APPLICATION OF TIME SERIES METHODS TO
RATIO ESTIMATION IN REPEATED SURVEYS

K.P. Srinath and B. Quenneville
Statisties Canada

1. INTRODUCTION

Many important surveys conducted by government and
other agencies are repeated at regular intervals to
provide estimates of parameters of interest and also
build up a time series. Recently, there has been an
emphasis on the reduction of response burden and cost
in conducting these surveys. This has necessitated the
investigation of the greater use of auxiliary data
obtained through administrative sources to improve
the efficiency of estimates based on smaller samples.
One usual method of making use of auxiliary
information for getting improved estimates of totals
or means of characteristics of interest correlated with

auxiliary variables is through ratio estimation.

this

estimation is not possible right after the produection of

In many cases, improvement through ratio
survey estimates due to a considerable time-lag in the
the

survey estimate which is considered as preliminary is

availability of auxiliary data. In such cases,

used for purposes of analysis. These preliminary

estimates could undergo big revisions after the

availability of auxiliary data. Therefore, there is a
need to obtain improved estimates which are expected
to be closer to the estimates obtained through ratio

estimation later.

In this article, the problem of obtaining improved
estimates of the population total YT+1 for the current
period using the methods of time series analysis before
the availability of the auxiliary data for the current
period is considered. This approach is reasonable as it
is eclear, that in many situations the estimate at one
time period is dependent on its preceding value. It has

been recognized that estimates for previous periods of
time from surveys with overlapping samples do provide

useful information in predicting the current population
total (Smith, 1978). Several procedures for improving
the simple survey estimate for the current period are
considered. If the current survey estimate is denoted
by Y-SH1 and the estimate obtained through ratio
estimation is denoted by Y$+1, then in the (first

procedure described in seetion 2, the intention is to
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; . R . S
get the best possible predietor of YT+1 given YT+1'
This is done by modelling the estimates Yﬁ and the

S R
Yt—Yt,t=l, 2y, vuey T The

models are cast in a state space form and the optimal

differences Y*t* =

predictor is then derived using the Kalman filter
(Harvey, 1984). The method used here is similar to the

one described in Rao, Srinath and Quenneville (1986).

In Section 3, sampling errors in both the estimates
s R . L
YT+1 and YT+1 are assumed. Here the intention is to
get the best possible predictor of the true population
total YT+1' A model on the unknown population values
Yt’ t=1,2, ..., T is
. R .
predictors of both YT+1 and YT+1 are obtained. In

considered. Optimal
Section 4, it is of interest to estimate the population
ratio YT+1/XT+1 by assuming a model on the true

population ratios Yt/xt’ t=1, ..., T.

A procedure which involves the modelling of the
19 2’

The results obtained in Section 4 are

auxiliary variable Xt’ t = ..., 1 is considered

in Section 5.
used to provide an estimate of the population total.
Conditions for the optimal predictors to be better than
the simple survey estimate under the sample design
are derived for each case. Finally in Section 6, some

coneluding remarks are given.

2. PREDICTOR OF THE RATIO ESTIMATE Y.’; +1

2.1 Minimum Mean Square Estimator (MMSE) of
R

YT+l

We assume that the differences YE = Yi - Yz follow

a stationary AR(1) process, i.e.,

YE=u i v, t=1,2, (2.1)

[t is also assumed that the estimate Yﬁ follow a
stationary AR(1) process, i.e.,

R

-5 ¥R -
Y=o +epst=1, i, T (2.2)



The error vectors (e:t ct) are assumed to be

NID (0, diag [02 Gi”' Before the above equations are
put in a state space form, the general theory of

Kalman filter is briefly explained.

The state space model consists of a measurement

equation
wt=gt‘: §t+gt,t=1, ooy T (2.3)
and a transition equation
§t=Gt By.1 * 0t - t=1, ..., T (2.4)

where gt is an mx1 state vector, gt is an mx1 fixed
veetor, Gt is a fixed mxm matrix and the errors Et and
ng are independent. It is further assumed that r,t is
NID (0, ht) and t is NID (0, Qt) where ht is a fixed

scalar and Qt is a fixed mxm matrix.

Let Pt be the minimum mean square estimator of
B¢ based on all the information up to and including
time t, and let P, be the MSE matrix of t~)t’ i.e.,

t

the covariance matrix of t~)t - gt'

The MMSE of Bisl given lgt and Pt is then given by

Dertit = Ceer Bt (2.5)
with MSE matrix
Pt+1|t = Gt+1 Pt G£+1 + Qt+1 : (2.6)

once w,£+1 becomes available, this estimator of §t+l

can be updated as follows:

bee1 = Peatit * Pretit Zee1 (Wi

= 2t Brerge) 7 fra 2.7
Prel = Pretie ~ Pranit 2

Z£+1 Pt+l|t / ft+1 (2.8)
Frel = Zeal Pretit Zee1 * Mea (2.9)

Starting values bO and PO are needed to implement
the Kalman filter given by (2.5) - (2.9).
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For the purpose of obtaining the optimal predictor of

Y$+1, the transition equation (2.4) can be rewritten

with terms
R
Y €
t ¢ 0 t
§ = * |9 G, =G = s My = ‘
t Yt t ‘ 0w t ¢
02 0
and Qt =Q = ‘ . 2 (2.10)
a
4
R o 0] | ¥R
as follows: YE =10 YE_I
t ¢ t-
£
t
+ (2.11)
°t

The measurement equation is given by (2.3) taking

S
Wy = Yt’gt = (1, 1) andgt=0

and is writtenas Y] = | 1 1 |

]

ct wn

Applying the general theory of Karman filter, we let

and Pt =

100

00 ‘ (2.12)

It follows from (2.5) to (2.9) that the first element of
MMSE of 8141 is given by

R R
Vi = Ao Y7) + (1 - 1)
(Y3 - oY) (2.13)

where o

(2.14)

The parameters (¢, 02) and (v, cs) can be
estimated by standard time series methods from the
two series {Yfé} and {Y%‘} t=1, ..., T.



2.2 The bias and variance of Q? +1 under the sample

design

R _ R
We have E(YT+1) = B EZ(YT+1) where E, denotes
the expectation under the model and E1 under the
clear that

repeated sampling approach. It is

EZ(‘?.RHI) = Y.RI.+1. Therefore the bias in ‘A{$+1 is the

.. R
same as the bias in YT+1‘

Turning to the variance of ‘A{$+1, we have
SR _ R R
V(¥rep) = By VoY) + Vy Bp(Yyyy) -

Using (2.14) and under the additional assumption that
the two processes Y? and Y{ are first and second

moment ergodic, we get,

vy 2 o2 4 gy

R (2.15)

R
T+1) :

. . <R S
2.3 Comparison of the variances of YT +1 and YT +1

under simple random sampling
Comparing the variance of the optimal predictor
YT+1 with variance of the simple unbiased estimator

Y.T.+1, we have that the former is more efficient than
the latter if

s oR
V(YT+1) - V(YT+1) >0 . (2.16)
From (2.15), we see that (2.16) implies
S R 2
V(YT+1) - V(YT+1) >\ 0 2.17)
Therefore (2.17) can be written as
R
)
s T ‘T¥3° (2.18)
V(YT+1)
A condition for ‘?R to be more efficient than

T+1
Y1S'+1’ which is similar to the one given in Cochran
(1977, p. 158) can be derived by expressing the ratio
on the left hand side of (2.18)

correlation coefficient between X and Y and also the

in terms of the

coefficients of variation of X and Y. The condition is
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o

i
Cx

X

.
—L v
Cy

oy

N —

o
XTYT >

—

It is seen from (2.19) that the condition for Y$+1 to

be more efficient than Y1S.+1 is slightly stronger than
the condition for the usual ratio estimator Y$+1 to be

more efficient than Y.?+1. For example, if it is

assumed that CX = CY , then oy should be greater
T T TT

than .5 + {1/2) (n/1+x). (r/1+r) varies between 0

and 0.5. This means that oYy

than numbers between .5 andT0T75 depending on the

should be greater
value of A.

3. PREDICTOR OF THE POPULATION
TOTAL YT +1

3.1 Optimal predictor of YT +1

We assume that the true values Yt,t =1, ..., T

follow a stationary AR(1) process. That is

Yt=¢Yt+1+et, t=1, ..., T. (3.1)

As before, we also assume that the differences

Yi - Ys follow a stationary AR(1) process. That is

Y’{=wY’€_1+ct, t=1, 0. T (3.2)
e, are assumed to be NID (0, 02) and
2
I NID(O, GC) and Cov (;t, et) = 0.
The estimates Y; and Yi can be written as
S _ S and (3.3)
Yt = Yt + ui
R _ R R
Yt = Yt + B(Yt) + Uy (3.4)

where B(Yi) is the bias in the ratio estimate Yi
and is equal to E(Yi - Yt)z, ui and ui are sampling

. s R R 2
errors with E(ut) =0, E(ut) = O,V(ut) = op and

V(uz) = oz. Ys can be expressed in terms of Yi as
follows.
R _ s * o *
Ve =Yg - i e Yo - v i
e, +u; - (3.5)
t t t - :



In the state space form, we can write the transition

equation (2.4) with terms

Y
; 60 0
B, = | Yy i, G . =G=1¢60-y |,
t ;c( t 00 4
Y
t
€t
_ S
L A
“t
cz cg 0
ol 2 2 2.2 2
Qt Q = ce UE+US+OC _UE, (3-6)
0 —02 02
14 13

The measurement equation is given by (2.3) with terms

_ yS i =
Mol T Yeere Zp - (01D

Eeel = 0 (3.7

The MMSE of Bt’ based on all the information up to

and including time t, is

- )

o
1]
—<

with MSE matrix

3

cr
—<
otk ot O ot

V,(Y,-Y,) 00
P, = 0 00
0 00

(3.8)

where V2 indicates the variance under the model.

The MMSE of Bisl given bt and Pt is given by

~

Yeelit
R

britit = | Yeelit

Y§+1|t

(3.9)

1
[p}
or

ot

i

R4
-
dl
<
=<

*

ot
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with MSE matrix

i
Pt+1|t=GPtG +Q
ay a, 0
= at at+b+c -C (3.10)
0 ~C C
2 " 2
where a =0 VZ(Yt - Yt) +og s
b = 02 and ¢ = 02 .
S 4

Once the survey estimate Yts:+l becomes available, the
estimate t)t+l|t can be updated using (2.7) and (2.8).
First, from (2.9) we get ft+1 =3+ b.

The updated estimate 9;1 is given by

o _ b v 3t S
t+1 ~ a + b * Yt + a; + b Yt+1 ’ @.11)
SR _ s *
Yior = Vg1 -0 1% (3.12)
T
and Yt+1 i ‘(t (3.13)
a,b
t
S at+b 0 0
with MSE matrix Pt+1 = 0 c -c (3.14)
0 -¢ c¢i

The parameters (v, cf) can be estimated by applying

standard time series methods to the series {Y*},

t
t=1, ..., T. The parameters o, cg and oz can
be estimated using the methods outlined in Rao,

Srinath and Quenneville (1986).

3.2 Comparison of the variance of the estimator

R . s
Y'T+1 with that of YT+1

~

[t is easy to see that the Y'$+1 has the same bias as

the usual ratio estimator YT+1' Turning to the
variance, we have
veeRy e Ry e e iR
T+1 1 72V T+1 1 72V T+1
B 2 R
=g (UC) + V(YT+1)
_ 2 R
= o, + V(YT+1) (3.15)



We also have oi = R2 V(X-T.H). Therefore

Ry 2 S R
VYD) = RE V(G + V(Ypyg) - (3.16)
‘?'R is better than vS it
T+1 T+1
vvs ) - veRy s o (3.17)
T+1 T+1 .

substituting for V(§'$+l) in (3.17) from (3.16) and
simplifying we get the condition

C
XT+1

Y

0 > (3.18)
XT+1 YT+1 ¢ T+l

where C(XT+1) and C(YT+1) denote the
coefficients of wvariation of XT+1 and YT+1
respectively. This condition is much stronger than the
condition for the usual ratio estimator to be better
than the simple unbiased estimator. [t is also to be
noted that this condition for ﬂf—l is stronger than

cos R
the condition for YT+1'
Under the specific model

i=vfigrey Ocvely

we have V(?'R

_ S
Ta1) = V0 - v Y5p) (3.19)
Therefore ?'i'El will be better than §1S”+1 if
s V) 1/2
0 > R ———— (3.20)
vS xS 2T V(YS )
T+1°7 T+1
S
S _ YT
where RT = —
XS
T

4. OPTIMAL PREDICTOR OF THE POPULATION
RATIO Yt/X t

4.1 Bstimation of the ratio

In this section though we attempt to provide an
optimal predictor of the ratio Yt/xt’ our primary
interest lies in estimating the population total YT+1'

We can write Yt as

97

If Rt denotes the ratio Yt/xt’ then we can write

Yt = Rt Xt t =1, s T (4.1)
Yt is not observed directly but only through Yi. As
given earlier we write
S _ S
Yt = Yt + Uy (4.2)

where ui has mean zero and variance cz. Combining
(4.1) and (4.2), we get

S _ S

Yt = Rt Xt Uy (4.3)
We assume the following model for the ratio Rt:
Rt=Rt_1+et, t=1,2, ..., T . (4.4)

The errors e, are assumed to be NID (0, og).

In the state space form, we can write the transition

equation (2.4) with terms

(4.5)

The Kalman filter cannot be initiated at time T,
since RT is unknown. The measurement equation is
given by (2.3) with terms

- yS -
Wil T Yt+1 4 z"c+1 - Xt+1 ’

_ .5
£t+1 = ut . (4.6)
A method of estimating Rt+1 after the availability of
Yi+1 and before the availability of Xi+l is described.
The MMSE of Rt’ based on all the information up to
and with MSE
Pt = V(Rt - Rt)' The MMSE of Rt+1 is then given
by

including time t, is tgt = Rt

Beitit = Rt 4.7
Pretie = P+ Q (4.8)

_ 2
where Q = Ot



S
Once Yt+1

estimate of Rt+1 namely

becomes available, we can also get a survey

vS
S _ t+l
Ttel T xS 4.9)
t+1
with variance equal to V(r;l). V(r‘;l) is

obtained in the usual manner (see Cochran, 1977).

Note that the two estimates of Rt+1’ namely, Rt and
S

Tiv1
observations up to and including time t,

are independent. The first one is based on all the

whereas the

second one depends only on time t+l. We can
express (4.7) and (4.9) as
R
t _t1
. =
. 1R
t+1
R, -R
+ St t+l (4.10)
Teel ” Resl
R, - R
The errors St t+l
Teel T Reel

are distributed with means zero (assuming that rfﬂ is

approximately unbiased) and with covariance matrix

V(R,) 0

0 V(r

S (4.11)
t+1)

It is elear from the above set-up, that the best linear

unbiased estimate of Rt+1 is given by

3 _ . on s
Rt+1 =3 Rt + (1 -) ] (4.12)
s
V(risg)
where o= S 52 s .
V(R,) + V(rt+l)
Once the value of XT+1 becomes available, the

estimate pt+1|t ecan be updated giving l~)t+1 as
follows

o 2
Xpp (V(RY) + og)

41T T T2 s 2

* of + Xgp (VR + of)

S

(Vie1 ~ Xea1 R

(4.13)
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with MSE equal to

P1:+1 = MSE(Rt+1)
V(at) + 02
- e
=3 3 = N (4.14)
og + Xt+1(V(Rt) + oe)
It is to be noted that Ii is an input into the

t+l
computation of Rt+2 |t+1 and Rt+2’

4.2 Estimation of the parameters

The procedure to obtain Rt+l has to be recursively
The

initial estimate RO is derived assuming that the

applied with starting values say R0 and PO.

parameter Rt is fixed for a certain period of time.

: _ s _ S
This leads to the model 8; = 8, and Yt 8p Xt + Ui
Standard regression analysis is used to obtain an

estimate bo of 8o along with its estimated variance.

. . . 2 .
For estimating the variances 9 and og, we consider

the maximum likelihood estimator. When the variance

2 _ 2,2
e = ce/os, then

the log likelihood funetion can be written as

02 is expressed relative to oi, say o

-2 2 T
Log L (ce, os) =-3 log 2n - ]2—- log 0§

(st

e —
—hl <

T 1
5 ¢ log f, -
S

o+

under the normality assumption and where T is the

number of observations;

. 2 b -2
ft+1 =1+ Xt+1(V(Rt) + ue)

S R
and Vil = Yt+1 - Xt+1 Rt .
Differentiation of (4.15) with respect to cg leads to
the maximum likelihood estimate of cg:
2
2 1 T Yt
o = § t£1 ft . (4.16)

It is now possible to consider the concentrated log-

likelihood funection

—

-5 log ;2

rof—
PO[—

_2 _
1C(ce) = - 3 log 2n -

(4.17)

o1 -

log ft

N

t=1



leaving out 02. The estimator of the ratio of the

varianece 82 is obtained by maximizing (4.17) with
numerical optimization technique. This can be done
using the Fibonacci line search method assuming that

52 lies between 0 and 1.

The latter assumption assumes that the noise in the
signal Rt is less than the noise in the measurement
S
Yt.
5. A MODEL ON THE AUXILIARY VARIABLE

We assume an AR(1) model on the auxiliary variable

Xt' Let the model be

Xt=¢xt—1+et’ t=1, ..., T (5.1)

We also assume a model on the differences between

the survey estimate Xi and the true value Xt' Let
this be

* = (¥S _ - *

X ¢ (Xt Xt) b Xt—l T (5.2)

The error vectors (et ;t) are assumed to be

NID (0, diag(c?, 05)1, We have,

S _ S
Xt = Xt + v (5.3)
where vi is the sampling error assumed to be

independently distributed with mean zero and variance
oy We note from the previous section that

Y, = R Xt (5.4)

from (4.2) we also have YS =Y, +uU

In the state space form, we can write the transition

equation (2.4) with terms

Y, 0 R 0 Ree,
By = | X |2 G =10 0 TR B
‘- 00 l
t tt
22 _ 2
Rtue the 0
2 2
0 = | Ryal @2 0 | . (5.5)
0 0 o
[4

99

Instead of (2.3) the measurement equation is now given

by

S
wz'Yt[Z=i100£=ui
~t ;XS’t 0 1 11 =t 0
t
1020
and Ht=Var(§t)— i OS . (5.6)

Let t)t = (Yt’ Xt’ X{) be the MMSE of Bt with
MSE matrix

; V(Y -Yy)
t 0
0

0 0

0 0 . (5.7)

00

Using the Kalman filter with a veetor of observations

instead of a scalar. We ecan show that once the
. S S .

estimates Yt+1 and Xt+l become available the MMSE

of Yt is given by

\?gﬂ ca Y§+1 B Ry @ K¢
Ry Gy - v XD 5.8)
where o = R12:+1 02 05 /s,
B = 05 02 / 8,
Y=ol /s
and § = Rtil 02 05 + 05 cg + aE og
witn MSE MSE (V{}]) = of =2 (5.9)

Once Xt+l become available, the MMSE of §t+1 is

given by
Reer Xpe1
a1 7| e 610
X*
t+1
with MSE matrix Pt+1 = 0.



5.2 Comparison of the Variances of the Estimators
v(1)
Yt +1 and Y +1

We have E(Y( )l) E E (Y(l)) where E1 and E2
denote the expectation under the design and the model

respectively.

)-uYS

(1
Now EZ(Yt+1 t+1 T 8 Rt+1 Xt+1
S *
v Ry (K - ) (5.11)
Hence E(Q(l)) = Y, and therefore Y(l) is unbiased
t+l t+1 t+1

for Yt+1' The variance of \?t(;ﬂ si given by
1)y ¢(1) (1)
V%1 ) = BV (¥ghp ) VB (Vi)
1
S VI P U R RS
where
2 2
V(T = 6 R, Vple X + 4P R, Ve xp)

2
+ 28y Rt+1 Cov2 (¢ Xt’ - Xfcf) .

Since the processes {Xt) and {X%‘} are independent,

we have
(1) _ 2 2 2 .2 2
V2(Yt+1) s Rt+1 og t Y Rt+1 o - (5.13)

It follows from (5.12) and (5.13) that the variance of

ey

41 is given by
vy =B, v 68 RS ol
sPRE, o (5.19)
Now ?gi)l is better than Yts:+1 if
VG - VEED 0
That is if (1 - az) 05 > 82 R§+l o
s PR, o (5.15)
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substituting for o, 8, and y in  (5.15) and after
simplification the condition reduces to
2 2.2 2 2.2, 2
((oy 0g)" + (o 0)7) 9
2 2 2,2 2 2,2
+ Rt+1 o, % (0C + oe) (cu) > 0. (5.16)
Since all the terms in (5.16) are positive, A,E}_%

. s
is always better than Yt+1‘

6. CONCLUDING REMARKS

If the survey estimates are available for a reasonably
large number of periods previous to the current period,
then it is useful to obtain "optimal" predictors of both
the current population total and the ratio estimate
using methods of time series analysis. The condition
for the optimal predictor of the ratio estimate to be
better than the simple unbiased survey estimate is
slightly stronger than the condition for the usual ratio
estimate to be better than the simple survey estimate.
The optimal predictors of the true population total
under the assumption that survey estimates are
subject to sampling error are always better than the
simple unbiased estimate.
like the

considered

Though only simple models

first order autoregressive model are

in this paper, it should be possible to
extend the results to complex time series models on

all the variables including the survey errors.
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