.080 3.885 -1.004 3.451 -1.004 3.188 -1.004 3.037
0.3 -1.255 3.840 -1.178 3.400 -1.178 3.139 -1.178 2.991
0.2 -1.440 3.794 -1.364 3.350 -1.364 3.089 -1.364 2.930
0.1 -1.653 3.747 -1.567 3.300 -1.567 3.040 -1.567 2.869
0.0 -1.894 3.684 -1.799 3.250 -1.799 2.986 -1.799 2.808

-0.1 -2.142 3.620 -2.062 3.184 -2.062 2.914 -2.062 2.747
-0.2 -2.430 3.557 -2.322 3.117 -2.322 2.841 -2.322 2.664
-0.3 -2.732 3.493 -2.637 3.051 -2.637 2.769 -2.637 2.580
-0.4 -3.051 3.421 -2.949 2.977 -2.949 2.683 -2.949 2.497
-0.5 -3.442 3.350 -3.308 2.884 -3.308 2.593 -3.308 2.398
-0.6 -3.870 3.279 -3.749 2.790 -3.749 2.502 -3.749 2.298
-0.7 -4.332 3.187 -4.209 2.682 -4.209 2.375 -4.209 2.174
-0.8 -4.861 3.081 -4.735 2.565 -4.735 2.246 -4.735 2.026
-0.9 -5.423 2.958 -5.293 2.413 -5.293 2.062 -5.293 1.869
-1.0 -6.031 2.784 -5.883 2.217 -5.883 1.884 -5.883 1.695
-1.1 -6.720 2.604 -6.562 1.999 -6.562 1.695 -6.562 1.472
-1.2 -7.450 2.384 -7.319 1.805 -7.319 1.437 -7.319 1.176
-1.3 -8.209 2.112 -8.065 1.552 -8.065 1.133 -8.065 0.870
-1.4 -9.048 1.870 -8.883 1.216 -8.883 0.795 -8.883 0.521
-1.5 -9.895 1.581 -9.723 0.891 -9.723 0.429 -9.723 0.148
-1.6 -10.801 1.200 -10.619 0.500 -10.619 0.035 -10.619 -0.259
-1.7 -11.733 0.849 -11.551 0.064 -11.551 -0.412 -11.551 -0.677
-1.8 -12.721 0.402 -12.527 -0.390 -12.527 -0.823 -12.527 -1.177
-1.9 -13.732 -0.036 -13.546 -0.815 -13.546 -1.348 -13.546 -1.697

(continued on the next page)
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DF-GLS δ = −0.999 δ = −0.975 δ = −0.950 δ = −0.925
c c c c c c c c

-2.0 -14.833 -0.537 -14.618 -1.360 -14.618 -1.887 -14.618 -2.221
-2.1 -15.966 -1.035 -15.733 -1.908 -15.733 -2.465 -15.733 -2.834
-2.2 -17.135 -1.565 -16.894 -2.509 -16.894 -3.075 -16.894 -3.483
-2.3 -18.319 -2.176 -18.072 -3.119 -18.072 -3.742 -18.072 -4.111
-2.4 -19.541 -2.800 -19.301 -3.802 -19.301 -4.420 -19.301 -4.853
-2.5 -20.838 -3.505 -20.571 -4.503 -20.571 -5.118 -20.571 -5.578
-2.6 -22.188 -4.177 -21.895 -5.214 -21.895 -5.924 -21.895 -6.333
-2.7 -23.586 -4.963 -23.311 -6.004 -23.311 -6.690 -23.311 -7.147
-2.8 -24.961 -5.694 -24.699 -6.799 -24.699 -7.544 -24.699 -8.057
-2.9 -26.359 -6.496 -26.059 -7.752 -26.059 -8.420 -26.059 -8.869
-3.0 -27.860 -7.388 -27.543 -8.547 -27.543 -9.247 -27.543 -9.811
-3.1 -29.298 -8.255 -28.992 -9.509 -28.992 -10.253 -28.992 -10.767
-3.2 -30.832 -9.108 -30.478 -10.437 -30.478 -11.226 -30.478 -11.730
-3.3 -32.450 -10.143 -32.089 -11.401 -32.089 -12.225 -32.089 -12.802
-3.4 -34.036 -11.135 -33.704 -12.429 -33.704 -13.331 -33.704 -13.917
-3.5 -35.669 -12.144 -35.327 -13.561 -35.327 -14.434 -35.327 -15.001
-3.6 -37.388 -13.271 -37.006 -14.652 -37.006 -15.535 -37.006 -16.091
-3.7 -39.168 -14.373 -38.773 -15.715 -38.773 -16.676 -38.773 -17.273
-3.8 -40.906 -15.428 -40.552 -16.878 -40.552 -17.847 -40.552 -18.464
-3.9 -42.639 -16.565 -42.239 -18.078 -42.239 -19.036 -42.239 -19.670
-4.0 -44.481 -17.799 -44.044 -19.284 -44.044 -20.263 -44.044 -20.977
-4.1 -46.362 -18.993 -45.908 -20.555 -45.908 -21.640 -45.908 -22.309
-4.2 -48.211 -20.204 -47.797 -21.920 -47.797 -22.950 -47.797 -23.597
-4.3 -50.144 -21.555 -49.710 -23.229 -49.710 -24.251 -49.710 -24.939
-4.4 -52.078 -22.911 -51.663 -24.565 -51.663 -25.623 -51.663 -26.312
-4.5 -54.094 -24.274 -53.659 -25.947 -53.659 -27.018 -53.659 -27.702
-4.6 -56.039 -25.659 -55.614 -27.379 -55.614 -28.458 -55.614 -29.222
-4.7 -58.063 -27.094 -57.614 -28.836 -57.614 -29.985 -57.614 -30.760
-4.8 -60.181 -28.531 -59.710 -30.326 -59.710 -31.511 -59.710 -32.288
-4.9 -62.272 -29.945 -61.771 -31.868 -61.771 -33.053 -61.771 -33.854
-5.0 -64.454 -31.539 -63.942 -33.403 -63.942 -34.615 -63.942 -35.419
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Table A.5: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.9,−0.8)

DF-GLS δ = −0.900 δ = −0.875 δ = −0.850 δ = −0.825
c c c c c c c c

1.0 -0.183 3.161 -0.183 3.083 -0.183 3.013 -0.183 2.936
0.9 -0.290 3.121 -0.290 3.046 -0.290 2.969 -0.290 2.888
0.8 -0.406 3.081 -0.406 3.008 -0.406 2.919 -0.406 2.840
0.7 -0.524 3.041 -0.524 2.959 -0.524 2.870 -0.524 2.791
0.6 -0.658 3.002 -0.658 2.906 -0.658 2.821 -0.658 2.742
0.5 -0.797 2.947 -0.797 2.854 -0.797 2.772 -0.797 2.685
0.4 -0.945 2.892 -0.945 2.801 -0.945 2.716 -0.945 2.628
0.3 -1.111 2.837 -1.111 2.748 -1.111 2.654 -1.111 2.571
0.2 -1.294 2.782 -1.294 2.682 -1.294 2.593 -1.294 2.515
0.1 -1.493 2.719 -1.493 2.615 -1.493 2.531 -1.493 2.450
0.0 -1.717 2.646 -1.717 2.549 -1.717 2.465 -1.717 2.383

-0.1 -1.980 2.573 -1.980 2.479 -1.980 2.394 -1.980 2.316
-0.2 -2.232 2.499 -2.232 2.403 -2.232 2.323 -2.232 2.248
-0.3 -2.535 2.416 -2.535 2.327 -2.535 2.251 -2.535 2.146
-0.4 -2.862 2.333 -2.862 2.251 -2.862 2.142 -2.862 2.045
-0.5 -3.199 2.250 -3.199 2.136 -3.199 2.032 -3.199 1.941
-0.6 -3.632 2.122 -3.632 2.021 -3.632 1.919 -3.632 1.837
-0.7 -4.084 1.993 -4.084 1.894 -4.084 1.804 -4.084 1.723
-0.8 -4.591 1.852 -4.591 1.763 -4.591 1.658 -4.591 1.560
-0.9 -5.156 1.696 -5.156 1.583 -5.156 1.478 -5.156 1.355
-1.0 -5.758 1.499 -5.758 1.358 -5.758 1.235 -5.758 1.114
-1.1 -6.420 1.230 -6.420 1.091 -6.420 0.968 -6.420 0.857
-1.2 -7.185 0.945 -7.185 0.814 -7.185 0.684 -7.185 0.548
-1.3 -7.930 0.634 -7.930 0.478 -7.930 0.334 -7.930 0.203
-1.4 -8.712 0.273 -8.712 0.125 -8.712 -0.003 -8.712 -0.149
-1.5 -9.543 -0.099 -9.543 -0.274 -9.543 -0.429 -9.543 -0.565
-1.6 -10.452 -0.535 -10.452 -0.675 -10.452 -0.831 -10.452 -1.005
-1.7 -11.386 -0.978 -11.386 -1.143 -11.386 -1.302 -11.386 -1.467
-1.8 -12.346 -1.460 -12.346 -1.658 -12.346 -1.829 -12.346 -1.998
-1.9 -13.359 -2.000 -13.359 -2.175 -13.359 -2.373 -13.359 -2.558

(continued on the next page)
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DF-GLS δ = −0.900 δ = −0.875 δ = −0.850 δ = −0.825
c c c c c c c c

-2.0 -14.409 -2.563 -14.409 -2.754 -14.409 -2.957 -14.409 -3.135
-2.1 -15.524 -3.166 -15.524 -3.380 -15.524 -3.589 -15.524 -3.783
-2.2 -16.676 -3.830 -16.676 -4.043 -16.676 -4.216 -16.676 -4.429
-2.3 -17.855 -4.503 -17.855 -4.771 -17.855 -4.953 -17.855 -5.127
-2.4 -19.074 -5.185 -19.074 -5.439 -19.074 -5.660 -19.074 -5.864
-2.5 -20.322 -5.958 -20.322 -6.175 -20.322 -6.429 -20.322 -6.632
-2.6 -21.643 -6.723 -21.643 -6.963 -21.643 -7.246 -21.643 -7.463
-2.7 -23.032 -7.583 -23.032 -7.882 -23.032 -8.111 -23.032 -8.327
-2.8 -24.429 -8.435 -24.429 -8.695 -24.429 -8.954 -24.429 -9.157
-2.9 -25.790 -9.269 -25.790 -9.606 -25.790 -9.864 -25.790 -10.106
-3.0 -27.246 -10.264 -27.246 -10.554 -27.246 -10.815 -27.246 -11.065
-3.1 -28.706 -11.226 -28.706 -11.514 -28.706 -11.771 -28.706 -12.027
-3.2 -30.170 -12.218 -30.170 -12.548 -30.170 -12.848 -30.170 -13.131
-3.3 -31.773 -13.337 -31.773 -13.660 -31.773 -13.963 -31.773 -14.227
-3.4 -33.380 -14.435 -33.380 -14.739 -33.380 -15.025 -33.380 -15.294
-3.5 -34.994 -15.503 -34.994 -15.803 -34.994 -16.095 -34.994 -16.402
-3.6 -36.650 -16.631 -36.650 -16.963 -36.650 -17.287 -36.650 -17.589
-3.7 -38.396 -17.811 -38.396 -18.149 -38.396 -18.487 -38.396 -18.796
-3.8 -40.222 -19.013 -40.222 -19.359 -40.222 -19.698 -40.222 -20.015
-3.9 -41.891 -20.245 -41.891 -20.626 -41.891 -20.994 -41.891 -21.330
-4.0 -43.681 -21.594 -43.681 -21.958 -43.681 -22.307 -43.681 -22.630
-4.1 -45.507 -22.894 -45.507 -23.247 -45.507 -23.587 -45.507 -23.913
-4.2 -47.393 -24.185 -47.393 -24.569 -47.393 -24.929 -47.393 -25.256
-4.3 -49.294 -25.558 -49.294 -25.939 -49.294 -26.310 -49.294 -26.646
-4.4 -51.229 -26.947 -51.229 -27.341 -51.229 -27.722 -51.229 -28.090
-4.5 -53.225 -28.377 -53.225 -28.803 -53.225 -29.205 -53.225 -29.588
-4.6 -55.187 -29.912 -55.187 -30.325 -55.187 -30.724 -55.187 -31.116
-4.7 -57.180 -31.436 -57.180 -31.868 -57.180 -32.267 -57.180 -32.662
-4.8 -59.253 -32.992 -59.253 -33.425 -59.253 -33.828 -59.253 -34.221
-4.9 -61.330 -34.560 -61.330 -34.991 -61.330 -35.401 -61.330 -35.797
-5.0 -63.478 -36.123 -63.478 -36.593 -63.478 -37.029 -63.478 -37.451

174



Table A.6: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.8,−0.7)

DF-GLS δ = −0.800 δ = −0.775 δ = −0.750 δ = −0.725
c c c c c c c c

1.0 -0.140 2.859 -0.140 2.792 -0.140 2.728 -0.140 2.695
0.9 -0.243 2.814 -0.243 2.749 -0.243 2.678 -0.243 2.646
0.8 -0.359 2.769 -0.359 2.697 -0.359 2.628 -0.359 2.597
0.7 -0.475 2.719 -0.475 2.646 -0.475 2.578 -0.475 2.548
0.6 -0.607 2.664 -0.607 2.594 -0.607 2.529 -0.607 2.499
0.5 -0.743 2.610 -0.743 2.542 -0.743 2.475 -0.743 2.441
0.4 -0.893 2.555 -0.893 2.489 -0.893 2.416 -0.893 2.384
0.3 -1.050 2.501 -1.050 2.428 -1.050 2.358 -1.050 2.327
0.2 -1.227 2.436 -1.227 2.367 -1.227 2.300 -1.227 2.270
0.1 -1.428 2.372 -1.428 2.306 -1.428 2.238 -1.428 2.199
0.0 -1.647 2.307 -1.647 2.243 -1.647 2.157 -1.647 2.120

-0.1 -1.900 2.240 -1.900 2.155 -1.900 2.075 -1.900 2.041
-0.2 -2.161 2.149 -2.161 2.067 -2.161 1.994 -2.161 1.960
-0.3 -2.442 2.057 -2.442 1.979 -2.442 1.909 -2.442 1.878
-0.4 -2.785 1.964 -2.785 1.889 -2.785 1.824 -2.785 1.795
-0.5 -3.109 1.867 -3.109 1.799 -3.109 1.732 -3.109 1.691
-0.6 -3.519 1.770 -3.519 1.685 -3.519 1.598 -3.519 1.561
-0.7 -3.962 1.625 -3.962 1.540 -3.962 1.450 -3.962 1.404
-0.8 -4.460 1.457 -4.460 1.353 -4.460 1.262 -4.460 1.218
-0.9 -5.031 1.244 -5.031 1.139 -5.031 1.044 -5.031 0.999
-1.0 -5.639 1.007 -5.639 0.905 -5.639 0.810 -5.639 0.768
-1.1 -6.292 0.751 -6.292 0.633 -6.292 0.523 -6.292 0.473
-1.2 -7.018 0.421 -7.018 0.305 -7.018 0.204 -7.018 0.153
-1.3 -7.796 0.095 -7.796 -0.013 -7.796 -0.128 -7.796 -0.185
-1.4 -8.542 -0.282 -8.542 -0.413 -8.542 -0.537 -8.542 -0.590
-1.5 -9.395 -0.680 -9.395 -0.812 -9.395 -0.965 -9.395 -1.028
-1.6 -10.289 -1.139 -10.289 -1.262 -10.289 -1.409 -10.289 -1.473
-1.7 -11.227 -1.628 -11.227 -1.768 -11.227 -1.916 -11.227 -1.987
-1.8 -12.178 -2.149 -12.178 -2.298 -12.178 -2.457 -12.178 -2.534
-1.9 -13.191 -2.711 -13.191 -2.879 -13.191 -3.038 -13.191 -3.111
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DF-GLS δ = −0.800 δ = −0.775 δ = −0.750 δ = −0.725
c c c c c c c c

-2.0 -14.222 -3.304 -14.222 -3.487 -14.222 -3.656 -14.222 -3.747
-2.1 -15.328 -3.976 -15.328 -4.125 -15.328 -4.263 -15.328 -4.350
-2.2 -16.461 -4.662 -16.461 -4.839 -16.461 -4.990 -16.461 -5.060
-2.3 -17.635 -5.303 -17.635 -5.520 -17.635 -5.695 -17.635 -5.778
-2.4 -18.852 -6.062 -18.852 -6.240 -18.852 -6.471 -18.852 -6.560
-2.5 -20.095 -6.835 -20.095 -7.045 -20.095 -7.269 -20.095 -7.362
-2.6 -21.406 -7.713 -21.406 -7.920 -21.406 -8.119 -21.406 -8.223
-2.7 -22.774 -8.542 -22.774 -8.754 -22.774 -8.983 -22.774 -9.060
-2.8 -24.181 -9.416 -24.181 -9.647 -24.181 -9.861 -24.181 -9.964
-2.9 -25.546 -10.349 -25.546 -10.579 -25.546 -10.808 -25.546 -10.914
-3.0 -26.983 -11.303 -26.983 -11.526 -26.983 -11.754 -26.983 -11.866
-3.1 -28.446 -12.297 -28.446 -12.551 -28.446 -12.813 -28.446 -12.943
-3.2 -29.887 -13.398 -29.887 -13.656 -29.887 -13.913 -29.887 -14.040
-3.3 -31.471 -14.485 -31.471 -14.740 -31.471 -14.986 -31.471 -15.105
-3.4 -33.080 -15.557 -33.080 -15.815 -33.080 -16.061 -33.080 -16.188
-3.5 -34.693 -16.694 -34.693 -16.977 -34.693 -17.233 -34.693 -17.358
-3.6 -36.321 -17.876 -36.321 -18.160 -36.321 -18.420 -36.321 -18.551
-3.7 -38.031 -19.086 -38.031 -19.370 -38.031 -19.637 -38.031 -19.770
-3.8 -39.856 -20.322 -39.856 -20.623 -39.856 -20.908 -39.856 -21.043
-3.9 -41.580 -21.629 -41.580 -21.925 -41.580 -22.211 -41.580 -22.347
-4.0 -43.334 -22.932 -43.334 -23.252 -43.334 -23.559 -43.334 -23.701
-4.1 -45.143 -24.242 -45.143 -24.580 -45.143 -24.885 -45.143 -25.026
-4.2 -47.012 -25.589 -47.012 -25.907 -47.012 -26.221 -47.012 -26.377
-4.3 -48.910 -27.002 -48.910 -27.344 -48.910 -27.676 -48.910 -27.821
-4.4 -50.839 -28.456 -50.839 -28.806 -50.839 -29.145 -50.839 -29.300
-4.5 -52.841 -29.941 -52.841 -30.293 -52.841 -30.648 -52.841 -30.817
-4.6 -54.807 -31.474 -54.807 -31.833 -54.807 -32.191 -54.807 -32.364
-4.7 -56.749 -33.024 -56.749 -33.393 -56.749 -33.740 -56.749 -33.915
-4.8 -58.834 -34.594 -58.834 -34.964 -58.834 -35.312 -58.834 -35.483
-4.9 -60.918 -36.194 -60.918 -36.573 -60.918 -36.946 -60.918 -37.129
-5.0 -63.033 -37.855 -63.033 -38.238 -63.033 -38.611 -63.033 -38.789
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Table A.7: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.7,−0.6)

DF-GLS δ = −0.700 δ = −0.675 δ = −0.650 δ = −0.625
c c c c c c c c

1.0 -0.096 2.633 -0.096 2.577 -0.096 2.524 -0.052 2.499
0.9 -0.203 2.586 -0.203 2.531 -0.203 2.476 -0.161 2.448
0.8 -0.315 2.540 -0.315 2.483 -0.315 2.425 -0.272 2.398
0.7 -0.432 2.492 -0.432 2.429 -0.432 2.373 -0.390 2.347
0.6 -0.557 2.436 -0.557 2.376 -0.557 2.321 -0.509 2.297
0.5 -0.696 2.380 -0.696 2.322 -0.696 2.270 -0.646 2.245
0.4 -0.843 2.325 -0.843 2.268 -0.843 2.208 -0.789 2.178
0.3 -0.995 2.269 -0.995 2.204 -0.995 2.139 -0.947 2.112
0.2 -1.172 2.202 -1.172 2.133 -1.172 2.071 -1.118 2.045
0.1 -1.362 2.128 -1.362 2.062 -1.362 2.003 -1.301 1.976
0.0 -1.574 2.054 -1.574 1.991 -1.574 1.930 -1.503 1.904

-0.1 -1.819 1.978 -1.819 1.915 -1.819 1.858 -1.741 1.832
-0.2 -2.086 1.898 -2.086 1.839 -2.086 1.785 -2.021 1.760
-0.3 -2.356 1.819 -2.356 1.763 -2.356 1.694 -2.277 1.659
-0.4 -2.702 1.734 -2.702 1.656 -2.702 1.585 -2.603 1.553
-0.5 -3.019 1.613 -3.019 1.541 -3.019 1.468 -2.942 1.430
-0.6 -3.420 1.489 -3.420 1.399 -3.420 1.322 -3.330 1.289
-0.7 -3.875 1.320 -3.875 1.238 -3.875 1.157 -3.785 1.121
-0.8 -4.367 1.127 -4.367 1.045 -4.367 0.972 -4.277 0.931
-0.9 -4.920 0.911 -4.920 0.830 -4.920 0.753 -4.824 0.707
-1.0 -5.522 0.669 -5.522 0.572 -5.522 0.482 -5.417 0.435
-1.1 -6.166 0.373 -6.166 0.279 -6.166 0.185 -6.043 0.140
-1.2 -6.890 0.059 -6.890 -0.044 -6.890 -0.140 -6.769 -0.188
-1.3 -7.644 -0.307 -7.644 -0.429 -7.644 -0.533 -7.484 -0.576
-1.4 -8.396 -0.696 -8.396 -0.811 -8.396 -0.935 -8.259 -0.994
-1.5 -9.250 -1.142 -9.250 -1.258 -9.250 -1.377 -9.117 -1.437
-1.6 -10.134 -1.606 -10.134 -1.718 -10.134 -1.844 -9.985 -1.906
-1.7 -11.075 -2.116 -11.075 -2.253 -11.075 -2.383 -10.923 -2.447
-1.8 -12.018 -2.671 -12.018 -2.809 -12.018 -2.940 -11.864 -3.005
-1.9 -13.026 -3.248 -13.026 -3.396 -13.026 -3.548 -12.871 -3.620
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DF-GLS δ = −0.700 δ = −0.675 δ = −0.650 δ = −0.625
c c c c c c c c

-2.0 -14.038 -3.894 -14.038 -4.035 -14.038 -4.159 -13.889 -4.218
-2.1 -15.140 -4.531 -15.140 -4.733 -15.140 -4.867 -14.970 -4.925
-2.2 -16.259 -5.200 -16.259 -5.388 -16.259 -5.558 -16.064 -5.627
-2.3 -17.438 -5.975 -17.438 -6.128 -17.438 -6.291 -17.248 -6.384
-2.4 -18.651 -6.708 -18.651 -6.879 -18.651 -7.063 -18.454 -7.164
-2.5 -19.895 -7.546 -19.895 -7.747 -19.895 -7.912 -19.699 -7.994
-2.6 -21.188 -8.406 -21.188 -8.585 -21.188 -8.748 -20.977 -8.846
-2.7 -22.528 -9.214 -22.528 -9.457 -22.528 -9.647 -22.293 -9.732
-2.8 -23.942 -10.172 -23.942 -10.377 -23.942 -10.572 -23.711 -10.674
-2.9 -25.300 -11.130 -25.300 -11.337 -25.300 -11.534 -25.088 -11.638
-3.0 -26.719 -12.098 -26.719 -12.332 -26.719 -12.549 -26.487 -12.662
-3.1 -28.200 -13.179 -28.200 -13.405 -28.200 -13.616 -27.952 -13.723
-3.2 -29.649 -14.258 -29.649 -14.477 -29.649 -14.689 -29.404 -14.795
-3.3 -31.196 -15.328 -31.196 -15.549 -31.196 -15.767 -30.926 -15.871
-3.4 -32.802 -16.437 -32.802 -16.685 -32.802 -16.923 -32.517 -17.033
-3.5 -34.425 -17.608 -34.425 -17.867 -34.425 -18.104 -34.153 -18.214
-3.6 -36.017 -18.813 -36.017 -19.075 -36.017 -19.312 -35.760 -19.422
-3.7 -37.724 -20.035 -37.724 -20.302 -37.724 -20.559 -37.441 -20.679
-3.8 -39.531 -21.316 -39.531 -21.582 -39.531 -21.857 -39.213 -21.981
-3.9 -41.273 -22.624 -41.273 -22.900 -41.273 -23.178 -40.963 -23.303
-4.0 -43.025 -23.965 -43.025 -24.241 -43.025 -24.515 -42.706 -24.641
-4.1 -44.822 -25.305 -44.822 -25.602 -44.822 -25.874 -44.508 -25.997
-4.2 -46.660 -26.694 -46.660 -27.005 -46.660 -27.305 -46.325 -27.442
-4.3 -48.545 -28.137 -48.545 -28.440 -48.545 -28.749 -48.226 -28.887
-4.4 -50.462 -29.604 -50.462 -29.903 -50.462 -30.211 -50.097 -30.358
-4.5 -52.466 -31.131 -52.466 -31.447 -52.466 -31.760 -52.094 -31.908
-4.6 -54.463 -32.690 -54.463 -33.000 -54.463 -33.300 -54.115 -33.445
-4.7 -56.353 -34.258 -56.353 -34.560 -56.353 -34.864 -56.001 -35.015
-4.8 -58.454 -35.817 -58.454 -36.136 -58.454 -36.472 -58.063 -36.633
-4.9 -60.538 -37.476 -60.538 -37.812 -60.538 -38.135 -60.177 -38.296
-5.0 -62.628 -39.135 -62.628 -39.463 -62.628 -39.798 -62.260 -39.964
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Table A.8: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.6,−0.5)

DF-GLS δ = −0.600 δ = −0.575 δ = −0.550 δ = −0.525
c c c c c c c c

1.0 -0.052 2.443 -0.052 2.392 -0.012 2.347 -0.012 2.303
0.9 -0.161 2.394 -0.161 2.345 -0.122 2.302 -0.122 2.257
0.8 -0.272 2.345 -0.272 2.298 -0.231 2.256 -0.231 2.202
0.7 -0.390 2.296 -0.390 2.250 -0.349 2.198 -0.349 2.146
0.6 -0.509 2.246 -0.509 2.190 -0.469 2.138 -0.469 2.089
0.5 -0.646 2.183 -0.646 2.129 -0.603 2.079 -0.603 2.032
0.4 -0.789 2.119 -0.789 2.068 -0.742 2.019 -0.742 1.971
0.3 -0.947 2.056 -0.947 2.007 -0.898 1.955 -0.898 1.907
0.2 -1.118 1.992 -1.118 1.939 -1.063 1.889 -1.063 1.842
0.1 -1.301 1.922 -1.301 1.871 -1.242 1.823 -1.242 1.778
0.0 -1.503 1.852 -1.503 1.802 -1.450 1.756 -1.450 1.699

-0.1 -1.741 1.782 -1.741 1.727 -1.679 1.666 -1.679 1.609
-0.2 -2.021 1.695 -2.021 1.630 -1.952 1.573 -1.952 1.519
-0.3 -2.277 1.593 -2.277 1.534 -2.210 1.474 -2.210 1.411
-0.4 -2.603 1.489 -2.603 1.418 -2.516 1.355 -2.516 1.298
-0.5 -2.942 1.358 -2.942 1.293 -2.877 1.233 -2.877 1.169
-0.6 -3.330 1.220 -3.330 1.146 -3.238 1.084 -3.238 1.026
-0.7 -3.785 1.050 -3.785 0.984 -3.698 0.917 -3.698 0.849
-0.8 -4.277 0.855 -4.277 0.787 -4.181 0.719 -4.181 0.638
-0.9 -4.824 0.622 -4.824 0.537 -4.724 0.459 -4.724 0.386
-1.0 -5.417 0.350 -5.417 0.270 -5.324 0.186 -5.324 0.107
-1.1 -6.043 0.051 -6.043 -0.036 -5.932 -0.120 -5.932 -0.202
-1.2 -6.769 -0.289 -6.769 -0.389 -6.651 -0.484 -6.651 -0.570
-1.3 -7.484 -0.666 -7.484 -0.752 -7.385 -0.863 -7.385 -0.974
-1.4 -8.259 -1.096 -8.259 -1.194 -8.153 -1.294 -8.153 -1.399
-1.5 -9.117 -1.546 -9.117 -1.645 -8.998 -1.742 -8.998 -1.854
-1.6 -9.985 -2.035 -9.985 -2.146 -9.845 -2.253 -9.845 -2.370
-1.7 -10.923 -2.575 -10.923 -2.693 -10.773 -2.806 -10.773 -2.917
-1.8 -11.864 -3.132 -11.864 -3.266 -11.714 -3.390 -11.714 -3.522
-1.9 -12.871 -3.745 -12.871 -3.884 -12.713 -4.011 -12.713 -4.121
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DF-GLS δ = −0.600 δ = −0.575 δ = −0.550 δ = −0.525
c c c c c c c c

-2.0 -13.889 -4.367 -13.889 -4.520 -13.738 -4.679 -13.738 -4.817
-2.1 -14.970 -5.053 -14.970 -5.185 -14.811 -5.333 -14.811 -5.487
-2.2 -16.064 -5.766 -16.064 -5.942 -15.900 -6.094 -15.900 -6.217
-2.3 -17.248 -6.546 -17.248 -6.688 -17.070 -6.815 -17.070 -6.954
-2.4 -18.454 -7.332 -18.454 -7.480 -18.261 -7.659 -18.261 -7.821
-2.5 -19.699 -8.165 -19.699 -8.323 -19.503 -8.508 -19.503 -8.647
-2.6 -20.977 -9.034 -20.977 -9.162 -20.776 -9.338 -20.776 -9.548
-2.7 -22.293 -9.907 -22.293 -10.084 -22.076 -10.263 -22.076 -10.444
-2.8 -23.711 -10.861 -23.711 -11.048 -23.484 -11.227 -23.484 -11.405
-2.9 -25.088 -11.827 -25.088 -12.014 -24.872 -12.209 -24.872 -12.398
-3.0 -26.487 -12.867 -26.487 -13.068 -26.262 -13.259 -26.262 -13.444
-3.1 -27.952 -13.922 -27.952 -14.125 -27.720 -14.318 -27.720 -14.509
-3.2 -29.404 -14.996 -29.404 -15.198 -29.177 -15.398 -29.177 -15.595
-3.3 -30.926 -16.078 -30.926 -16.299 -30.682 -16.524 -30.682 -16.738
-3.4 -32.517 -17.262 -32.517 -17.485 -32.257 -17.707 -32.257 -17.914
-3.5 -34.153 -18.450 -34.153 -18.674 -33.875 -18.898 -33.875 -19.113
-3.6 -35.760 -19.646 -35.760 -19.866 -35.496 -20.100 -35.496 -20.337
-3.7 -37.441 -20.923 -37.441 -21.155 -37.166 -21.401 -37.166 -21.628
-3.8 -39.213 -22.236 -39.213 -22.468 -38.916 -22.711 -38.916 -22.946
-3.9 -40.963 -23.558 -40.963 -23.800 -40.682 -24.032 -40.682 -24.280
-4.0 -42.706 -24.896 -42.706 -25.143 -42.408 -25.391 -42.408 -25.639
-4.1 -44.508 -26.262 -44.508 -26.528 -44.209 -26.798 -44.209 -27.056
-4.2 -46.325 -27.715 -46.325 -27.983 -45.998 -28.245 -45.998 -28.503
-4.3 -48.226 -29.167 -48.226 -29.434 -47.910 -29.701 -47.910 -29.966
-4.4 -50.097 -30.660 -50.097 -30.949 -49.762 -31.232 -49.762 -31.506
-4.5 -52.094 -32.204 -52.094 -32.496 -51.751 -32.768 -51.751 -33.032
-4.6 -54.115 -33.737 -54.115 -34.024 -53.802 -34.302 -53.802 -34.580
-4.7 -56.001 -35.319 -56.001 -35.606 -55.655 -35.893 -55.655 -36.190
-4.8 -58.063 -36.951 -58.063 -37.258 -57.704 -37.553 -57.704 -37.853
-4.9 -60.177 -38.611 -60.177 -38.928 -59.811 -39.226 -59.811 -39.519
-5.0 -62.260 -40.272 -62.260 -40.603 -61.893 -40.912 -61.893 -41.218
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Table A.9: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.5,−0.4)

DF-GLS δ = −0.500 δ = −0.475 δ = −0.450 δ = −0.425
c c c c c c c c

1.0 -0.012 2.263 0.020 2.242 0.020 2.193 0.049 2.128
0.9 -0.122 2.212 -0.083 2.187 -0.083 2.140 -0.046 2.077
0.8 -0.231 2.156 -0.191 2.133 -0.191 2.087 -0.156 2.026
0.7 -0.349 2.101 -0.306 2.078 -0.306 2.034 -0.268 1.972
0.6 -0.469 2.045 -0.428 2.023 -0.428 1.979 -0.391 1.913
0.5 -0.603 1.989 -0.559 1.964 -0.559 1.918 -0.516 1.855
0.4 -0.742 1.925 -0.700 1.901 -0.700 1.857 -0.660 1.797
0.3 -0.898 1.861 -0.853 1.837 -0.853 1.796 -0.809 1.734
0.2 -1.063 1.797 -1.012 1.774 -1.012 1.730 -0.967 1.653
0.1 -1.242 1.727 -1.193 1.698 -1.193 1.648 -1.145 1.573
0.0 -1.450 1.641 -1.392 1.614 -1.392 1.565 -1.339 1.491

-0.1 -1.679 1.555 -1.617 1.530 -1.617 1.478 -1.556 1.395
-0.2 -1.952 1.462 -1.881 1.431 -1.881 1.376 -1.813 1.299
-0.3 -2.210 1.354 -2.149 1.326 -2.149 1.274 -2.093 1.192
-0.4 -2.516 1.245 -2.442 1.213 -2.442 1.153 -2.375 1.075
-0.5 -2.877 1.109 -2.812 1.080 -2.812 1.028 -2.740 0.945
-0.6 -3.238 0.964 -3.162 0.932 -3.162 0.872 -3.083 0.792
-0.7 -3.698 0.787 -3.610 0.759 -3.610 0.691 -3.523 0.590
-0.8 -4.181 0.563 -4.082 0.528 -4.082 0.460 -3.987 0.361
-0.9 -4.724 0.313 -4.625 0.281 -4.625 0.210 -4.515 0.099
-1.0 -5.324 0.028 -5.227 -0.012 -5.227 -0.085 -5.122 -0.193
-1.1 -5.932 -0.288 -5.831 -0.331 -5.831 -0.418 -5.735 -0.539
-1.2 -6.651 -0.653 -6.543 -0.694 -6.543 -0.775 -6.440 -0.912
-1.3 -7.385 -1.063 -7.289 -1.106 -7.289 -1.191 -7.187 -1.321
-1.4 -8.153 -1.503 -8.051 -1.544 -8.051 -1.628 -7.945 -1.755
-1.5 -8.998 -1.966 -8.879 -2.018 -8.879 -2.115 -8.753 -2.262
-1.6 -9.845 -2.485 -9.713 -2.537 -9.713 -2.644 -9.605 -2.803
-1.7 -10.773 -3.027 -10.624 -3.086 -10.624 -3.206 -10.492 -3.368
-1.8 -11.714 -3.640 -11.571 -3.696 -11.571 -3.808 -11.439 -3.971
-1.9 -12.713 -4.226 -12.558 -4.288 -12.558 -4.421 -12.414 -4.640
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DF-GLS δ = −0.500 δ = −0.475 δ = −0.450 δ = −0.425
c c c c c c c c

-2.0 -13.738 -4.925 -13.578 -4.983 -13.578 -5.102 -13.430 -5.290
-2.1 -14.811 -5.616 -14.646 -5.681 -14.646 -5.820 -14.485 -6.037
-2.2 -15.900 -6.364 -15.747 -6.444 -15.747 -6.573 -15.591 -6.750
-2.3 -17.070 -7.119 -16.902 -7.205 -16.902 -7.352 -16.736 -7.571
-2.4 -18.261 -7.962 -18.078 -8.035 -18.078 -8.170 -17.904 -8.402
-2.5 -19.503 -8.790 -19.315 -8.881 -19.315 -9.033 -19.147 -9.213
-2.6 -20.776 -9.687 -20.582 -9.757 -20.582 -9.919 -20.408 -10.150
-2.7 -22.076 -10.616 -21.884 -10.698 -21.884 -10.870 -21.693 -11.116
-2.8 -23.484 -11.578 -23.267 -11.663 -23.267 -11.833 -23.061 -12.088
-2.9 -24.872 -12.586 -24.658 -12.680 -24.658 -12.858 -24.456 -13.117
-3.0 -26.262 -13.630 -26.050 -13.723 -26.050 -13.895 -25.852 -14.154
-3.1 -27.720 -14.700 -27.504 -14.796 -27.504 -14.972 -27.292 -15.239
-3.2 -29.177 -15.786 -28.943 -15.880 -28.943 -16.059 -28.740 -16.353
-3.3 -30.682 -16.945 -30.415 -17.045 -30.415 -17.236 -30.205 -17.532
-3.4 -32.257 -18.125 -32.003 -18.226 -32.003 -18.426 -31.771 -18.730
-3.5 -33.875 -19.331 -33.627 -19.437 -33.627 -19.638 -33.380 -19.941
-3.6 -35.496 -20.572 -35.246 -20.681 -35.246 -20.902 -35.011 -21.222
-3.7 -37.166 -21.856 -36.897 -21.956 -36.897 -22.194 -36.662 -22.520
-3.8 -38.916 -23.184 -38.629 -23.297 -38.629 -23.526 -38.356 -23.841
-3.9 -40.682 -24.524 -40.426 -24.644 -40.426 -24.867 -40.162 -25.189
-4.0 -42.408 -25.876 -42.136 -25.992 -42.136 -26.229 -41.879 -26.582
-4.1 -44.209 -27.306 -43.904 -27.433 -43.904 -27.671 -43.649 -28.035
-4.2 -45.998 -28.759 -45.716 -28.885 -45.716 -29.132 -45.444 -29.497
-4.3 -47.910 -30.236 -47.613 -30.366 -47.613 -30.631 -47.334 -31.019
-4.4 -49.762 -31.777 -49.470 -31.916 -49.470 -32.173 -49.193 -32.555
-4.5 -51.751 -33.302 -51.418 -33.431 -51.418 -33.687 -51.115 -34.067
-4.6 -53.802 -34.866 -53.456 -35.001 -53.456 -35.264 -53.139 -35.663
-4.7 -55.655 -36.482 -55.356 -36.628 -55.356 -36.901 -55.083 -37.313
-4.8 -57.704 -38.144 -57.361 -38.294 -57.361 -38.578 -57.034 -38.988
-4.9 -59.811 -39.822 -59.470 -39.962 -59.470 -40.257 -59.132 -40.666
-5.0 -61.893 -41.503 -61.556 -41.655 -61.556 -41.924 -61.221 -42.344
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Table A.10: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.4,−0.3)

DF-GLS δ = −0.400 δ = −0.375 δ = −0.350 δ = −0.325
c c c c c c c c

1.0 0.049 2.086 0.078 2.047 0.106 1.991 0.106 1.954
0.9 -0.046 2.037 -0.008 1.999 0.021 1.938 0.021 1.902
0.8 -0.156 1.985 -0.119 1.944 -0.084 1.885 -0.084 1.850
0.7 -0.268 1.929 -0.230 1.889 -0.196 1.832 -0.196 1.797
0.6 -0.391 1.872 -0.351 1.833 -0.314 1.779 -0.314 1.743
0.5 -0.516 1.815 -0.475 1.778 -0.439 1.718 -0.439 1.673
0.4 -0.660 1.758 -0.619 1.713 -0.577 1.644 -0.577 1.602
0.3 -0.809 1.684 -0.769 1.636 -0.729 1.571 -0.729 1.532
0.2 -0.967 1.607 -0.926 1.560 -0.887 1.498 -0.887 1.453
0.1 -1.145 1.529 -1.098 1.481 -1.053 1.410 -1.053 1.368
0.0 -1.339 1.441 -1.287 1.390 -1.239 1.323 -1.239 1.283

-0.1 -1.556 1.346 -1.497 1.299 -1.451 1.232 -1.451 1.187
-0.2 -1.813 1.251 -1.746 1.199 -1.692 1.129 -1.692 1.085
-0.3 -2.093 1.140 -2.032 1.090 -1.970 1.025 -1.970 0.979
-0.4 -2.375 1.028 -2.313 0.976 -2.248 0.899 -2.248 0.851
-0.5 -2.740 0.889 -2.662 0.836 -2.587 0.766 -2.587 0.711
-0.6 -3.083 0.738 -2.999 0.673 -2.944 0.584 -2.944 0.530
-0.7 -3.523 0.530 -3.444 0.470 -3.374 0.379 -3.374 0.323
-0.8 -3.987 0.301 -3.914 0.240 -3.840 0.141 -3.840 0.077
-0.9 -4.515 0.035 -4.441 -0.034 -4.369 -0.135 -4.369 -0.201
-1.0 -5.122 -0.265 -5.014 -0.342 -4.940 -0.458 -4.940 -0.528
-1.1 -5.735 -0.614 -5.645 -0.682 -5.559 -0.794 -5.559 -0.873
-1.2 -6.440 -1.004 -6.342 -1.082 -6.239 -1.190 -6.239 -1.268
-1.3 -7.187 -1.411 -7.067 -1.503 -6.961 -1.619 -6.961 -1.691
-1.4 -7.945 -1.856 -7.854 -1.956 -7.761 -2.095 -7.761 -2.177
-1.5 -8.753 -2.357 -8.623 -2.453 -8.493 -2.601 -8.493 -2.697
-1.6 -9.605 -2.900 -9.500 -2.996 -9.368 -3.149 -9.368 -3.246
-1.7 -10.492 -3.474 -10.366 -3.585 -10.236 -3.746 -10.236 -3.844
-1.8 -11.439 -4.073 -11.317 -4.170 -11.184 -4.327 -11.184 -4.449
-1.9 -12.414 -4.777 -12.285 -4.870 -12.142 -5.009 -12.142 -5.123
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DF-GLS δ = −0.400 δ = −0.375 δ = −0.350 δ = −0.325
c c c c c c c c

-2.0 -13.430 -5.422 -13.300 -5.540 -13.158 -5.703 -13.158 -5.832
-2.1 -14.485 -6.157 -14.342 -6.278 -14.191 -6.469 -14.191 -6.582
-2.2 -15.591 -6.868 -15.444 -6.979 -15.298 -7.212 -15.298 -7.351
-2.3 -16.736 -7.739 -16.579 -7.859 -16.427 -8.040 -16.427 -8.172
-2.4 -17.904 -8.541 -17.748 -8.657 -17.593 -8.865 -17.593 -9.025
-2.5 -19.147 -9.397 -18.981 -9.571 -18.818 -9.773 -18.818 -9.901
-2.6 -20.408 -10.310 -20.239 -10.471 -20.076 -10.691 -20.076 -10.845
-2.7 -21.693 -11.271 -21.528 -11.429 -21.357 -11.653 -21.357 -11.809
-2.8 -23.061 -12.249 -22.882 -12.417 -22.695 -12.659 -22.695 -12.819
-2.9 -24.456 -13.283 -24.272 -13.447 -24.090 -13.690 -24.090 -13.841
-3.0 -25.852 -14.331 -25.664 -14.501 -25.472 -14.763 -25.472 -14.925
-3.1 -27.292 -15.414 -27.094 -15.586 -26.894 -15.853 -26.894 -16.023
-3.2 -28.740 -16.539 -28.539 -16.726 -28.342 -17.012 -28.342 -17.193
-3.3 -30.205 -17.713 -29.989 -17.901 -29.799 -18.188 -29.799 -18.375
-3.4 -31.771 -18.920 -31.550 -19.117 -31.332 -19.404 -31.332 -19.586
-3.5 -33.380 -20.146 -33.154 -20.352 -32.926 -20.647 -32.926 -20.841
-3.6 -35.011 -21.427 -34.786 -21.624 -34.559 -21.916 -34.559 -22.123
-3.7 -36.662 -22.729 -36.428 -22.934 -36.197 -23.242 -36.197 -23.446
-3.8 -38.356 -24.051 -38.072 -24.265 -37.834 -24.586 -37.834 -24.793
-3.9 -40.162 -25.408 -39.912 -25.621 -39.660 -25.947 -39.660 -26.166
-4.0 -41.879 -26.817 -41.619 -27.045 -41.379 -27.393 -41.379 -27.607
-4.1 -43.649 -28.270 -43.386 -28.497 -43.127 -28.834 -43.127 -29.055
-4.2 -45.444 -29.727 -45.170 -29.949 -44.920 -30.292 -44.920 -30.540
-4.3 -47.334 -31.268 -47.046 -31.505 -46.779 -31.856 -46.779 -32.089
-4.4 -49.193 -32.794 -48.934 -33.023 -48.674 -33.363 -48.674 -33.589
-4.5 -51.115 -34.312 -50.819 -34.556 -50.534 -34.933 -50.534 -35.184
-4.6 -53.139 -35.916 -52.818 -36.163 -52.521 -36.567 -52.521 -36.831
-4.7 -55.083 -37.587 -54.798 -37.844 -54.518 -38.230 -54.518 -38.499
-4.8 -57.034 -39.257 -56.742 -39.524 -56.448 -39.921 -56.448 -40.179
-4.9 -59.132 -40.934 -58.812 -41.206 -58.491 -41.591 -58.491 -41.847
-5.0 -61.221 -42.626 -60.912 -42.898 -60.606 -43.286 -60.606 -43.540
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Table A.11: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.3,−0.2)

DF-GLS δ = −0.300 δ = −0.275 δ = −0.250 δ = −0.225
c c c c c c c c

1.0 0.135 1.937 0.162 1.900 0.190 1.884 0.240 1.867
0.9 0.048 1.885 0.073 1.850 0.100 1.834 0.149 1.818
0.8 -0.051 1.833 -0.020 1.799 0.010 1.784 0.058 1.768
0.7 -0.163 1.781 -0.131 1.747 -0.101 1.728 -0.042 1.708
0.6 -0.278 1.721 -0.243 1.679 -0.213 1.660 -0.156 1.641
0.5 -0.403 1.652 -0.369 1.611 -0.337 1.593 -0.273 1.574
0.4 -0.535 1.582 -0.497 1.543 -0.467 1.526 -0.402 1.507
0.3 -0.691 1.512 -0.652 1.470 -0.615 1.449 -0.539 1.428
0.2 -0.849 1.430 -0.811 1.388 -0.770 1.367 -0.695 1.347
0.1 -1.010 1.346 -0.973 1.305 -0.934 1.286 -0.861 1.265
0.0 -1.196 1.262 -1.156 1.218 -1.114 1.195 -1.036 1.173

-0.1 -1.403 1.164 -1.355 1.120 -1.310 1.098 -1.230 1.078
-0.2 -1.639 1.064 -1.583 1.022 -1.527 1.002 -1.440 0.978
-0.3 -1.913 0.954 -1.856 0.905 -1.798 0.881 -1.696 0.859
-0.4 -2.192 0.827 -2.137 0.782 -2.089 0.761 -1.991 0.736
-0.5 -2.508 0.681 -2.446 0.626 -2.391 0.599 -2.280 0.574
-0.6 -2.884 0.505 -2.830 0.449 -2.775 0.419 -2.648 0.391
-0.7 -3.301 0.296 -3.236 0.240 -3.162 0.208 -3.029 0.177
-0.8 -3.771 0.046 -3.705 -0.014 -3.636 -0.047 -3.496 -0.078
-0.9 -4.300 -0.232 -4.226 -0.301 -4.142 -0.333 -3.995 -0.366
-1.0 -4.871 -0.559 -4.801 -0.622 -4.731 -0.655 -4.569 -0.685
-1.1 -5.476 -0.913 -5.403 -0.990 -5.334 -1.027 -5.191 -1.062
-1.2 -6.141 -1.309 -6.044 -1.391 -5.962 -1.430 -5.814 -1.467
-1.3 -6.862 -1.730 -6.772 -1.820 -6.684 -1.866 -6.520 -1.912
-1.4 -7.631 -2.219 -7.499 -2.305 -7.427 -2.350 -7.279 -2.394
-1.5 -8.397 -2.744 -8.302 -2.833 -8.210 -2.878 -8.032 -2.921
-1.6 -9.237 -3.297 -9.144 -3.393 -9.059 -3.444 -8.882 -3.491
-1.7 -10.117 -3.890 -10.001 -3.987 -9.910 -4.033 -9.740 -4.079
-1.8 -11.065 -4.506 -10.952 -4.643 -10.836 -4.708 -10.622 -4.762
-1.9 -12.015 -5.181 -11.902 -5.294 -11.785 -5.346 -11.563 -5.396
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DF-GLS δ = −0.300 δ = −0.275 δ = −0.250 δ = −0.225
c c c c c c c c

-2.0 -13.038 -5.900 -12.913 -6.023 -12.789 -6.078 -12.549 -6.133
-2.1 -14.066 -6.633 -13.931 -6.734 -13.810 -6.784 -13.573 -6.841
-2.2 -15.164 -7.417 -15.023 -7.549 -14.899 -7.616 -14.648 -7.684
-2.3 -16.279 -8.236 -16.130 -8.371 -16.004 -8.442 -15.760 -8.505
-2.4 -17.450 -9.082 -17.298 -9.189 -17.168 -9.244 -16.906 -9.333
-2.5 -18.664 -9.962 -18.504 -10.106 -18.356 -10.174 -18.066 -10.248
-2.6 -19.918 -10.920 -19.765 -11.068 -19.601 -11.137 -19.310 -11.209
-2.7 -21.193 -11.886 -21.029 -12.032 -20.869 -12.107 -20.572 -12.181
-2.8 -22.513 -12.899 -22.323 -13.054 -22.160 -13.130 -21.857 -13.206
-2.9 -23.906 -13.919 -23.717 -14.082 -23.545 -14.164 -23.217 -14.246
-3.0 -25.296 -15.011 -25.114 -15.174 -24.936 -15.259 -24.595 -15.338
-3.1 -26.711 -16.116 -26.526 -16.287 -26.341 -16.380 -25.984 -16.464
-3.2 -28.153 -17.284 -27.964 -17.465 -27.781 -17.553 -27.429 -17.642
-3.3 -29.614 -18.469 -29.428 -18.658 -29.243 -18.747 -28.896 -18.838
-3.4 -31.134 -19.680 -30.938 -19.866 -30.744 -19.953 -30.391 -20.043
-3.5 -32.710 -20.937 -32.504 -21.127 -32.302 -21.223 -31.930 -21.315
-3.6 -34.335 -22.218 -34.133 -22.413 -33.944 -22.513 -33.560 -22.608
-3.7 -35.975 -23.545 -35.763 -23.739 -35.556 -23.834 -35.163 -23.928
-3.8 -37.617 -24.896 -37.404 -25.100 -37.196 -25.197 -36.795 -25.295
-3.9 -39.417 -26.275 -39.176 -26.493 -38.936 -26.598 -38.505 -26.703
-4.0 -41.153 -27.722 -40.935 -27.934 -40.711 -28.043 -40.291 -28.150
-4.1 -42.881 -29.165 -42.647 -29.378 -42.428 -29.481 -42.029 -29.592
-4.2 -44.665 -30.655 -44.411 -30.883 -44.188 -31.001 -43.750 -31.118
-4.3 -46.504 -32.201 -46.233 -32.423 -45.990 -32.545 -45.546 -32.656
-4.4 -48.409 -33.702 -48.156 -33.930 -47.902 -34.054 -47.418 -34.176
-4.5 -50.259 -35.307 -49.974 -35.554 -49.737 -35.680 -49.275 -35.801
-4.6 -52.243 -36.951 -51.955 -37.208 -51.695 -37.335 -51.218 -37.456
-4.7 -54.256 -38.618 -53.981 -38.879 -53.713 -39.006 -53.224 -39.128
-4.8 -56.178 -40.303 -55.904 -40.551 -55.651 -40.679 -55.181 -40.799
-4.9 -58.189 -41.970 -57.929 -42.216 -57.634 -42.353 -57.148 -42.477
-5.0 -60.310 -43.673 -60.031 -43.934 -59.739 -44.062 -59.211 -44.204
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Table A.12: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.2,−0.1)

DF-GLS δ = −0.200 δ = −0.175 δ = −0.150 δ = −0.125
c c c c c c c c

1.0 0.264 1.834 0.306 1.818 0.347 1.802 0.387 1.787
0.9 0.175 1.786 0.225 1.770 0.269 1.755 0.308 1.737
0.8 0.082 1.734 0.130 1.713 0.177 1.693 0.224 1.674
0.7 -0.012 1.669 0.036 1.648 0.081 1.629 0.127 1.611
0.6 -0.127 1.603 -0.072 1.584 -0.018 1.566 0.030 1.548
0.5 -0.242 1.537 -0.188 1.519 -0.134 1.502 -0.081 1.481
0.4 -0.372 1.466 -0.312 1.446 -0.249 1.425 -0.199 1.405
0.3 -0.503 1.387 -0.446 1.368 -0.386 1.348 -0.327 1.328
0.2 -0.659 1.309 -0.592 1.291 -0.526 1.271 -0.464 1.252
0.1 -0.823 1.227 -0.746 1.206 -0.683 1.184 -0.619 1.162
0.0 -0.999 1.133 -0.928 1.113 -0.855 1.093 -0.784 1.073

-0.1 -1.192 1.039 -1.117 1.020 -1.044 1.001 -0.973 0.979
-0.2 -1.399 0.933 -1.320 0.911 -1.245 0.889 -1.177 0.868
-0.3 -1.648 0.816 -1.553 0.797 -1.468 0.777 -1.398 0.757
-0.4 -1.939 0.683 -1.842 0.658 -1.742 0.633 -1.655 0.609
-0.5 -2.229 0.527 -2.142 0.503 -2.053 0.476 -1.964 0.449
-0.6 -2.586 0.339 -2.472 0.313 -2.377 0.289 -2.288 0.264
-0.7 -2.972 0.119 -2.879 0.089 -2.782 0.062 -2.680 0.035
-0.8 -3.438 -0.137 -3.326 -0.165 -3.213 -0.192 -3.105 -0.220
-0.9 -3.940 -0.430 -3.825 -0.461 -3.713 -0.492 -3.601 -0.522
-1.0 -4.492 -0.745 -4.367 -0.781 -4.242 -0.819 -4.121 -0.857
-1.1 -5.112 -1.133 -4.976 -1.167 -4.854 -1.200 -4.732 -1.236
-1.2 -5.746 -1.539 -5.602 -1.573 -5.464 -1.608 -5.341 -1.642
-1.3 -6.438 -2.003 -6.287 -2.041 -6.134 -2.079 -5.985 -2.116
-1.4 -7.185 -2.476 -7.002 -2.523 -6.856 -2.568 -6.717 -2.614
-1.5 -7.956 -3.004 -7.814 -3.047 -7.633 -3.091 -7.453 -3.138
-1.6 -8.787 -3.588 -8.578 -3.636 -8.409 -3.683 -8.271 -3.731
-1.7 -9.655 -4.168 -9.485 -4.212 -9.235 -4.261 -9.097 -4.310
-1.8 -10.523 -4.849 -10.330 -4.893 -10.137 -4.936 -9.966 -4.977
-1.9 -11.466 -5.499 -11.269 -5.560 -11.079 -5.612 -10.901 -5.671

(continued on the next page)
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DF-GLS δ = −0.200 δ = −0.175 δ = −0.150 δ = −0.125
c c c c c c c c

-2.0 -12.445 -6.241 -12.228 -6.298 -12.023 -6.357 -11.841 -6.417
-2.1 -13.469 -6.947 -13.255 -7.002 -13.052 -7.086 -12.857 -7.163
-2.2 -14.534 -7.812 -14.303 -7.871 -14.086 -7.927 -13.888 -7.988
-2.3 -15.640 -8.613 -15.406 -8.664 -15.183 -8.715 -14.980 -8.778
-2.4 -16.781 -9.509 -16.539 -9.576 -16.300 -9.636 -16.085 -9.699
-2.5 -17.938 -10.391 -17.705 -10.465 -17.475 -10.535 -17.250 -10.606
-2.6 -19.175 -11.351 -18.923 -11.423 -18.678 -11.493 -18.438 -11.562
-2.7 -20.429 -12.331 -20.165 -12.408 -19.905 -12.482 -19.668 -12.555
-2.8 -21.707 -13.353 -21.446 -13.432 -21.186 -13.506 -20.934 -13.577
-2.9 -23.062 -14.402 -22.770 -14.486 -22.494 -14.566 -22.226 -14.643
-3.0 -24.445 -15.495 -24.131 -15.576 -23.843 -15.660 -23.569 -15.738
-3.1 -25.842 -16.632 -25.542 -16.718 -25.238 -16.804 -24.956 -16.890
-3.2 -27.262 -17.806 -26.950 -17.892 -26.649 -17.972 -26.366 -18.062
-3.3 -28.715 -19.011 -28.375 -19.097 -28.074 -19.179 -27.787 -19.267
-3.4 -30.208 -20.233 -29.862 -20.321 -29.568 -20.407 -29.269 -20.499
-3.5 -31.760 -21.500 -31.414 -21.588 -31.095 -21.678 -30.780 -21.771
-3.6 -33.379 -22.797 -33.018 -22.892 -32.669 -22.988 -32.326 -23.082
-3.7 -34.980 -24.119 -34.630 -24.223 -34.281 -24.324 -33.953 -24.420
-3.8 -36.596 -25.502 -36.227 -25.598 -35.859 -25.700 -35.537 -25.801
-3.9 -38.295 -26.920 -37.912 -27.024 -37.555 -27.126 -37.198 -27.229
-4.0 -40.088 -28.358 -39.704 -28.468 -39.317 -28.566 -38.941 -28.668
-4.1 -41.818 -29.802 -41.414 -29.905 -41.051 -30.007 -40.689 -30.122
-4.2 -43.546 -31.349 -43.135 -31.467 -42.770 -31.577 -42.393 -31.691
-4.3 -45.339 -32.878 -44.910 -32.994 -44.524 -33.102 -44.139 -33.208
-4.4 -47.190 -34.412 -46.759 -34.537 -46.346 -34.653 -45.950 -34.764
-4.5 -49.050 -36.031 -48.637 -36.160 -48.234 -36.280 -47.854 -36.395
-4.6 -50.969 -37.704 -50.505 -37.819 -50.063 -37.953 -49.666 -38.073
-4.7 -52.973 -39.375 -52.491 -39.491 -52.028 -39.615 -51.582 -39.735
-4.8 -54.939 -41.043 -54.486 -41.157 -54.061 -41.274 -53.598 -41.397
-4.9 -56.898 -42.729 -56.402 -42.851 -55.944 -42.977 -55.537 -43.104
-5.0 -58.955 -44.469 -58.437 -44.608 -57.967 -44.744 -57.545 -44.873
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Table A.13: Confidence Interval for c in the Bonferroni Q-test: δ ∈ [−0.1, 0)

DF-GLS δ = −0.100 δ = −0.075 δ = −0.050 δ = −0.025
c c c c c c c c

1.0 0.447 1.758 0.506 1.743 0.601 1.725 0.729 1.689
0.9 0.367 1.699 0.424 1.682 0.521 1.665 0.646 1.630
0.8 0.286 1.638 0.342 1.621 0.437 1.605 0.563 1.571
0.7 0.195 1.577 0.260 1.560 0.351 1.545 0.478 1.511
0.6 0.095 1.516 0.162 1.500 0.265 1.481 0.388 1.441
0.5 -0.006 1.444 0.062 1.425 0.165 1.406 0.298 1.368
0.4 -0.124 1.368 -0.047 1.350 0.061 1.331 0.200 1.295
0.3 -0.243 1.292 -0.171 1.275 -0.053 1.256 0.091 1.218
0.2 -0.382 1.211 -0.301 1.192 -0.182 1.171 -0.022 1.133
0.1 -0.526 1.123 -0.442 1.104 -0.318 1.085 -0.157 1.049
0.0 -0.692 1.035 -0.603 1.017 -0.464 0.999 -0.297 0.957

-0.1 -0.874 0.935 -0.779 0.914 -0.636 0.893 -0.452 0.854
-0.2 -1.074 0.827 -0.972 0.807 -0.824 0.788 -0.632 0.750
-0.3 -1.292 0.708 -1.188 0.683 -1.027 0.659 -0.830 0.613
-0.4 -1.530 0.562 -1.424 0.539 -1.263 0.517 -1.044 0.470
-0.5 -1.826 0.397 -1.705 0.372 -1.515 0.348 -1.303 0.302
-0.6 -2.161 0.209 -2.037 0.181 -1.843 0.155 -1.584 0.102
-0.7 -2.532 -0.018 -2.406 -0.046 -2.209 -0.073 -1.951 -0.128
-0.8 -2.958 -0.276 -2.828 -0.307 -2.610 -0.336 -2.337 -0.397
-0.9 -3.440 -0.584 -3.293 -0.614 -3.065 -0.646 -2.776 -0.707
-1.0 -3.951 -0.928 -3.806 -0.961 -3.572 -0.993 -3.263 -1.062
-1.1 -4.525 -1.306 -4.367 -1.342 -4.110 -1.376 -3.779 -1.442
-1.2 -5.153 -1.711 -4.982 -1.746 -4.722 -1.788 -4.351 -1.875
-1.3 -5.806 -2.191 -5.623 -2.227 -5.347 -2.265 -4.972 -2.345
-1.4 -6.510 -2.705 -6.323 -2.747 -6.004 -2.785 -5.626 -2.859
-1.5 -7.278 -3.236 -7.050 -3.283 -6.738 -3.329 -6.333 -3.418
-1.6 -8.037 -3.820 -7.851 -3.864 -7.485 -3.906 -7.057 -3.991
-1.7 -8.881 -4.413 -8.642 -4.464 -8.273 -4.518 -7.868 -4.636
-1.8 -9.740 -5.084 -9.530 -5.138 -9.121 -5.192 -8.673 -5.295
-1.9 -10.643 -5.782 -10.393 -5.840 -10.001 -5.895 -9.548 -6.001

(continued on the next page)
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DF-GLS δ = −0.100 δ = −0.075 δ = −0.050 δ = −0.025
c c c c c c c c

-2.0 -11.582 -6.520 -11.335 -6.570 -10.942 -6.617 -10.427 -6.719
-2.1 -12.569 -7.290 -12.301 -7.346 -11.883 -7.405 -11.363 -7.527
-2.2 -13.596 -8.111 -13.326 -8.169 -12.899 -8.227 -12.327 -8.349
-2.3 -14.671 -8.928 -14.376 -9.002 -13.926 -9.052 -13.352 -9.159
-2.4 -15.776 -9.822 -15.477 -9.882 -15.017 -9.938 -14.403 -10.060
-2.5 -16.928 -10.739 -16.610 -10.810 -16.120 -10.877 -15.499 -11.013
-2.6 -18.097 -11.691 -17.772 -11.759 -17.286 -11.830 -16.638 -11.966
-2.7 -19.324 -12.696 -18.989 -12.769 -18.471 -12.845 -17.813 -12.991
-2.8 -20.568 -13.726 -20.227 -13.801 -19.685 -13.874 -19.009 -14.019
-2.9 -21.832 -14.801 -21.496 -14.882 -20.953 -14.961 -20.225 -15.113
-3.0 -23.169 -15.893 -22.800 -15.975 -22.244 -16.060 -21.518 -16.220
-3.1 -24.540 -17.056 -24.137 -17.139 -23.556 -17.222 -22.824 -17.387
-3.2 -25.947 -18.233 -25.557 -18.317 -24.934 -18.399 -24.146 -18.571
-3.3 -27.361 -19.441 -26.972 -19.524 -26.346 -19.606 -25.558 -19.773
-3.4 -28.821 -20.680 -28.407 -20.770 -27.765 -20.860 -26.973 -21.042
-3.5 -30.326 -21.948 -29.903 -22.041 -29.242 -22.142 -28.408 -22.334
-3.6 -31.865 -23.272 -31.428 -23.370 -30.754 -23.466 -29.888 -23.645
-3.7 -33.483 -24.619 -33.019 -24.720 -32.306 -24.818 -31.414 -25.010
-3.8 -35.080 -25.991 -34.629 -26.094 -33.928 -26.198 -32.991 -26.404
-3.9 -36.717 -27.426 -36.228 -27.528 -35.494 -27.621 -34.581 -27.819
-4.0 -38.441 -28.875 -37.941 -28.979 -37.162 -29.076 -36.154 -29.285
-4.1 -40.194 -30.358 -39.694 -30.471 -38.894 -30.576 -37.860 -30.806
-4.2 -41.863 -31.927 -41.391 -32.031 -40.622 -32.133 -39.617 -32.355
-4.3 -43.606 -33.428 -43.103 -33.534 -42.328 -33.640 -41.294 -33.855
-4.4 -45.402 -34.995 -44.874 -35.111 -44.076 -35.221 -43.018 -35.448
-4.5 -47.270 -36.631 -46.729 -36.755 -45.864 -36.866 -44.798 -37.100
-4.6 -49.108 -38.311 -48.597 -38.434 -47.787 -38.545 -46.636 -38.773
-4.7 -50.978 -39.983 -50.416 -40.098 -49.582 -40.209 -48.530 -40.440
-4.8 -52.963 -41.640 -52.381 -41.764 -51.482 -41.883 -50.329 -42.116
-4.9 -54.952 -43.359 -54.394 -43.490 -53.483 -43.612 -52.275 -43.871
-5.0 -56.924 -45.145 -56.333 -45.275 -55.419 -45.409 -54.286 -45.666
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