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1. I n t r o d u c t i o n  

In  t h i s  p a p e r  some  e s t i m a t o r s  of  t r e a t m e n t  
e f f e c t s  a n d  of  s t r a t a  v a r i a n c e s  a r e  a n a l y z e d ,  
u n d e r  t h e  f r a m e w o r k  of  G e n e r a l  B a l a n c e  (G.B.) 
i n t r o d u c e d  b y  N e l d e r  (1965 a , b ) .  We d e a l  w i t h  
t h e  c a s e  w h e r e  T, t h e  t r e a t m e n t  s p a c e ,  is  
b a l a n c e d  w i t h  r e s p e c t  to  a l l  s t r a t a  in  t h e  b l o c k  
s t r u c t u r e .  

U n d e r  (G.B.) t h e  d a t a  c o v a r i a n c e  m a t r i x  is  
d e t e r m i n e d  b y  t h e  b l o c k  s t r u c t u r e  a n d  t h e  
s t r a t a  v a r i a n c e s  {~a}. A s s u m i n g  { ~ }  k n o w n ,  
t h e  o v e r a l l  BLUE o f  t h e  t r e a t m e n t  e f f e c t s  (o r  
c o n t r a s t s  of  i t)  u s e s  i n f o r m a t i o n  f r o m  al l  
e f f e c t i v e  s t r a t a .  I t  is  c o m p u t e d  b y  c o m b i n i n g  
t h e  BLUE in e a c h  s t r a t u m ,  t h e  l a t t e r  n o t  
d e p e n d i n g  on  {~=}, w i t h  w e i g h t s  p r o p o r t i o n a l  to  
t h e  i n v e r s e  of  t h e  { ~ } .  A l t e r n a t i v e  e s t i m a t o r s  
of  t r e a t m e n t  e f f e c t s  c a n  be  o b t a i n e d  b y  
p l u g g i n g  in t h e  e x p r e s s i o n  of  t h e  o v e r a l l  BLUE 
d i f f e r e n t  e s t i m a t o r s  of  { ~ } .  

I n  S e c t i o n  2 we p r e s e n t  t h e  n e e d e d  n o t a t i o n  
a n d  in S e c t i o n  3 we d e s c r i b e  s e v e r a l  e s t i m a t o r s  
of  {~=}, t h e  s t r a t a  v a r i a n c e s .  T h e  f o l l o w i n g  
e s t i m a t o r s  a r e  c o n s i d e r e d :  t h e  s t r a i g h t f o r w a r d  
o n e  u s i n g  o n l y  t h e  s t r a t u m  r e s i d u a l s ;  Y a t e s  
e s t i m a t o r ;  N e l d e r ' s  e s t i m a t o r ;  a n d  a 
" l e a v e - o n e - s t r a t u m - o u t "  e s t i m a t o r .  In  S e c t i o n  
4 we d e r i v e  t h e  d i s t r i b u t i o n  o f  some  of  t h o s e  
e s t i m a t o r s ,  in t h e  c a s e  of  two  e f f e c t i v e  s t r a t a  
( e .g . ,  BIB, Y o u d e n  S q u a r e s )  a n d  u n d e r  
n o r m a l i t y  a s s u m p t i o n s  f o r  t h e  d a t a .  I n  S e c t i o n  
5 we r e p o r t  t h e  r e s u l t s  of  a M o n t e - C a r l o  
s i m u l a t i o n  c o m p a r i n g  t h e  e s t i m a t o r s  in  a BIB 
d e s i g n .  

2. N o t a t i o n s  a n d  B a s i c  N o t i o n s  

A s s u m e  we h a v e  a r a n d o m  v e c t o r  of  
o b s e r v a t i o n s  y - (Yi)i~I,  t a k i n g  v a l u e s  in  a 
v e c t o r  s p a c e  D - R I a n d  i n d e x e d  b y  a s e t  i 
w i t h  c a r d i n a l i t y  {I{ - n.  C o n s i d e r  in  D t h e  
u s u a l  E u c l i d e a n  n o r m .  

T h e  m o d e l s  to  be  c o n s i d e r e d  a r e  l i n e a r ,  
- EY ~ T, w h e r e  T c D is a l i n e a r  s u b s p a c e  

of  D. F o l l o w i n g  N e l d e r  (1965) we c o n s i d e r  a n  
o r t h o g o n a l  b l o c k  s t r u c t u r e  g i v e n  b y  a p a r t i t i o n  
D -  @S~, o r  e q u i v a l e n t l y  b y  t h e  d e c o m p o s i t i o n  
I - ~S~, w h e r e  S~ is ,  f o r  e a c h  ~, t h e  
o r t h o g o n a l  ~ r o j e c t i o n  o n  S~ a n d  {S~} s a t i s f y  
S a : S~ :Sc~ ~', ~(x a n d  S~Sfl - SflS~ - 0 if  ~ ~ ft. 

T h e  d i s p e r s i o n  m a t r i x  of  Y will be  a s s u m e d  
to  h a v e  t h e  f o r m  DY - V - Y.,~aSa, w h e r e  ~a ~ 0 
f o r  al l  a. S i t u a t i o n s  w h e r e  t h e  a b o v e  mode l  
a r i s e s  a r e  d e s c r i b e d  in H o u t m a n  a n d  S p e e d  
(1983), f r o m  whom we b o r r o w  t h e  n o t a t i o n  a n d  
t e r m i n o l o g y  u s e d  h e r e .  M o r e o v e r  we ca l l  
s t r a t a  t h e  s u b s p a c e s  (S a} a n d ,  s i n c e  DS~y - 
~=S~, we ca l l  { ~ }  s t r a t a  v a r i a n c e s .  In  o r d e r  
to  r e l a t e  T a n d  {~=} we c o n s i d e r  t h e  p r o p e r t y  
of  G e n e r a l  B a l a n c e  (G.B.).  

D e f i n i t i o n .  A d e s i g n  w i t h  b l o c k  s t r u c t u r e  {S~} 
is  g e n e r a l l y  b a l a n c e d  (G.B.) w i t h  r e s p e c t  to  t h e  
p a r t i t i o n  T = @fl'rfl i f  t h e r e  e x i s t s  {ha f  t } s u c h  
t h a t  f o r  a l l  ~ ' rS~T = ~ h ~ T ~ ,  w h e r e  T is  t h e  
p r o j e c t i o n  o n  to  T a n d  f o r  e a c h  fl, Tfl is  t h e  
o r t h o g o n a l  p r o j e c t i o n  on  Tfl. I n  p a r t i c u l a r  in 

t h i s  p a p e r ,  we  d e a l  w i t h  t h e  c a s e  w h e r e  t h e  
w h o l e  s p a c e  T is  a e i g e n s p a c e  o f  TS~T,  i .e . ,  
T S ~ T -  ~ T ,  ~=. 

I f  a d e s i g n  s a t i s f i e s  t h e  G. B. p r o p e r t y  a n d  
t h e  {~=} a r e  k n o w n  ( u p  to  a c o n s t a n t )  i t  is  
v e r y  s i m p l e  to  g e t  t h e  BLUE of  r a n d  of  
c o n t r a s t s  < t , r> ,  <t,l> - 0, t e T, b y  s i m p l y  
c o m b i n i n g  t h e i r  B L U E s  in  d i f f e r e n t  s t r a t a .  
T h e  r e d u c e d  d a t a  S ~ y  to  t h e  s t r a t u m  S~ 
s a t i s f i e s  

ESpY = S~ ~ S~Tand DS~Y = ~ So, 

and the usual least-squares analysis can be 
used (S= is the identity in S~). The 
least-squares estimator T= of v within the 
stratum S= satisfies the normal equation 

TS=TT = TSaY 

and is given by ~ = A=-ITSay. 

Under (G.B.) the overall BLUE of T is as 
follows 

^ ^ 

~=Uy=Z~T 

where ~ - ~ -lh~/r.(~-lh~) is the weight for 
the ~ stratum. The BLUE of a contrast <t,T>, 
t • T and <t,l> - 0, is then 

<t,~> = Z~ ~-I<t,TS Y> 

^ 

= Z~ <t,~ > • 

Now, observe that cov(<txTS~Y>,<t,TS(x'Y>)-2 
if ~ ~ ~" and var(<t,~=>) : ~-x~I It{I , 
therefore the overall BLUE of <t,~>, in the 
G.B. case, is a combination of the BLUEs of 
<t,r> in each stratum, with weight proportional 
to the inverse of its variance. 

In order to compute the appropriate 
weights we need to estimate the {~}. The 
ANOVA table within the stratum = allows, in 
some cases, an easy way of estimating ~ (see 
Table I) .  

3. E s t i m a t o r s  of  S t r a t a  V a r i a n c e s  

I n  t h i s  s e c t i o n  we p r e s e n t  d i f f e r e n t  
e s t i m a t o r s  of  { ~ } .  T h e y  a r e  al l  o b t a i n e d  b y  
e q u a t i n g  t h e  e x p e c t e d  v a l u e  of  a r e s i d u a l  
s q u a r e d  n o r m  to  i t s  o b s e r v e d  v a l u e .  C o n s i d e r  
f i r s t  t h e  s i m p l e s t  e s t i m a t o r ,  u s i n g  t h e  r e s i d u a l  
s u m  of  s q u a r e s  w i t h i n  e a c h  s t r a t u m ,  w h e n  
d ~ -  d i m S ~ -  d i m T  ~ 0. T h i s  e s t i m a t e  is  
d e f i n e d  a s  

I IS  Yll 2 1 o~ - ~ I I T S  Y I I  

~,s dims - dim T 
(X 

a n d  is  n o t  f e a s i b l e  f o r  s e v e r a l  c o m m o n l y  u s e d  
d e s i g n s  s u c h  a s  t h e  s y m m e t r i c  BIBD a n d  some  
t y p e s  of  l a t t i c e s  w h e r e  d~ = 0. Y a t e s  (1939) 
p r o p o s e d  f o r  t h e  BIBD d e s i g n  a n  e s t i m a t o r  
f o r  t h e  i n t e r b l o c k  v a r i a n c e  b a s e d  u p o n  t h e  
i n t e r b l o c k  s u m  of  s q u a r e s  e l i m i n a t i n g  t h e  
t r e a t m e n t .  T h i s  e s t i m a t o r  c a n  be  e x t e n d e d  to 
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t h e  m u l t i s t r a t a  c a s e  c o n s i d e r i n g  t h e  s u m  of  
s q u a r e s  f o r  a g i v e n  s t r a t u m  S -  S 7 e l i m i n a t i n g  
T, d e n o t e d  b y  SSs/T a n d  g i v e n  b y  

SSs/T = SSI,/S+ SSs- SST 

= II ~ 1__ S TS y l l  2 + IIS  y l l  2 - I I T y l l  
a / T k ~  ~ ~ 7 

w i t h  e x p e c t a t i o n  

(~) 
2 

E(SS ~) = ~ (dims - A dim/~ s/ .t 7 7 7 

+ T. ~ (1  - X~)dimT. 
(2)  

I f  we  h a v e  u n b i a s e d  e s t i m a t o r s  f o r  a l l  t h e  { ~ }  
b u t  o n e ,  s a y  ~7' w i t h  d 7 = 0, we c a n  d e f i n e  
f r o m  (2) a n  u n b i a s e d  e s t i m a t o r  o f  ~7 

SSs/T - [ ~ ~a (1 - ) ,  ) ] d i m T  

=//~ ( 3 )  
7,Y= dims - X dimT 

7 7 

w h e r e  ~ i s  a n  u n b i a s e d  e s t i m a t o r  o f  ~ I f  
d ~ -  0 in  m o r e  t h a n  o n e  s t r a t u m ,  we  c a n  w r i t e  
a l i n e a r  s y s t e m  o f  e q u a t i o n s  s i m i l a r  to  (3) a n d  

^ 

g e t  e x p l i c i t  e s t i m a t o r s  f o r  a l l  t h e  $= ' s  w i t h  
d= - 0. 

I n  t h e  f i r s t  e s t i m a t o r  d e s c r i b e d ,  t h e  n u m b e r  
o f  d e g r e e s  o f  f r e e d o m  (d . f . )  l e f t  to  e s t i m a t e  ~ 
w i t h i n  S~ is d a - dimS= - dim T. I n  Y a t e s '  
e s t i m a t o r  we u s e  d i m s  - ~ d imT d . f .  b y  
s u b t r a c t i n g  o n l y  a f r a c t i o n  o ~  t h e  d . f .  o f  t h e  
s u m  of  s q u a r e s  d u e  to  t r e a t m e n t s .  N e l d e r ' s  
a p p r o a c h  {1968) i n s t e a d  s u b t r a c t s  f r o m  d i m s  7 
t h e  f r a c t i o n  ~ d i m T  of  t h e  d . f .  d u e  to T, 
c o r r e s p o n d i n g  to  t h e  a m o u n t  o f  i n f o r m a t i o n  o n  
T in  S=. F o r  t h i s ,  he  u s e s  t h e  " a c t u a l "  
r e s i d u a l  in  S= w h i c h  is  S a ( I - U ) y .  

T h e  r e s i d u a l  n o r m  s q u a r e d  c o n s i d e r e d  is  
t h e n  I I S a ( I - U ) y l  I 2, w i t h  e x p e c t a t i o n  

El ISa(I-U)YII 2 = d:~ a (4)  

where 

da = d= + (i-~)dimT 

= dims - ~ dim T 

s i n c e  ~ d e p e n d s  on ~=, t h e  e q u a t i o n  

I I S a ( I - U ) y l l  2 = d:~a (5) 

c a n  be  s o l v e d  o n l y  i t e r a t i v e l y .  I t  is  w o r t h  
n o t i c i n g  t h a t  e q u a t i o n  (5) d e f i n e s  t h e  l i k e l i h o o d  
e q u a t i o n  f o r  Sa b a s e d  u p o n  I I ( I - T ) y 1 1 2  u n d e r  
t h e  a s s u m p t i o n  t h a t  Y h a s  a m u l t i v a r i a t e  n o r m a l  
d i s t r i b u t i o n  ( f o r  d e t a i l s  s e e  P a t t e r s o n  a n d  
T h o m p s o n  (1971)). 

A n o t h e r  i t e r a t i v e  e s t i m a t o r  f o r  t h e  v a r i a n c e  
o f  t h e  T s t r a t u m  c a n  be  o b t a i n e d  u s i n g  t h e  
i n f o r m a t i o n  o n  v f r o m  al l  b u t  t h e  7 s t r a t u m ,  
a n d  w h i c h  we ca l l  t h e  l e a v e - o n e - o u t  s t r a t u m  
e s t i m a t o r .  T h e  BLUE of  T b a s e d  u p o n  ( I - S 7 ) ' y  , 
w i t h  k n o w n  {$~}, = ~ 7, is  

~T - QT y - E~(I/A~x)TS=y 

where ~- (X=/~=)/E(X~/~=)V ~ with all the 
summations defined for ~ ~ T. 

In this case, the residual under 
c o n s i d e r a t i o n  is  S 7 ( I - Q 7 ) y ,  w i t h  t h e  e x p e c t e d  
s q u a r e d  n o r m  

E l l S  ( I - Q T ) y l l  2 = ~ T [ d i m S + ~ ' d i m / ~ "  
T T T 

T h e  e s t i m a t o r  c a n  be  c o m p u t e d  b y  i t e r a t i v e l y  
s o l v i n g  

I IS (I-QT)yl 12 = ~7(dimS +~'dim/~. (6) 
T T T 

Since to estimate ~T we use the BLUE of ~, 
computed by excluding the information in Sy, 
t h e  " l e a v e - o n e - o u t  s t r a t u m  e s t i m a t o r "  will  
w o r k  b e t t e r  w h e n  e s t i m a t i n g  t h e  ~7 w i t h  
g r e a t e r  v a l u e .  

4. V a r i a n c e s  o f  E s t i m a t o r s  of  ~ .  Two S t r a t a  
Case .  

I n  t h i s  s e c t i o n  we a s s u m e  t h a t  Y h a s  a 
m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n  w i t h  m e a n  
v e c t o r  T - 0 a n d  d i s p e r s i o n  m a t r i x  V - E~aS~. 

To g e t  t h e  d i s t r i b u t i o n  o f  t h e  v a r i a n c e  
s t r a t a e s t i m a t o r s  we a p p l y  t h e  f o l l o w i n g  
theorem (see Box (1954)). 

Theorem. If Y has multivariate normal 
d i s t r i b u t i o n  w i t h  m e a n  v e c t o r  ~ - 0 a n d  
d i s p e r s i o n  m a t r i x  V, t h e  r e a l  q u a d r a t i c  f o r m  
Q - Y MY is  d i s t r i b u t e d  a s  a l i n e a r  
c o m b i n a t i o n  o f  i n d e p e n d e n t  C h i - s q u a r e s  w i t h  
o n e  d . f .  (X(1) 2 ) a n d  w e i g h t s  g i v e n  b y  t h e  
e i g e n v a l u e s  o f  VM. 

U s i n g  t h e  a b o v e  t h e o r e m  i t  is  i m m e d i a t e  to  
^ 

s h o w  t h a t  ~=,s  a s  d e f i n e d  b y  e q u a t i o n  (1) is  
d i s t r i b u t e d  a s  a ~=/dxed% 2 , w h i c h  h a s  
e x p e c t a t i o n  ~a a n d  v a r i a n c e -  ' '2~=2/d,  (wi th  d - 
d~ ). U s i n g  t h e  r e g u l a r  w i t h i n  s t r a t u m  
e s t i m a t o r  f o r  ~2, Y a t e s  i n t e r b l o c k  v a r i a n c e  
e s t i m a t o r  is  

SSs/T- ( 1 - X 2 ) d i m T ~ 2  Y 
- -  ~ . 

~X,Y- dims 1 - ) , l d i m T  

I t  is  e a s y  to  c h e c k  t h a t  SSs/T a n d  ~2,S 
a r e  i n d e p e n d e n t  a n d  SSs/T is  d i s t r i b u t e d  a s  

(~1X2+~2~1) 2 
dims 1 - AldimTX(dim~ 

~i 2 
+ ~imS l - xldim/X (d I) ' 

a n d  f r o m  t h i s  we c a n  c o m p u t e  t h e  v a r i a n c e  o f  
^ 

~I,Y" 

C o n s i d e r i n g  t h a t  N e l d e r ' s  e s t i m a t o r  is  
d e f i n e d  a s  a s o l u t i o n  of  (5),  w h i c h  c a n  o n l y  
be  s o l v e d  i t e r a t i v e l y ,  i t s  v a r i a n c e  w o u l d  be  
h a r d  to  c o m p u t e ,  I t  is p o s s i b l e  h o w e v e r  to 
g e t  t h e  d i s t r i b u t i o n  o f  t h e  a c t u a l  r e s i d u a l  
I I S ~ ( I - U ) Y I  12 a n d  t h i s  is  

2 
~a[X(d~) + (1-~)2(dim/~] , (7) 
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w h i c h  c o u l d  be u s e d  to a p p r o x i m a t e  t h e  
^ 

d i s t r i b u t i o n  of  ~a,N. N e l d e r  (1968) c h e c k e d  
e m p i r i c a l l y ,  t h r o u g h  a M o n t e - C a r l o  s t u d y  t h e  
a p p r o x i m a t i o n  of  t h i s  d i s t r i b u t i o n  b y  $ = x d ' 2 / d "  
w h i c h  is  a c t u a l l y  a f i r s t  moment  a p p r o x i m a t i o n  
to (7) (where d" - d~). 

The  l e a v e - o n e - s t r a t u m - o u t  e s t i m a t o r s  w h e n  
o n l y  two e f f e c t i v e  s t r a t a  e x i s t  h a v e  c l o s e d  
f o r m s  

i i S l ( Y _ ; 1 )  112dimS2_ I iS2 (Y_ ; ) i  12 )`1 i--  dim T 
1 "'2 

~ I , L  = 

and  

i2,, 

dimSldimS 1 - d im2T 

^ ~2 
I IS 2 ( y - v 2 ) l l 2 d i m S l - I I S  l(y-~l )II ~i dimT 

dimSldimS 2 - do, lr 

I t  is s t r a i g h t f o r w a r d  to  c h e c k  t h a t  
( ( ~ l / ) ` l ) S 1 -  (~2/A2)S2)T,  T, (S 1 - (1/)`I)S1TS1)D 
a r e  t h e  common e i g e n s p a c e s  (wi th  e i g e n v a l u e  0 
f o r  T) a n d  t h a t  t h e  n u m e r a t o r s  a r e  d i s t r i b u t e d ,  
r e s p e c t i v e l y ,  as:  

)̀ I 2 
(~1 + ~22 ~2)d2×(dim/9  

• 2 ~1 2 
+$1dzmS2X(dl ) - t ~22 $2X(d2) 

and 

)'2 2 
(~2 + ~11 ~ l ) d l X ( d i m / ~  

+ ~2dimSl x2 )`2 2 
(d2) - t ~11 ~ l × ( d l )  " 

5. E m p i r i c a l  S t u d y  of  E s t i m a t o r s  of  ~1 a n d  $2 

The  p e r f o r m a n c e  of  t h e  e s t i m a t o r s  d i s c u s s e d  
a b o v e  w a s  a s s e s s e d  b y  a M o n t e - C a r l o  s t u d y .  
The  BIBD exempl i f i ed  b y  C o c h r a n  a n d  Cox (1957) 
a n d  u s e d  b y  N e l d e r  (1968) was  t h e  d e s i g n  
c h o s e n  f o r  t h e  s im u la t i on .  I t  is  a BIBD wi th  15 
b l o c k s  of  two p l o t s  e a c h ,  6 t r e a t m e n t s  w i th  5 
r e p l i c a t i o n s  a n d  e f f i c i e n c y  f a c t o r  A = 3 . /5 .  One 
t h o u s a n d  p s e u d o m u l t i n o r m a l  v e c t o r s  of  
d i m e n s i o n  30 w e r e  g e n e r a t e d  b y  u s i n g  IMSL 
s u b r o u t i n e  GGNSM f o r  t h r e e  d i f f e r e n t  ~2/~1 
r a t i o s .  F o r  e a c h  one  of  t h e s e  1000 v e c t o r s  al l  
t h e  c o m p e t i n g  e s t i m a t o r s  w e r e  c o m p u t e d .  F o r  
N e l d e r ' s  i t e r a t i v e  e s t i m a t o r ,  a 50 i t e r a t i o n s  limit 
a n d  a t o l e r a n c e  of  10 -4  w e r e  a d o p t e d  a s  t h e  
s t o p p i n g  r u l e .  T y p i c a l  n u m b e r s  of  i t e r a t i o n s  
u n t i l  c o n v e r g e n c e  w e r e  a r o u n d  3 to  5, few of 
t hem b e i n g  o v e r  10 ( l e s s  t h a n  5%). Tab le  I I  
d i s p l a y s  a s u m m a r y  of  t h e  r e s u l t s  o b t a i n e d .  
The  v a l u e s  (1,1), (3,1) a n d  (5,1) w e r e  u s e d  f o r  
t h e  p a i r  (~1,~2), w h e r e  ~1 is  t h e  i n t e r - b l o c k  a n d  
$2 t h e  i n t r a - b l o c k  v a r i a n c e .  In  t h i s  t a b l e ,  t h e  
f i r s t  v a l u e  in e a c h  ce l l  is  t h e  a v e r a g e  of  t h e  
r e s p e c t i v e  e s t i m a t o r  in al l  r u n s  fo l lowed  b y  i t s  
v a r i a n c e .  The  v a l u e  in  p a r e n t h e s i s  is  t h e  
c o m p u t e d  t h e o r e t i c a l  v a r i a n c e  of  t h e  e s t i m a t o r ,  
w h e n e v e r  i t  h a d  a c l o s e d  form.  Fo r  N e l d e r ' s  
e s t i m a t o r  t h e  c o r r e s p o n d i n g  f i g u r e s  a r e  w h a t  
t h e  a u t h o r s  b e l i e v e  to  be  a l ower  b o u n d  f o r  

t h e  v a r i a n c e s .  The  e s t i m a t o r s  e m p i r i c a l  
a v e r a g e s  w e r e ,  a s  e x p e c t e d ,  a l w a y s  c lo se  to 
i t s  t r u e  v a l u e .  The  e m p i r i c a l  m e d i a n  b i a s  
was  1% a n d  in 20 o u t  of  24 c a s e s  had  
a b s o l u t e  v a l u e  l e s s  t h a n  2%. I n  mos t  ce l l s  
t h e  d i f f e r e n c e s  b e t w e e n  t h e o r e t i c a l  a n d  
e m p i r i c a l  v a r i a n c e  is of  t h e  o r d e r  of  two 
dec ima l s  p o i n t s .  The  w i t h i n  s t r a t u m  
e s t i m a t o r  of  ~2 seems  to do n o t  w o r s e  t h a n  
a n y  o t h e r  a n d  is  e a s y  to  c o m p u t e .  Th e  
l e a v e - o n e - o u t ,  a s  e x p e c t e d ,  does  t h e  w o r s e  
f o r  t h e  ~1/~2 r a t i o s  c o n s i d e r e d .  The  w i t h i n  
s t r a t u m  e s t i m a t o r  of  $1 d id  n o t  p e r f o r m  wel l  
a s  i n d i c a t e d  b o t h  b y  t h e o r e t i c a l  a n d  e m p i r i c a l  
v a r i a n c e s  a n d  t h e  o t h e r s  p r e s e n t e d  s imi la r  
p e r f o r m a n c e s .  F rom t h e  t h e o r e t i c a l  v a r i a n c e s  
c o m p u t e d ,  t h e  l e a v e - o n e - o u t  d o e s  s l i g h t  
b e t t e r  t h a n  Y a t e s '  f o r  e s t i m a t i n g  ~1. T h e s e  
c o n s i d e r a t i o n s  s u g g e s t ,  f o r  t h e  d e s i g n  
s t u d i e d ,  t h a t  one  s h o u l d  u s e  e i t h e r  Ya tes  
e s t i m a t o r  o r  a c o m b i n a t i o n  of  w i t h i n  s t r a t u m  
to e s t i m a t e  ~2 a n d  l e a v e - o n e - o u t  to  e s t i m a t e  

1. I f  we r e a r r a n g e  t h e  same f ive  
r e p l i c a t i o n s  of  six t r e a t m e n t s  in  a 6 /5  b l o c k  
s t r u c t u r e  ( i n s t e a d  of  t h e  15/2}, we will g e t  a 
s y m m e t r i c  BIB. I n  t h i s  c a s e  ( s y m m e t r i c  BIB) 
t h e  w i t h i n  s t r a t u m  e s t i m a t o r  f o r  $1 is no t  
d e f i n e d  ( d i m s  1 = dim T) a n d  i t  is e a s y  to see  
t h a t  al l  t h e  o t h e r  e s t i m a t o r s  c o n s i d e r e d  a r e  
e x a c t l y  t h e  same.  

The  e x a c t  v a r i a n c e  of  ~2 in t h e  s y m m e t r i c  
BIB is 

2 
2~1 ( ) ` 1 ~ 2 ) 2 ( 1  1 2~1~2)`1 
dim T + 2[ -~- 2 d 2 + ~~ + )̀ 2 dimT] " 

The  " lower  b o u n d "  s u g g e s t e d  fo r  t h e  
v a r i a n c e  of  N e l d e r ' s  e s t i m a t o r  is  t h e  l e a d i n g  
t e rm  of t h i s  e x p r e s s i o n .  For  t h e  6 /5  b lock  
s t r u c t u r e  c o n s i d e r e d  a n d  fo r  $1 = 1, t h e  
r e m a i n i n g  t e r m s  a m o u n t  to o n l y  .0009 ~22 + 
.0333 ~2 • 
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T a b l e  I. ANOVA t a b l e  w i t h i n  s t r a t u m  

Source d.f. SS E(MS) 

T r e a t m e n t  

Residual 

dimT 

d(x=dimS~ - dimT 

A~-IlITS~ylI2 ~ + IITII2 

IIS~yll2-A~-lllTS~yll2 

dimT 

~ (if d~ x O) 

T o t a l  dimS(x IIS=yll2 

T a b l e  I I  

Within Stratum Yates Nelder Leave-One-Out 

~i ~2 ~i ~2 ~i ~2 ~i ~2 

~i = l ~2 
~2 

.998 1.023 1.O19 1.026 1.O15 1.036 

.227 .204 .250 .204 .23 ] .201 

( .  222) ( .  200 ) ( .  206) ( .  200) ( .  150) ( .  150) 

1.021 

.261 

(.206) 

1.057 

.327 

(.295) 

~1=2 

3 . 0 0 8  .977 3 . 0 3 6  .977 

~2 i .  934 . 183 i .  405 . 183 

;2 (2.000) (. 200 ) (1.472) (. 200) 

3.038 

1.420 

(1.297) 

.983 

. 195  

(.171) 

3.038 

i. 404 

(i. 464) 

1.018 

I. 099 

(1.097) 

~1=5 

5.015 .977 5.052 .977 

~2 5. 342 .184 3. 719 .184 

~2 (5.555) (. 200 ) ( 3. 939) (. 200 ) 

5. 060 

3 . 7 0 1  

( 3 . 5 8 4 )  

.982 

.199 

(. 180) 

5. 055 

3.691 

(3.903) 

1.031 

2.569 

(2.497 
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